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ON THE CAUCHY-NEUMANN PROBLEM 

FOR THE BIPARABOLIC EQUATION 

J_. In the paper we shal l give the solution of the l imi t 
problem f o r the equation 

(1) I 2 u U ) = F(X) 

and f o r the domain 

Z = { x : xL > 0 ( i = 1 , 2 , . . . , n ) , t > 0 } ; X = ( x . , , x 2 , . . . , x Q , t ) , 

where 
n 

L - P - b l , P = ; r D* - Dt - A x - Dt 

L - i J-

b > 0 i s a p o s i t i v e r e a l number, F(X) i s a given funct ion 
defined f o r X e Z, where 

Z = { x : Xĵ  > 0 ( i = 1 , 2 , . . . , n ) , t > o | . 

2. Let XL = ( e ^ x ^ e . ^ S i n * ^ ) ^ = 1 » 2 2 n ) 

where 

1 a s i = j 2 k - m, j = 1 , 2 , . . . , 2 n " k , k = 1 , 2 , . . . , n , 
l k ~ -1 a s 1 t J 2 k - m, m = 2 k _ 1 , 2 k " 1 + 1 , . . . , 2 k - 1 , 
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2 K . W a r c h u l s k i 

denote a l l p o s s i b l e p o i n t s which a re symmetr ic images o f t he 

p o i n t X w i t h respec t t o the c o o r d i n a t e hyperp lanes o r are 

i t e r a t i o n s o f those symmetr ic images. 

I n the sequel we 3 h a l l use the f o l l o w i n g d e n o t a t i o n s : 

y = ( y ^ y g , . . . , y n , s ) , x = ( x ^ , x 2 , . . . f X Q ) , y = (y- j»y2>***»yQ)» 

x = ( x ^ t * 2 » • • • f » • • • ) ( i = 1 » 2 , . . . , n ) , 

y = (y^»y2»• • • » y i + i > * • • 3 ^ ^ = ' ' »^»• • •» iO» 

^ = » x 2 f * * * , x i - 1 1 * * * ^ = 

Xq = (x^ » X g , . . . » x j [ + i » • • • »xn> ^o^ = 

Xp = ( x ^ j . • . j , Xp = ( x ^ , X 2 , • . . , x ^ ) . 

Z° = { x : x 1 > 0 U = 1 , 2 , . . . , n ) } , 

Z k = { x k : a ( i = 1 , 2 , . . . . n j i k , t £ ( k = 1 , 2 , . . . , n ) , 

Q1 = { x : Ix j^ l ^ c 1 ( i = 1,2 n ) , 0 < Tq ^ t i l ) , 

Q2 = | X : ^ c^ ( i = 1 , 2 , . . . , n ) , 0 6 t T } f 

a k = { X: 0 c k x k 6 c k , j x 1 [ 6 Cj_ ( i = 1 , 2 , . . . , n ; i / k ) , 

0 4 t 4 T } , 

( k = 1 , 2 , . . . f n ) . 

3° = { X: x L > 0 ( i = 1 , 2 , . . . , n ) , t = o } , 

3 k = { X : x k = 0 , x L > 0 ( i = 1 , 2 , . . . , n ; L t k ) , t > 0 } ( k = 1 , 2 , . . . , n ) , 

where Cĵ  c^ ( i = 1 , 2 , . . . , n ) and 0 <- TQ < T are a r b i t r a r y 

p o s i t i v e numbers. 

- 768 -



On the Cauchy-Neumann problem 

Let K denote the c l a s s of a l l f u n c t i o n s u(X), c o n t i -
nuous wi th the d e r i v a t i v e s D^D^wlu(X), |w| + 2v < 4 
[w = ( ) being the mul t i index f o r which w, > 0 
( i = 1 , 2 , . . . , n } { |w| = .,+wQJ and s a t i s f y i n g the equa-
t i o n (1) in the se t Z. 

We s h a l l cons t ruc t the f u n c t i o n u(X) belonging to the 
c l a s s K and s a t i s f y i n g the i n i t i a l cond i t ions 

( 2 ) l i m D£U(X) = F K U 0 ) ( k = 0 , 1 ) , a s X — XQ e S ° , X e Z , 

and the boundary cond i t ions 

(3) lim DXiPku(X) = g k (x£) (k=0,1) , as X — x j t S l
f X e Z, 

( i = 1 , 2 , . . . , n ) . 

The problem formulated above we s h a l l c a l l the [c - N - n] 
problem. 

We moreover assume t h a t the f u n c t i o n s ^ ( x ) , 
(k = 0 , 1 ; i = 1 , 2 , . . . , n ) a r e given and def ined on the s e t s 
Z° and Z1 ( i = 1 , 2 , . . . , n ) r e s p e c t i v e l y . 

The problem formulated above we s h a l l so lve by means of 
the Green f u n c t i o n f o r the equat ion 

(4) Lu(X) = 0. 

Consider any point X e. Z and any po in t Y e. Z. Let 

(5) G(X;Y) = 

V(Xi5Y) f o r s < t , 
i=1 

f o r s ? t , X / Y, 

where VCX^Y) = exp [ - b ( t - s ) ] U(X i 5Y), 
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4 K.Warchulski 

r(t-s)" 2 

J(Xi$Y; = ' 

exp i y Y i 
4(t-s) for s < t, 

for s > t, X t Y, 

and |xi;y|2 = X l ( y k - eikxk;2. 
k=l 

It is easily to prove the following lemma. 
L e m m a 1. The function G(X;Y) given by formula 

(5) has the following properties: 
a) for any point X e. Z, G(X;Y) as a function of the 

point Y e Z is bounded, when X ^ Y, 
b) for any point X t Z, G(X;Y) as a function of the 

point Y e Z is of class 0°° and satisfies the equation 

L^G(X}Y> = 0, 
n 

where = ^ D 2 + Dg - b, X ^ Y, 
i=1 

c) for any point Y c Z, G(X;Y) as a function of the 
point X e Z is bounded, when X ^ Y, 

d) for any point Y e. z, G(X;Y) as a function of the 
point X £ Z is of class C°° and satisfies the equation (4), 
when X / Y, 

e) D G(X;Y)| Q = 0 (i = 1,2,...,n), when X ^ Y, 

f) lira G(X;Y) = 0 for X e Z, Y e. Z, x ^ y. 
s—t" 

In the sequel we shall call the function G(X;Y) Green's 
function for the problem [ c - K - n]. 

3. V»e shall prove the lemmas on the uniform convergence 
of the certain integrals. Let 
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On the Cauchy-Neumann problem 

U p 1 q i ( x l ' t ; y i ' 8 ) = 

( t - a ) " i 
exp j ^ l l 

4 ( t ~ s ) . ( i = 1 , 2 , . . . , n ) , 

pq 

it 
( X J Y ) = N : J P I Q I

( X I ' T 5 Y I ' S } ' 
i=1 

V P Q ( X ; Y ) = exp [ - b ( t - s ) ] U D Q ( X ; Y ) , 
pq 

where p^ » 0 , q^ ( i = 1 , 2 , . . . , n ) are the rea l numbers. 
L e m m a 2. I f the f ( y ) i s bounded and measurable 

function for the y e Z ° , then the in tegra l 

I p q ( Z ) = / f ( y ) V P q ( X ' Y ) | s = O d y ' 

i s uniformly convergent in every set Q 1 . 
P r o o f . Let K = { s u p | f ( y ) | : y e Z 0 } . Since 

exp [ - b ( t - s ) ] ^ 1 then 

UjV.X) [ ^ M p | fupiqLUL,tfyL,Q)<lyL. 
i=1 o 

Let R > max ( 2 c 1 ( i = 1,2 n)} . I f X e Z° , then 

for y i > R ( i = 1 , 2 , . . . , n ) we have the inequal i ty 

(6) y? ^ ( y i - x i ; 2 ^ 4yf ( i = 1 , 2 , . . . , n ) . 

l.oreover for m > 0 , 0 ^ k^oo w e obtain the inequality 
(7) k n e " k 4 mee~m. 

According to the formulae (6) and (7/ rce have the ine-
qual i ty 
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X. vVarcnulski 

Pi 
exp l6t d y i 

v > B i > R t 

C1t J yi d yi 4 C2t (1=1,2,...,n)f 

where C 1 fC 2 are positive constans. 
Besides for 0 < y^ ̂  R, 0 6 t < T we have the inequa-
lity 

/ U p i q i
( x i ' t ; y i ' ° ) d y i ^ 2 R ( c i + R ) ' 

p. -q. 
(1=1,2,..., n). 

Phen 

( 8 ) J U p i q i
U i ' t i y i ' ° ) d y i 4 C2 t + 2R(c.+R) 

and 

(9) |lJq(X)| ¿ M f l 
i=1 

l(p4-2q.+2) 
C ^ +2R(ci+R) 

The inequality (9) implies that the integral l2 (X) is 
i P9 uniformly convergent in every set Q . Let 

S t = { Y : yk = 0 f yi > 0 0 < s . < t ] (k=i,2,...,n), 

!t = I Y : yi > 0 3 < B < * } • 
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L e m m a 3. If the function g(yk) is bounded and 
k k measurable for y e. Z (k = 1,2,...,nj, then the integrals 

I ^ U ) = J g(,k)Vp q (X,Y) 
y =o 

dy 

are uniformly convergent in every set Q . 
P r o o f . Let k = 1. For k = 2,3,...,n the proof 

is similar. Since exp [j-b(t-s)J 4 1, then 

t n <? 
I ^ M ^ M/n/ UP iq i

( Xi' t 5 yi' S ) d yi UP 1q 1
UV t ? 0' S , d £ 

0 i=1 0 

where M = { sup |g(y1)| : y1 6. Z1}. 
Introducing the new variables of integration 

(10) h = ^i"1!^ {_2(t-s)^J 1 U = 1,2,...,n) 

we obtain 

/
p +1 2 i • r p. -z 

Up q (xi,t;ylfs)dyi é 2 1 (t-s) J 1 ^ 1 « é 

o(Pi-2qi+i ) <» P4 

iC3(t-s r (i=1.2 «0 

and 

t (p^q^+n-l 
i^1(x)| ¿mc 3J (t-s) u= 2 Up (^.tjO.sJds, 1T 

where C^ is a positive constant, 
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8 K .VVarchulski 

From i n e q u a l i t y (7 ) we obtain tha t t h e r e e x i s t numbers 
^ > 1 and ^ > -1 such that 

( 1 2 ; | Xp* ' (X)| 4MC 3 c 1 1 I ( t - s ) 1 ds 4 C 4 t 1 4 C^T 1 , 

where C. i s a p o s i t i v e c o n s t a n t . 
2 1 Then the i n t e g r a l I » (X) i s uniformly convergent in 

1 P9 
every s e t Q. . 

L e m m a 4 . I f a ) the f u n c t i o n F(Y) i s bounded and 
measurable f o r Y e. Z, b) 2 0 and q^ ( i = 1,2,...,n) 

n 
are r e a l numbers s a t i s f y i n g the i n e q u a l i t y ^ . ( p ^ - P q . ] + n + 2 > 0 , 

i = 1 
then the i n t e g r a l 

I p q ( X ) = / p ^ ) v p q ( X } Y ) d Y 
Zt 

o 
i s uniformly convergent in every se t Q . 

P r o o f . We have 

t n 

lIpq(X)l 6 " / n / V ( X l , t , , l » , | i , l dS' 
0 1=1 0 

where M = { sup |p(Y)| : Y c z } . 
Introducing the v a r i a b l e ( 1 0 ) and using the inequali ty 

( 1 1 ) we obtain 

t | | £ (Pi-sq^+nl 

O 2 » ) l 1 ^ ) ! < m c 5 / (*-) 
0 

( P i - a q , ) « ^ ] ¡\p ( p ^ q ^ n + a ] 
^MC5t L i = 1 J 4C6T 1 1 = 1 J , 

where C^, Cg are p o s i t i v e constans . 
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On the Cauchy-Neumann problem 9 

The inequality (12a) and the assumption b) imply uniform O p 
convergence of the integral i n every set Q . 

L e m m a 5. If the F(Y) and D P(Y) (i=1,2,...,n) 
yi 

are bounded and continuous functions for Y e. Z, then the 
integrals 

I^jU) = JF(Y)(t-s)DjD£ V(X;Y)dY, (i=1,2,...,n), 
Zt 1 

oc - 0,1,2,3,4; y6= 0,1,2; u+2/3^A 

p 
are uniformly convergent in every set Q . 

P r o o f . Indeed, if a + 2|3 i 3, then from Lemma 4 
the integral iJ^X) is uniformly convergent. Consider that 
the case oc + 2fi> = 4. 

Now 

D_ V(X;Y) = -D V(X}Y) (i=1,2,...,n). 
xi yi 

Applying then the formula for integration by parts (see 
[3] p.365") we obtain 

f F(Y)(t-s)D*D* V(X;Y)dY = J Dy F(y )(t-s jD^lf^VCXiYjdY, a t 0, 
Zt 1 Zt 1 1 

i.e. from the lemma 4 we have that the integral lia(X) is 
uniformly convergent in every set Q^, a t 0. We observe 
that 

n 
DtV(X;Y) V(X;Y) - bV(X;Y). 

i=1 1 

Then for oc = 0 the proof is similar. 
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10 K.Warchulski 

4_. Consider the functions 

ay, u^X) = A Jf0(jr)G(X;Y) 

S° 

U2(X) = At J*[f.,(y)-(dy-b)f0(y)J G(X;Y)| ^dy, 

ui(X) = -A f gJ(y1)G(Z|Y)| . dy1, J J. 0 lyl-o 
n 

u3(X) u3 ( X )» 

uj(X) = - A ^ b g J C y 1 ) - g^y 1)] (t-sjGUjY)^ q dy1, 

n t 
u4(X) u4 ( x )' 

i=1 

u5(X) = A jf P(Y)(t-s)G(l|Y)dY, 
Zt 

where A = (2Vir)~a. 
We shall prove that the function 

5 
(13) u(x) = y \ 1 : u ) 

k=1 
is the solution of the problem [c - N - n]. 

L e m m a 6. If the F(Y) and D P(Y) (i=1,2,...,n) 
yi 

are bounded and continuous functions in the set Z, then the 
function u^(X) is the element of the class K. 

P r o o f . Lemmas 4 and 5 and the formulas 

(14) lim /*P(Y)(t-s)iPG(X}Y)dy = 0 ( y » 0 ) t 
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On the Cauchy-Neumann problem 11 

(15) L2[(t-s)G(X5Y)] = 0 

imply that 

L2u5(X) = P(Y)G(X|Y)j ^dy, 

A f F(Y)G(X;Y) dy = lijn f F(Y)G(X;Y)dy. 
J s=t s-t"J 

where 

Let 
S° S° 

'P(Y) for y e Z°t s > 0, 
P(Y) = 

0 for y e Eq-Z°, a > 0, 

Then 

A f F ( Y M X { Y ) dy = A f P(Y)V(XjY)| dy. 
J s=t J_ Set 
s° B° 

Similarly to the (V| p.454, we obtain 

lim A / P(Y)V(X;Y)dy = P(X) for X £ Z. 

Besides for the i = 2,3,...,2n the points X^ are 
outside of domain Z* Then we have 

lim_A P(Y)V(Xi;Y)dy = 0 (i=2,3,... ,2a). 
s° 

Then the function u^(X) is an element of the class K. 
T h e o r e m 1. If the F(Y) and D F(Y) (i = 

yi 
= 1,2,...,n) are bounded and continuous functions in the set 
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12 K.Warchulski 

Z and the fQCy) , f ^ y ) , gjty5") (k = 0 , 1 ; Iwl 6 2; 
i = 1 , 2 , . . . , n ) a r e bounded and measurable f u n c t i o n s 
in the s e t s Z^Z*" ( i = 1 , 2 , . . . , n ) , then the f u n c t i o n u(X) 
given by formula (13) i s the element of c l a s s K. 

P r o o f . The f u n c t i o n u ^ X ) + u2(X) and i t s d e r i -
v a t i v e s are l i n e a r combinations with cons tant c o e f f i c i e n t s 
of the i n t e g r a l s in the form Ip q (X) . By Lemma 2 the i n t e g r a l 
Ipq(X) a re almost uniformly convergent in the domain Z°. 
Consequently the f u n c t i o n u^(X) + u2(X) i s continuous t o -
ge the r with the s u i t a b l e d e r i v a t i v e s and s a t i s f y i n g the equa-
t i o n 

L2 [ u ^ X ) + u2(X)] = 0 . 

S i m i l a r l y , from Lemma 3 and from the cond i t ions 

(16) lim f g^(yi)Ci(X}Y)l dy3- = 0 ( i = 1 , 2 , . . . , n ) , B^t-J ¡y^o 
n-1 

(17) lim+_ f [ b g ^ y ^ - g ^ y 1 ) ] G(X;Y) ^dy1 = 0 ( i=1,2, . . . ,«i) , 
• - t E n-1 

we f i n d , t ha t the f u n c t i o n u^(X) + u^(X) i s cont inuous t o -
g e t h e r with the s u i t a b l e d e r i v a t i v e s and s a t i s f y i n g equat ion 

L2 [u 3 (X) + u 4 (X)] = 0 . 

Then Lemma 6 impl ies t h a t the f u n c t i o n u(X) i s an element 
of c l a s s K. 

j j . We s h a l l prove t h a t the f u n c t i o n u(X) given by formu-
la (13) s a t i s f i e s the i n i t i a l cond i t ions ( 2 ) . 

L e m m a 7. I f the f Q ( y ) i s bounded and measurable 
f u n c t i o n f o r y e Z° and cont inuous a t the point x Q , then 

lim u.j(X) = f 0 U 0 ) , when X — XQ e S°, X e Z. 
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P r o o f . L e t 

n 

u . , ( X ) = J ^ X ) + ^ ( X ) , 

Z 

i = 2 

w h e r e 

J ^ X ) = A f f 0 ( y ) V ( X ; Y ) 

S ° 

J ^ X ) = A J f0(yMXL',Y 

s = 0 
d y , 

s = 0 
dy ( i = 2 , 3 , . . . . 2 n ) . 

I n v i e w o f t h e i n e q u a l i t y ( 7 ) a n d t h e b o u n d o f t h e f u n c t i o n 

f 0 ( y ) we o b t a i n 

| J i ( X > | 4 a / * ( i = 2 , 3 , . . . , 2 n ) , 

w h e r e Cy»(?2 a r e ^ k e p o s i t i v e c o n a t a n s . 

T h e n 

l i m J ^ X ) = 0 ( i = 2 , 3 , . . . , 2 q ) , w h e n X — XQ £ S ° , X e 2 . 

L e t 

-

f f 0 ( y ) f o r y e Z ° , 

0 f o r y c. E Q - Z . 

P r o m t h e d e f i n i t i o n o f t h e f u n c t i o n f 0 ( y ) we h a v e 

J . , ( X ) = Ae • b t X ; Y ) d y . 
s = o 

S i n c e 

f v U i Y) 
8 = 0 

dy » 1 
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14 K.Warchulski 

we obtain 

J^X) = e"Dtf0(x0) + J^X), 

where 

J,(X) 
E, n 

As in [2] p.449 we find 

lim J^X) = 0, when X — XQ e. S°, X £ Z. 

Finally we obtain 

lira u.j(X) = f0'xo^' w h e n e S°' X £ Z* 

I w 1 
L e m m a 3. If the Dy fQ(y), f.,(y) ( w 6 2) are 

bounded and measurable functions for y e Z°, the f^Cy) 
is continuous function at the point xQ and the function 
fQ(y) is of class C 2 in the neighbourhood of the point xQ, 
then 

lim Dt[u1(Xj + u2(X)J = f ̂ (x0), when X — XQ e S°, X e. Z. 

P r o o f . The definition of the function u^X) + u2(X) 
and Lemma 2 imply 

Dt[u1(X) + u2(X f0(y)DtG(X;Y)| ^dy + 

o s=0 
s 

8=0 
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On the Cauchy-Neumann problem 15 

D.G(X{Y)| = ̂  G(X;Y)I - bG(X;Y)| 
* Is=0 x Is=0 |s=0 

As in the [2] p. 452 we have 

lim A J f0(y)DtG(X5Y) 
S° 

as X — XQ £ S°, X £ Z. 

g = 0
d? =Axf0(x0) -M 0(x 0i, 

Moreover, it is easy to prove that Lemma 7 implies the 
following equality 

lim A [f^y) - (4y-b)fo(y)J GCXjY^^dy = V V ^ V ^ W 

and 

lim At J [fr(y)-(/ly-b)f0(y)] dJgUjY)! ^dy = 0, 
S° 

when X-~XQ S°, X e Z. 
From the above formula and from Lemma 7 we obtain 

lim Dt[u1(X) + u2(X)] = f1(x0), when X — X0 t S°, I £ Z. 

L e m m a 9. If the d£w 1 fQ(y) r f 1 (;y), (| w | 4 2) are 
bounded and measurable functions for y e Z°, then 

lim u2(X) = 0, when X — XQ t S°, X t Z. 

P r o o f , Because the functions Djw'fQ(y), f^y) 
(|w| 4 2} are bounded we have 
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16 K . W a r c h u l s k i 

u 2 ( X ) | ¿ 3 A M t J G ( X ; Y ) d y , 
s=0 

s c 

w h e r e K = { s u p ( j f 1 ( y ) | ( | w | 6 2 ) | o j w | f Q ( y ) | ) : y e Z ° ( . 

S i m i l a r l y t o t h e p r o o f 0 f Lemma 7 we o b t a i n t h e f o l l o w -

i n g e q u a l i t y 

l i m u 2 ( X ) = 0 , when x ~ " x
0

 e s ° » x £ z » 

From i n e q u a l i t y ( 1 2 ) we f i n d 

L e m m a 1 0 . I f t h e g i y 1 " ) a r e b o u n d e d a n d m e a s u -

r a b l e f u n c t i o n s f o r y 1 e Z 1 ( i = 1 , 2 , . . . , n ) , t h e n 

l i m I p ^ ( X ) = 0 ( i = 1 , 2 , . . . , n ) , when X — XQ e S ° , X £ Z . 

Prom Lemma 10 we o b t a i n 

L e m m a 1 1 . I f t h e g J C y 1 ) ( k = 0 , 1 ; i = 1 , 2 , . „ . , n ) 

a r e b o u n d e d and m e a s u r a b l e f u n c t i o n s f o r y * e Z3" ( i = 1 , 2 , . . . , a ) 

t h e n 

l i m dJ U ^ ( X ) = 0 ( k = 0 , 1 } i = 1 , 2 , . . . , n ) , 

l i m D* U J ( X ) = 0 ( k = 0 , 1 ; i = 1 , 2 , . . . , n ) , 

when X — XQ e S ° , X e Z . 

Prom i n e q u a l i t y ( 1 2 a ) we h a v e 

L e m m a 1 2 . I f t h e F ( Y ) i s b o u n d e d a n d m e a s u r a b l e 
n 

f u n c t i o n f o r Y e Z and ^ ( p ^ q ^ + n + 2 > 0 , t h e n 

i = 1 

l i m I p g ( X ) = 0 , when X — XQ e S ° , X e Z . 

I t i s e a s y t o p r o v e , t h a t t h e lemma 12 and t h e i n e q u a l i -

t y ( 7 ) i m p l y t h e f o l l o w i n g l e m m a . 
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On the Cauchy-Neuaann problem 17 

L e m m a 13. I f the ?(Y) i s bounded and measurable 
function for Y t Z, then 

lim D̂  u5(X) = 0, when e S ° , X e Z, (k=0,1). 

LemmaB 7 - 1 3 yield the following theorem. 
T h e o r e m 2. I f the D y l w l f 0 (y) , f ^ y ) , g^iy 1 ) 

(k = 0 ,1 ; |w| ^ 2; i = 1 , 2 , . . . , n ) are bounded and measurable 
functions property for y e Z°, y 1 e Z 1 , Y e. Z, the function 
f 1 ( y ) i s continuous at the point x and i f the function 

i P o-
f Q (y ) i s of c l a s s C in the neighbourhood of the point 
x o , then the function u(X) i s s a t i s fy ing the i n i t i a l con-
dit ions (2 ) . 

6_. We shal l prove that the function u(X) given by formu-
la (13) s a t i s f i e s the boundary conditions (3 ) . 

Let 

Wk(Xi5Y) = • 

x t ( t - s ) ~ V ( X , ;Y)I for s < t ( k = 1 , 2 , . . . ,nj , 
* L k = ° 

0 for s » t , X * Y ( i = 1 , 2 , . . . , 2 n ) . 

L e m m a 14. I f the g^iy1") i s bounded and measurab-
le function for y*" e Z1" and g i ( y i ) i s continuous at the 

•S< 

Similarly then to the [ l ] p.5 we find 
L e m m a 14. I f the 

le function for y*" e Z1" and 
point x * ( i = 1 , 2 , . . . , n ) , then 

lim A y g i (y i )W i tX;Y)dy i = g i ( x j ) ( i = 1 , 2 , . . . , n ) , 

»hen X — X* € S 1 , X e Z. 
L e m m a 15. 

i f g ^ y 1 ) i s bounded and measurable i i 1 1 function for y e Z and g£(y ) i s continuous at the point x* ( i = 1 , 2 , . . . , n ) , then 
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18 K.Warohulski 

l im D u i (X) = • 
k J 

when X — X k e S k , X €. Z. 

FgÌ(xJ) for i = k; i , k = 1 , 2 , . . . , n , 'o ' o 

for i ^ k; i , k = 1 , 2 , . . . , n , 

P r o o f . Prom lemma 3 we have 

D_ u\(X) = A f gJ(y l )D_ G(X;Y) dyL ( i , k = 1 , 2 , . . . , n ) . 
Xk J J. 0 xk y i = 0 

S t 
Moreover from Lemma 3 we obtain, that the D_ u i (X ) is 

V / 
continuous funct ion at the point X£ ( i k; i , k = 1 , 2 , . . . , n ) . 
Then from the fol lowing formula 

V ( X ° 5 Y ) = 0 for s < t 
»1 =0 

we f ind 

l im D u , (X) = 0 ( i t k; i , k = 1 , 2 , . . . , n ) , when X — X k £ Sk 

k 0 

Por i = k we have 

2
k -1 2 n _ k - l 

D uÌ(X) = A £ X L f 8^yk)Wk(X k ;Y)dyk (k=1,2 n). 

5 t 

Now from inequal i ty (7) we obtain 

t y 
(18) | A f g£(yk )Wk (X k ;Y)dy k | é C8xk Ä t - s ) 3 ds, 

Jk J 2 +1 J 

for 1 = 2 , 3 , . . . , 2 k " 1 and j = 0 , 1 , . . . , 2 n " k - 1 or 1=1 and j 
= 1 , 2 , . . . , 2 n ~ K - 1 ; k = 1 , 2 , . . . , n , where CQ and are posi-
t i v e constans. 
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Let 

= 

g k ( y k ) f o r y k e Z k , 

0 f o r y k e EQ-Zk (k = 1 , 2 , . . . , n ) . 

Then 

S/<£<yk)Wk(X;Y)dyk = A / J g*(yk)Vk(X;Y)dyk (k=1,2 n). 
S? -co E . t n-1 

The above e q u a l i t y , Lemma 14 and the i n e q u a l i t i e s (18) imply 
the p ropos i t i on of Lemma 15. 

L e m m a 16. I f the g f t y 1 ) (m = 0 , 1 ; i = 1 , 2 , . . . , n ) 
i i 

a re bounded and measurable f u n c t i o n s f o r y e. Z ( i = 
=• 1 , 2 , . . . , n ) , then 

l im D u ^ U ) = 0 ( i , k = 1 , 2 , . . . , n ) , when e S k , X e Z. 

P r o o f . Lemma 15 impl ies 

(19) lim Q u£(X) = 0 ( i * kj i , k : 1 , 2 , . . . , n ) , when X--Xk e Sk,X e Z. 
k 0 

Besides f o r i = k we have i nequa l i t y 

t i 
(20) | Dx uk(X)| é C ^ j ( t - s ) 2 ds = 2C9xkt2 (k = 1,2 n), 

k 0 

where Cg i s s a r b i t r a r y p o s i t i v e number. 
The i nequa l i t y (20) and the equa l i ty (19) imply the p ro -

p o s i t i o n of Lemma 16. 
L e m m a 17. I f the f Q ( y ) i s bounded and measurable 

f u n c t i o n in the se t Z°, then 
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20 K.Warchulski 

lim D u.,(X) = 0, when X---X* e Sk, X e. Z. 

P r o o f . Prom Lemma 2 we obtain 

D u1 (X) = A f f (y)D G(X;Y) dy (k-1,2 n). xk ' 0 xk s=0 

Moreover Lemma 2 implies, that the function D_ u1(X) k 
(k = 1,2,...,a) is continuous at the point X^ e S* (k = 
= 1,2 n). Then the formula 

V ( x ° ; Y ) U = o = 0 f o r t o > 0 

implies the proposition of Lemma 17. 
Similarly we find the rollowing 
L e m m a 18. If the (y ), f 1 (y) ( | w | ̂  2), F(Y) 

are bounded and measurable functions in the sets Z° and Z 
respectively, then 

lim Dx um(X) = 0 (m = 2,5), when X — X^ e Sk (k=1,2 n) 
k 

L e m m a 19. If the g^y 1) (m = 0,1; i = 1,2,... ,n) 
( i t are bounded and measurable functions for y e Z and the 

are continuous at the points xi; (i = 1,2,...,n) res-
pectively, then 

f g ^ V for i = k (i,k=1,2,...,n), 
lim D^p[u^(X) + uJ(X)J = <j 

0 for i è k (i,k=1,2,...,n), 

when x-»x£ e. Sk, X e Z. 
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P r o o f . Prom Lemma 3 , the i n e q u a l i t i e s (16>, ( 1 7 ) 
and from the fo rmu l a s 

P x U U j j Y ) 
y ^ o 

= 0 ( j = 1 , 2 , . . . , 2 Û ; i - 1 , 2 , . . . , n ) . 

we o b t a i n 

p [u* (X) + u J ( X ) ] = bu^(X) + b u J ( X ) + 

+ A f T b g ^ y 1 ) - g ^ y 1 ) ] G(X;Y) d y 1 ( i = 1 , 2 , . . . , n ) . 

t 

Then Lemmas 15 and 16 imply the p r o p o s i t i o n of Lemma 19. 

L e m m a 20 . I f the f Q ( y ) i s bounded and measu rab l e 
f u n c t i o n f o r y e Z°, then 

l l o D P u ^ X ) = 0 , when X — x£ £ S k , X e. Z ( k = 1 , 2 , . . . , n ) . 

P r o o f . From Lemma 2 we o b t a i n 

P u ^ X ) = bu^(X) . 

Then Lemma 17 i m p l i e s the p r o p o s i t i o n of Lemma 20 . 

L e m m a 21. I f t he 1 f Q ( y ) , f ( y ) (|w|é ? ) f r e 
bounded and measurab l e f u n c t i o n f o r y & Z , then 

l im D Pu„(X) = 0 , when X-~X k e S k , X €. Z. 
k 0 

P r o o f . Lemma 2 i m p l i e s the f o l l o w i n g e q u a l i t y 

Pu 2 (X) = bu 2 (X) - A f I f ^ y ) - (A - b ) f ( y ) l G(X;Y)I dy . 
J S 0 I 3=0 
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Then from Lemmas 17 and 18 we obtain the proposition 
of Lemma 21. 

L e m m a 22. If the F(Y) is bounded and measurable 
function for Y e. Z, then 

lim D Pu5(X) = 0, when X — X k e S k, X t Z (k=1,2,... ,n). 

P r o o f . The Lemma 4 implies the following formula 

Pu5(X) = bu5(X) - A J F(Y)G(X;Y)dY. 
Zt 

Moreover from Lemma 4 and from the equality 

D G(X^;Y; = 0 
k 0 

we obtain 

D { a f F(Y)G(X;Y)dY) = 0 (k = 1 ,2,... ,n), when X — X* e S k , X e Z. 

Zt 

The above equalities and Lemma 18 imply the proposition of 
Lemma 22. 

Lammas 1 4 - 2 2 yield. 
T h e o r e m 3. If the Djw|f0(y), f^jJ, gjty1) 

(k = 0,1; | w | ^ 2 ; i = 1,2,...,n) are bounded and measurable 
functions for y e Z°, y L e Z 1 and the gj^y*-) are conti-
nuous functions at the points x* (k = 0,1; i = 1,2,...,n), 
then the function u(X) given by formula (13) satisfies the 
boundary conditions (3). 

Theorems 1 - 3 imply 
T h e o r e m 4. If the fk(y), gjiy1) (k = 0,1; 

i = 1,2,...,n), P(Y), D P(Y) (i = 1,2,...,cr) are continuous 
^ i A 4 4 

and bounded functions for y e Z , y e Z (i = 1,2,...,n) 
and the function f0(y) is of class C 2 in the set S°, 
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then the function u(X) given by formula (13) i s the so lu-
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