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Introduction 

In the present paper-we consider the connection between 

r e l a t i o n s of tangency of arcs in general metric spaces. W.Wa-

l i s z e w s k i in [5] gave the d a f i n i t i o n of tangency of se ts in a 

general ized metric space (E, 1 ) . Here E denotes a set and 1 

i s a non-negative r e a l funct ion defined on the Cartesian 

product Eo* EQ, where E0 i s a family on non-empty subsets 

of the set E. Under some assumptions, the funct ion 1 

induces a metric lQ(x, ,y) = l ( ( x j , [ y ] ) on the set E, which 

allows us to def ine the notions of a sphere and a b a l l in the 

space (Ε , 1 ) . According to t h i s d e f i n i t i o n a set Ae BQ i s 

(a, b) - tangent of order k to the se t Be EQ at a point ρ 

of the space (E, 1) i f the pair (A, B) i s (a, b) - con-

centrated at the point ρ in the considered space and we have 

i l ( A n S ( p , r ) a ( r ) , Bn S ( p , r ) b ( r ) ) p — 0, 

where k is a p o s i t i v e r e a l number and a and b are 

non-negative r e a l funct ions defined in a ri^ht-hand neigh-

bourhood of the point 0 such that a ( r j r-0 and n+ 

The pair (A, B) i s (a, b) - concentrated at the point ρ 

of the space (Ξ, 1) i f 0 is a concentration point of the 

set of a l l r e a l numbers r > 0 such that the s e t s 
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A n S ( p , r ) a ( r j and B n S ( p , r ) b ( r j 

are non-empty. 
S(p,r) a^ rj denotes the a(r) - neighbourhood of the set 
S(p,r) in the space (E, 1) and is equal to U K(q,a(r)). 

qeS(p.r) 
S(p,r) denotes the sphere with the center ρ and the radius 
r. K(q,a(r)) denotes the open ball with the center q and 
the radius a(r). Analogously we define s(P» r)b( r)· 

In the section 4 of the paper [5] W.Waliszewski defined 
in the space ( E , ç ) the functions 

^ ! Efl* E q < 0 , 00) (i = 0,1,... ,6) induced by the 
metric 9 

ç 0(A,B) = sup |ç(x,B) ; χ e A], 

? 1 ( A , B ) = max | ç 0 ( A , B ) ? < ? 0 ( B , A ) } , 

9 2(A,B) = inf (dianiç ({x}uB.) ; x e A], 

9 5 ( A , B ) = max [(¡>2(A,B) \ 9 2(B,A)|, 

9 4 ( A , B ) = min [ ç 2 ( A , B ) ; ^(Β,Α)}, 

9 5(A,B) = diamç (AuB), 

9 6(Α,Β) = inf {^(χ,Β) 5 x e A ] 

for A , B e E 0 , where 9 ( x , B ) = inf { 9 ( 1 , y ) ; y t ß j and 
dianip A denotes the diameter of the set A in the metric 
space. 
Similarly, we can consider a function 

ç 7 ( A , B ) = min [ Ç o ( A , B ) ; ç o ( B , A ) J . 

The functions (i = 0,1,...,7) are special cases of 
functions 1 such that Çj[({x]»{y}) = l 0(x*y) = Ç(x»y)· 
Hence in the space (E,^) we can introduce various relations 
of tangency of sets and investigate the relation between them. 
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In this, paper we shal l g ive some re la t ions between the 
functions as we l l as we shal l prove a theorem on the 
equivalence of the re la t ions of tangency of arcs with the 
Archimedean property. 

Λ, Let ρ e E. We assume ( c f . [ 5 ] ) 

(1 ) T^(a,t>,k,p) = { (A,Β) ; A u B c E . a ( A . B ) is ( a , b ) -

concentrated at the point ρ a 

^ l ( A n S ( p , r ) a ( r ) , B n S ( P ' r V r ) > T Z Z ^ ° } · 

Assume that we are given two non-negative r ea l functions l/p^ 
defined on the Cartesian product EQx E 0 . 

T h e o r e m 1. I f the functions and 1 2 sa t i s f y 
the conditions 

( i ) ^ ( { x } , { y } ) = 1 2 ( { χ } , { y } ) = l 0 ( x , y ) , 

( i i ) ^ ( Α , Β ) < 1 2 (A ,B ) 

f o r any sets A ,BeE 0 , then we have 

(2 ) ( Α , Β ) ε Τ , ( a ,b ,k ,p ) (A fB)e T, ( a , b f k , p ) . 
2 Η 

P r o o f . Suppose that conditions ( i ) and ( i i ) hold 
and ( A . B ) e T , ( a ,b ,k ,p ) . 

2 
By the assumption ( i ) we have 

S ( p , r ) = S l 2 ( p , r ) = S ^ i p . r ) , S l 2 ( p , r ) a ( r ) = S ^ ( p , r ) a ( p ) = 

= S ( p , r ) a ( r ) , S l 2 ( p , r ) b ( r ) , S ^ ( p ( r ) b ( r ) = S ( p t r ) b ( r ) . 
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Since (A,B)e T.^(a,b,k,p), we see that the pair (A,B) is 
(a,b) - coneentrâted at the point ρε E and we have 

(3) ^l 2
( A" S(e' r>a(r)· ^ ^ b C r ) ) ; ^ 0 · 

From the assumption (ii) it follows that 

(4) 0<l1(AnS(p,r)a(rj, Bn SCp.r)^^) < 12(Aη S(ptr)a(r), 

BnS(p,r)b(r)). 

Prom (5) and (4) we have 

- ^ l ^ A n S C p . r ) ^ , Bn8(p,r)b(p)) — 

which ends the proof of the theorem. 
From the definition of the functions we have 

ο (A,B) = sup (inf o(x,y)), 
0 χ e A ye Β 

θο(Α,Β) = inf (sup ς (xty)), y ¿ xeA yeB 

oc(A,B) = sup <?(x,y), 
? x,y£ AuB 

<?6(A'B) ^xeifeB«?^^· 

Hence taking into account the definitions of inf and sup 
we obtain 

(5) ç6(A,B) < ÇjU.B) < Ç5(A,B) 

for A,BeE0 ana i =. 0,1,2,3,4,7. 
From (5) and by Theorem 1 we obtain 

(6) (A,B)eT0 (a,b,k,p) (A,B)e Τ 0 (a,b,k,p), 
"5 Yi 
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(6') (A,B)eT0 (a,b,k,p)=^(A,B) e Tp (a,b,k,p) 

for i = 0,1,2,3,4,7. 
Hence we get 

(7) (A,B) e T^(a,b,k,p) =#-(A,B) e T^(a,b,k,p) . 

2j. Let us consider an arbitrary metric space (E, ç). 
Let Xp = jx e S ; r - a ( r ) < ç(p,x)< r + a(r)J . 

We shall prove that 

(2.1) S ( P « r ) a ( r ) c X r · 

Let χ e S(p,r)/_N. Hence x e U , K(q,a(r ) ) . 

Therefore there exists qeS(p , r ) such that xeK (q ,a ( r ) ) . 
This implies 

(2.1.1) (j>(q,x) < a(r ) for qe S(p,r) . 

By the triajngle inequality wë obtain 

(2.1.2) <?(p,q) - ç (q,x)< 9(p,x)< <?(p,q) + ç(q,x) . 

From (2.1.1) and (2.1.2), taking into account that ç(p,q) = r , 
we obtain 

r - a ( r ) < ç ( p , x ) < r + a (r ) , 

hence x e X r . 
Let A,Β be arbitrai^ arcs in the metric space (E, ç>) 
originating at ά point peE, defined respectively by the 
formulae 
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A = {<p(t) s 0 < t < l } , 

Β = {ij/(t) : 0 < t < 1J , 

where cp and ψ are homeomorphisms and φ(0) = ρ = ψ(Ο). 
L e m m a 1. If A is a rectifiahle arc satisfying 

the Archimedean condition at the point ρ 6 Β, i.e. 

(8) .s(p,x) 
ç(pfx) A 3 X — ρ 

1 , 

where s(ptx) is the length of the arc with ends at ρ 
and χ, and if we have 

(9) a( r) 
r r — - Of 

then 

(10) J diam? (AnS(p,r)a(r) — — 0. 

P r o o f . For arbitrary points x,y e A such that 
<j(p,x) < ?(p,y ) the following inequality holds 

(11) 9(p,y) <<j(p,x) + s(x,y) <s(p,y), 

where s(p,y) and s(x,y) denote the lengths of the arcs 
with ends at p,y and x,y, respectively. 

The inequality (11) is equivalent to the following 
inequality 

Let 

(13) 
"xr3 JCp = (j»(t'r) Wñere tir=iof {t}0<t<lAip(t)eS(p,r-a(r) )} , 

i , J r M ( t ; ) where tV=aup{t;0<t<1 <p(t)eS(p,r+a(r))] , 
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where 

X p = {χ; χ e Β λ r - a(r) < <j>(p,x) « r + a(r)| . 

From (8) we obtain 
s(p,yj Γ -1. 
? ( p , y r ) 

Hence by (12) we get 

, „ 9(P»*p) + s(x J — W Z 
Prom (13) and (14) we obtain 

r - a(r) + s(x ,y ) • 1. 
r + a(r) r— 

This implies 

1 - ai£) + s ( x r ' V r r 
1 + a(r) r — <5+ 1. 

Taking into account (9) we have 

(15) — -r 0. r r — — 0+ 

From (13) by the property of Darboux for the function cp in 
the interval < t' . tf > we obtain r r 

(16) AnXr c(x^f7r)t 

where (xr,yp) is an arc with ends at the points *Γ»7Γ· 
From (2.1) we obtain 
(17) A n S ( p » r ) a ( r ) c A n X r c A n V 
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Frota (16) and (17) i t fol lows that 

diaci- (A n S ( p , r ) , , ) < diam. (AnX r ) = sup _ç(x' , x" ) < 
' x',x"eAnXr 

< sup ç(x' , x " ) < s ( x r , y r ) . 
x',x"e6cr,yr) 

Hence we have 

0 < J diaai? (A η S ( p , r ) a ( r ) ) < -J- s ( x r , y , J . 

Hence by (15) v:e obtain the lemma. 
For arbi trary s e t s A,Β e EQ we have 

diam^ (AuB)<diam^ A+"diam^B+ ç(A,B), 

where ç(A,B) = inf ç ( x , y ) . 
xeA,yeB 

From the de f in i t ion of the functions <¡>̂  and we obtain 

(18) ç^(A,B) < diam^ A + diam^ Β + ç 6 ( A , B ) . 

The above considerations lead to the following theorem . 
T h e o r e m 2 . I f the functions a ( r ) and b ( r ) 

s a t i s f y the conditions 

(19) ψ ν - = ο Γ θ and ^ — ^ o 

then f o r arbi trary r e c t i f i a b l e arcs A,Β in the metric apace 
(E,ç) with the or ig in at ρ having the Archimedean property 
at ρ we have 

(20) ( A , B ) e T ( a , b , 1 , p ) <=MA,B)e Τ ( a , b , 1 , p ) 

f o r i , j = 0 , 1 , . . . , 7 . 
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P r o o f . We sha l l prove that 

(21) (A,B) e T ^ ( a , b f 1 , p ) (A,B)e T ^ ( a , b , 1 , p ) . 

Let us suppose that (A,B)eTç (a ,b f 1 ,p ) . 
6 

Then we have 

J ? 6 ( A n S ( p , r ) a ( r ) , B o S ( p , r ) b ( r ) ) - - 0. 
r —^ 0+ 

Prom (18) we obtain 

0 < l d i a m ç ( ( A n S ( p , r ) a ( r ) ) υ (Bn S ( p , r ) b ( p ) ) ) < 

< J d i a m ( ? ( A n S ( p , r ) a ( r j ) + J diamç(B η S ( p , r ) b ( r ) ) + 

+ J ? 6 ( A n S ( p , r ) a ( r ) , B n S ( p f r ) b ( r ) ) . 

Talcing into account (19) and Letanía 1 we in fe r that 

J- diamç ( ( A n S ( p , r ) a ( r p u ( B n S ( p , r ) b ( r ) ) ) - 0. 

Hence (Α,Β)ε Tç (a ,b ,1 ,p) . Prom (6), (6'), (7) and (21) we 
5 

obtain the thesis of the theorem. 
R e m a r k . I f i n Theorem 2 the condit ion (19) i s 

formulated i n the form of an a l ternat ive, then the theorem w i l l 
be fa l se . 2 

3 χ a ε ρ 1 e. In the Cartesian space Η l e t us consider 
the arcs 

A = { ( t , t 2 ) ; 0 < t < l } , 

Β = { ( t , 0) ; 0 < t < l } . 
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Let a ( r ) = 0 and b ( r ) = r , then we have 

a i r ) ^ n „„„ M í J 
r . . η + ~ a a d r " Τ 1 · ί ι —»-Ο τ χ r — 0 + 

We also have 

A n S ( p , r ) a ( r ) = ( V j V l + 4 r 2 T j , J V l + 4 r 2 - l ) 

B n S ( p , r ) b ( r ) = { ( t , 0 ) ; 0 < f r < 2 r } . 

I t i s easy to show 

Ç 6 ( A n S ( p , r ) a ( r ) , Β η S ( p , r ) b ( r ) ) = J Vi + 4r 2 - J , 

Hence we have 

r ? 6 ^ n S ( P ' r ) a ( r ) · B n S ( p , r ) b ( r ) ) — - - 0 , 

J 9 5 ( A n S Í P » r ) a ( r ) · B n S ( p , r ) T > ( r ) ) 

This implies 

( A , B ) e Tç ( a . b . l . p ) , 

( A f B ) ^ T p ( a , b , 1 , p ) . 5 
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