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ON THE EQUIVALENCE OF CERTAIN RELATIONS OF TANGENCY
OF ARCS IN METRIC SPACES

Introduction

In the present paper-we consider the connection between
relations of tangency of arcs in general metric spaces. W.Wa-
liszewski in [5] gave the d=finition of tangency of sets in a
generalized metric space (E, 1), Here E denotes a set and 1
is a non-negative real function defined on the Cartesian
product on Eo’ where EO is a famlly on non-empty subsets
of the set E. Under some assumptions, the function 1
induces a metric lo(x,y) = 1({x},{¥]}) on the set E, which
allows us to define the notions of a sphere and a ball in the
space (E , 1). According to this definition a set Ace E, is
(a, b) - tangent of order k to the set Be E, at a point p
of the space (E, 1) if the pair (A, B) is (a, b) - con-
centrated at the point p in the considered space and we have

1

r—- l(AnS(p,r)a(r)’ an(p’r)b(l‘))r——O‘* O’

*

where k 1is a positive real number and a and b are

non-negative real functions defined in a right-hand neigh-

bourhood of the point O such that a(r) 0 and

b — 0,
(r)r__o+

0+

Ir—

The pair (A, B) is (a, b) - concentrated at the point p
of the space (B, 1) if O is a concentration point of the
set of all real numbers r>0 such that the sets
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2 . J.Grochulski, T.Konik, M,Tkacz

AnS(p,r) and B:\S(p,r)b(r)

a(r)

are non-empty.
S(p,r)a(r denotes the a(r) - nelghbourhood of the set

S(p,r) in the space (E, 1) and is equal to U K(q,a(x)).

a¢S8(p,r)
S(p,r) denotes the sphere with the center p and the radius

r. K(gqya(r)) denotes the open ball with the center q and
the radius a(r). Analogously we define S(p,r)b(r).

In the section 4 of the paper [5] W.Waliszewskl defined
in the space (E,0) the functions

Qi H on EO _— <o’ °°) (i = 0’1".-'6) induced by Uhe
metric ¢

0o(44B) = sup {o(x,B) ; xei],
04(4:B) = max {o {4,B) ; ¢,(B,4)},
9,(44B) = inf {diamq ({x}uB) 5 xea},
93(4)B) = max [05(4,B) § 95(B,A)},
04 (44B) = min {g,(4,B) ;5 ¢5(B,a)},
95(4,B) = diam, (4uB),

06(4B) = tof {o(x,B) ; xea}

for A,Be E, , where ¢(x,B) = inof {Q(x,y) ' yeB} and
diam9 A denotes the diameter of the set A in the metric
space.

Similarly, we can consider a functiqn

9r(4,B) = min [QO(A,B) i QO(B,A.)}.

The functions Q4 (i = 0,1,.,.,7) ~are special cases of
functions 1 such that Qi({x},{y}) = 1,(x,3) = 9(x,3).
Hence in the space (E,Q) we can introduce various relatioas
of tangency of sets and investigate the relation between them,
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Equivalence of certain relations 3

In this, paper we shall give some relations between the
functions Qqs @8 well as we shall prove a theorem on the
equivalence of the relations of tangency of arcs with the
Archimedean property.

1, Let peE. We assume (cf. [5])

(1) Tl(a,b,k,p)‘l_f {(4,B); AuUBcEa(A,B) is (a,b) -

conceantrated at the point p A

_1E 1(AnS(P’r)a(r)a BnS(P’r)b(r))

o}.
r r —= 0O+

Assume that we are given two non-negative real functions l,l,l2
defined on the Cartesian product on Eo'

Theorem 1, If the functions 11 and 12 satisfy
the conditions

(1) =z}, {7}) = (=}, {3]) = 1,(x, ),
(i1) 1,(4,B) < 1,(4,B)
for any sets A,BeEo, then we have

(2) (A,B) e Tla(a.b.k.p) == (4,B)e Tl1(a.b,k.p)-

Proof, Suppose that conditions (i) and (ii) hold
and (A4,B)e Ty (aybykeD)e
2

By the assumption (i) we have

S(P,I‘) = 512(9,1‘) = 311(P’r)| Sla(p'r)a(r) =Sl,](p’r)a(r) =

= S(p’r)a(r)’ Slz(p’r)b(r) =511(P,I‘)b(r) = S(p’r)b(r)’
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Since (4,B)e¢ T, (a,byk,p), we see that the pair (4,B) is
(ayb) = concentrated at the point pe E and we have

A1 (an n —
(3) rk lZ(A S(p’r)a(r)’ B S(p’r)b(r)) r_.0+0.

From the assumption (ii) it follows that

(#)  0<1,(an8(pyr) ¢y BN s(p,r)bqr)) < L (An8(pyT) (1)
BnS(p,I‘)b(r)).

From (3) and (4) we have

1
= 1,(an8(pyT) g (pys Bn S0y 00y) :__:o:o

which ends the proof of the theorem,
From the deflnition of the functions ¢; we have

QQ(ArB) = XSEPA gien-% Q(X,y)),

¢0o(4yB) = ;eni g’sequ(X,y)),
(ApB) = ( ’ )’

?5 xyehoB

0g(4,B) =xe}§§qu(x,y).

Hence taking into account the definitions of inf and sup
we obtain

for A,BeE0 and i = 0,1,2,3,4,7.
From (5) and by Theorem 1 we obtain

(6) (4,B)e T, (a,b,k,p) => (4,B)e T (aybykyD),
s %
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(6") (A,B)eT,_ (8yb,k,p)==>(4,B)eT, (a,b,k,p)
Q4 f6

for i = 0'1'2’3,4,70
Hence we get

(7) (A4,B)e T, (a,b,k,p)=>(4,B)e T, (ayb,k,p).
¢s %6

2, Let us consider an arbitrary metric space (E,p¢).
Let X = {er i r-a(r)<qlp,x)<r + a(r)} .

We shall prove that

(201) S(P,r)a(r)er.

Let xe S(p,r)

a(r)® Kence xe U z%()(q,a(r)).

q€ ’
Therefore there exists qe S(p,r) such that xeK(q,a(r)).
This implies

(2.1.1) Q(q,x)<a(r) for qe S(p,r).
By the triangle inequality weé obtain

(2.1.2) ¢(pya) - ¢layx)< 9(pyx)< 9(pya) + ¢(qyx).

From (2.1.1) and (2.1.2), taking into account that ¢(p,q)=r,
we obtain

r ~ a(r)<o(pyx)<r + a(r),
hence xXe Xr.
Let A,B be arbitrary arcs in the metric space (E,p)

origlnating at a point pe B, defined respectively by the
formulas -
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A

[o(6) + o<t<n},

{w(s)

where ¢ and y are homeomorphisms and @(0) = p = yw(0).
Lemma 1, If A is a rectifiable arc satisfying
the Archimedean condition at the point peE, 1i.e.

B

O<t<1} .

s(p,x) -
@ o(p,x) F3x—

1,

where s{p,x) is the length of the arc with ends at p
and x, and if we have

(£) .
(9) érir—-—mo
then
1
(10) = diam? (An S(p,r)a(r)r“’o‘lo.

Proof, For arbitrary polnts x,yed such that
o(pyx) < ¢(pyy) ‘the following inequality holds

(11) o(py¥) < o(p,x) + s(x,¥) <s(p,y),

where s(p,y) and s(x,y) denote the lengths of the arcs
with ends at p,y and x,y, respectively.

The ineguality (11) is equivalent to the following
inequality

4 ( ) )_ 5(p,y)
(12) 1< p’xQ(;,;?iy < 9(p,y) °

Let
fraxr = q(t'r) where ﬁr=ini‘{t;O<t<‘IA¢(t)eS(p,r—a(r) )]

(143)
' ira ¥ = q(t;) where t;zsup{t;0<t<'l ¢(t)es(p,r+a(r))],
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where
ir = {x; xeEBar - alr) < o(pyx)<r + a(I{)} .

From (8) we obtain
s(pyy,.)

—_—

9(pyy,) T O+

Hence by (12) we get

Q(pyx,) + s(x,,3,)

(14) o{p,y,) r—=or "
From (13) and (14) we obtain
r - a(r) + s(x,,y.) i
r + a(r) r—= O+
This implies
14 - a(r) . S(Xroyr)
T T 1
1 + &lz) r— 0+ °
T
Taking into account (9) we have
s(x_,3,)
(15) e —~ 0,

r r —=0+
From (13) by the property of Darboux for the function ¢ 1in
the interval < t:'r, ﬂ'r> we obtain
(16) AnX_ c (x,73,),
where (xr,yr) is an arc with ends at the points X.9T e
From (2.1) we ohtaln

(17) AnS(p,r) )¢ AnxrcAnir.

a(r
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From (16) and (17) it follows that

diamq (AnS(p,r) ))< dia:n9 (Anir) = sup _Q(x', x")<

a(r x',x" AnK

< suwp o(x', x")< 8(xyyL).
x’x Q‘xr‘yr)

Hence we have
1 . / 1
0O< 3 diamq (AnS(p,r)a(r)) <7 s(xr,yr).
Hence by (15) we obtain the lemma,
For arbitrary sets A,BeEo we have

diam?_(AuB)gdia.mq A +'diam9B+ o(4,B),

where ¢(4,B) = inf o(x,y).
xed,yeB

From the definition of the functions 05 and Q- we obtain
(18) Q5(A,B) < diam, A + diam? B + 9g(4,B).
The above considerations lead to the following theoren .

Theorem 2. If the functions a(r) and b(r)
satisfy the conditions

(19) a(z) ~————0 and %?—)

r r—=0+ 0

T —= 0+

then for arbitrary rectifiable arcs A,B in the metric space
(E,Q) with the origin at p having the Archimedean property
at p we have

(20) (A,B) € TQ (a’b11pp) <> (AoB) € TQ (a'b’1pp)
. i J
fOI‘ i’j = 0,1,.-',7.
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Bquivalence of certaln relations 9

Proof, We shall prove that

(21) (AQB) € TQ (aybs']’P) =2 (AQB.)e TQ (a,b,’l,p).
6 5

Let us suppose that (4,B)e¢ qu(a.b.1.P)-

Then we have

a

7 95(A"S(p'r)a(r)’ Bf\S(Por)b(r))*—‘——*" 0.

r —= O+

From (18) we obtain

0< ;]'— diamq((An S(p,r)a(r)) ¥] (Bn S(P,r)b(r)))<

1

<z diamq(AnS(p,r)a(r)) + -:,— diamQ(BnS(p,r)b(r)) +

+ T 0g(AnS(DyT) g (1ys B8Ry (1y)e

Taking into account (19) and Lemma 1 we infer that

1

¢ dtamg ((AnS(p,), (1)) v(BNS(pyr)y(py)) —= 0.
r

— O+

Hence (A4,B)e qu(a,b,1.p). From (6), (6'), (7) and (21) we

obtain the thesis of the theorem, .

Re=n ar k. If in Theorem 2 the condition (19) is
forrulated in the form of an alternative, then the theorem will
be false.

BExanrnpl e, In the Cartesian space R2 let us consider
the arcs

{5, t3); o<ten},

>
1

[os]
i

{5, 0) 5 O<t<1}.
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Iet a(r) =0 and b(r) = r, thean we have

a(r) b(r) )
==t e () and ———1,
r I-——-.-O+ r Y —e O+

We also have

AnS_(p,r)a(r) ={(\/% V1+4 ° - %n % Vass o° - %)J,

BnS(p,r)b(r) = {(t,O); Ost’<2r} .
It is easy to show

b4

05(An8(p,T),(nys BNS(DTIy(py) = \/51»2-4;\- /Ei Vieas® - 1.

Hence we have

\SIY

QG(AnS(P,I‘)a(r), BnS(P,I')-b(r)) = % V1 + 41‘2 -

1 —
7 ?6(A“S(p'r)a(r)’ BnS(PoI‘)b(r))r_._mo-

Hi|>

qs(AnS(p,I‘)a(r), BnS(pyrly(p)) :_-:;; 1.

This implies

(A,B) € TQ (a’bvl"p) ’
6

(AgB) ¢ TQ (a,b,’l,p).
5
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