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A NON-LINEAR BOUNDARY VALUE PROBLEM
FOR AN INFINITE SYSTEM OF FOURTH - ORDER
INTEGRO - DIFFERENTIAL EQUATIONS IN HALF-SPACE

1. Introduction

The aim of this paper is to prove the existence of solu-
tion of the non-linesr boundary velue problem {1)-(5) (see the
formulas in the sequel). The problem is reduced to the infi-
nite system of integral equations (22) and then Banacn s fixed
point theorem is applied., The reasoning iz essentially btased
on the results of paper [7].

It is to be noted that Banach’s fixed point theorem was
for the first time applied to infipite svstems by H,Adamczyk
(see the system of functional equations ir [1], and then used
in 8 similar way in the theory of singular integral ecustions:
by J.Nazarowski [8] for & system containing the integrals of
elliptic type and by A.Borzymowski and J.Brzezitski [6] for
a system with the integrals of parabolic type examined pre-
viously in [4]. Also, a limit prodlem for ar infinite system
of parabolic integro-differential equations of the secoad
order was solved by 4.Borzymowski in [5] by using Tikhonov ‘s
fixed point theorem, To the best of my knowledge, infinite
systems of integro~differential equations of an order higher
than two have not been examined so far,
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2 J.Brzezifski

2. The problem
Let E® (n_> 2) be the euclidean n-space of the points

X(x1,x2,...,xn). Introduce in this space the following sets”

¥ {x:xe® Az > o},

g 4 {X : Xe ERP A x, = O}.

Also, denote

d o df

E e (o,m), rR® % g° ® (o,T),

L3

R

where T 1is a finite positive aumber.

We consider the following boundary value problem:

Find s system of functions ul(A,t), l=1,2,... Batisfying
in the domain R +the infinite system of integro-differential
equations of the form

(1) .Qz[ul(A,t)]= F%[A,t; {okala, 0}, {Gq(A,t)H ,

where
ar af <& .2
a=a-F=-2 -4,
k.1 2
pkyl & dbu ; wy = ki k=0,1,25 D%l =ul,
ax. 1,060 1=1
1... n -—

t a
¢9(a,t) = f (-1 2" e [-—L%%l—i;] F%[B,t;{nkup_(B,r)ﬂ dBaT

0 EB*

%)
The notation is anslogous to that in [3].
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A non-linear boundary value problem

and fulfilling the initial conditlons

(2) 1in ul(a,t) = F(a),
t—-0
9_1 1
(3) iffoat u‘(4,t) = FB(A)

(A(x1,...,xn) e EY) and the boundary conditions

(4) lim -335 at(a,8) = FH[p,t5{0%P(2, 0)}]
x~0 3xn

(5) lim 333 ul(a,t) = F%[P,t;{dkup(P,t)}]
x —0 axn

(P e E°% t € (0,T)), where p,q = 1,2,..05 1,3=1,2,...,0.
Above, the symbol {up¢A,t)} denotes the infinite sequence
u1(A,t),u2(A,t),... and the remalning expressions in the
brackets { } should be understood snalogously.

3. Assumptions
We make the following assumptions
0 1
1. The fuanctionse F.I [A.t;{up},{wf},{uli’j}, {vq}] are
defined and continuous in the set

(A,t) € R; wp’ono,vq € (—w, +w)

and satisfy the conditions
1,1

) [Fosferh obhol)s (9 eah ¢ 7 -y

hd n
BL D (B |wP PLI,P S piif,e I
+ mF1 (MF1|w |+ MF1 wi| + MF1 Iwij by ¥
p=1 i.¢=

$ > ow vl

q=1
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4 J.Brzezitviski

(where @e(0,1), b>0, b e(O, 2 6+ 1?Tb)

~Py Y Hy T 2
1, Py 1 1 l:e\b_b)lo;;l :I
< kg b (lAA1| + |t-t1] ) exp | 22010 +
o0 n
1N p P _ 5P E pi| p _=p|
+ k (K w® -wlP |+ X wi =W +
F1 4 F1 l . F1 ‘ i il
p:1 iz
n o0
piit p _~DP | . q q_=9q
* ZKF.] !‘“’13 “’ijl) (P ZKF‘ ‘V v |,
1.3=7 g=1
. ) e(b-E)%OALE] . {1270%+60) | 04| 2|
Wheze Dy = exp [W 02 T X | "7 iemo

2%, The functions Fé'(A) are of class C%(E') and sa-
tisfy the inequalities

o™ rlias
(8) £m .
k1 kn 2
311 e v axn . L=1

3°. The functions F%(A) are defined and continuous in
EY and fulfil the inequalities

(9) || < - o,
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4 non-linear boundary value problem 5

4°. The functions l (P,t; {w }{wf},{ng}) are defined
and continuous in the set ‘

(p,t) € RO; wp,wg,wfj € (o, +o),

and satisfy, together with their first-order derivatives,
the following conditions

y 1 -ppt!
(10) !Fi (P,t;{up},{wf},{mgj})l < 12 l:m%,4 t 4 ey
n
oa, Z(Mp [?] +D Mpi|wg|+i§, i by 2o,

8Tb“+4Tbb+ b

8(b-b 2
where 03 = exp [_(-_)Lmi'} vy = ex [‘_eﬂi'r(zmsr ‘OPIZJ

@ +12Tb

- [sjes{or et} {ob b - s {at ]l <

1,1 1,2 1,3, 1
_PFW “F' uF’ +§
ék:ll,4t Eoqeep h o+ sy A )-rgaoexp_-'ﬁ[op]ﬂ+
+ kl Z (Kp pr pl+2_Kpilw§_’-w§’| +
p=1
1,2 1 32
n "#F; F“ *3
. E PLi{.p _=ply .. . [pp) ¥+ [t-t
£,3=1 KF4 191y ~Cyl) " % Lo 1,3

u
[ F Fy
I++ lt-t‘

’PP1|
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6 J.Brzezinski

and

(o) | Z-rheeefor} b} od)) - Zrricenndat ot ) | <

<6kt | pp,] " g - exp [- Sloplﬂ +

=1 i=1
n
2 pid| p
+ KFq_ 'wlj -wijll '?[‘_'
i,3=1

i, =1,2 o,n; p=1,2,o'o)0

where 2z = qreensXp, wp. w?, wig ki
} “ij}) are defined

(
5°. The functions F5(P t3 {dp}{
and continuous in the set

(2,t) € R%; wP, wl{» w?;j € (=, +o0)

and satisfy the conditions

1,1
-pF'

o1 |t othl e b 72 o Dagler]

‘g ¢ Z<s;|wpl+zupi|wp|+

1,3=1
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A non-linear boundary vealue problem

(14) lpé(p,t;{w"},{w{}.{uﬁj}) -‘Fé(Pq,t,];{ép},{ﬁg},{ﬁgj})l <

b L2 ulo3
41:%.51: > (fery) 7 o+t 7)) pg e [- olop|?] «
00 n
+ E;‘\ Z K?. pr -C)'pi +Zl(§.ilw€ -Gli)l +
i =
Z Kpij |35 -%]) * %6
1,i=1

T 2 2 - e
_ 8 (b-b)lop| ] . 4Tb®+8Tbb+8b 2
where  pg = °"P[e Tor2b) ' %6 = %P |~ guFioeat) |O°l |-

6°. The functions F6(A t {wp} { p} { 53}) are defined
and continuous in the set

(4,%) € R; WP, w{, w{d € (=, +eo)

and fulfil the inequalitiés

1,4
_ “Fr,
(15) IFé(‘it;{wp}l{wx{}t{ng})l £ m%.st 6 . I?7 +
o 5 el Sl 3 gl
p=1 i,j=1 !

-— 2 2 - o
here 8(b-b)loa| ] _ [-16Tb ~4bb+8b 2]
N Py = ex [e+1 To4T6 1+ 78 = ®%P | T g416Tb-4Th loal],
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8 J.Brzezitski

(16) [r oL o ] shnubaifo? oo ] <

ula2 1,2 _ 1,1
<kt % [ > ]OAIE] bt | ‘s Yt K Do +
< FG('AA'\' T8 -3 SRR L / - g
oo n
1 pl P -pl 2 pi| P _~P
+kF6 KFew -w + KFGIUi Wi+
p=1 i=1
n
pij|, P _=P |\.
* z , *F, I“’ij "‘"13|> Rg-
ilj=1

7°. The exponents appearing in the assumptions 1% - 6°
satisfy the inequslities

(17) o<uprt <1, o<udgr, 0<pled gn,
F ; ¥
L 9 ¥y

(3'1‘ = 1,4,5,6)1

8°, The coefficients appearing in the aforesaid assumptions
are positive numbers fulfilling the following conditions

max lim sup np = mp<oo,
rp 1 P

max lim sup ﬁ%, = fip<oo,
5 1 7

(18) |
mex lim sup k%, = kF<°° ’
7y 1 %
| max lim sup El]’:‘ = EF<°°

71 ¥4

(52 = 19293;4’5v6)'



A non-linear boundary value problem

9°, We assume that all infinite number series of the
appropriate coefficients appearing in the assumptions 1° - 6°
are convergent and we denote the sums of these series by

r o oo D i
p = P
ZMF =¥p ZZMF "MFa.’
p=1 a-1 F1 p=1 i=1 3.1 1
= S ol L E S kP . F
(19) E > wbt -, > kg - Rp_ »
p=1 1i,j=1 31 f1 p=1 31 1
oo n b a 3 -
> KR - Ky > KR - Ky
L p=1 i=1 ¥q a~1 p=1 i,j=1 a1 ¥y
respectively.

Finally, for the sake of convenience, we introduce the
following notation

max (M. , M, |, ) =M
Fa,1 Fz'1 F
(20)

— = =
max (K K X =
F_ "pFp F?

¥ 1 T

vhere T = 14445,6.

4, Solution of the problem

We seek the solution of the problem (1)-(5) in the form

(21)  ul(4,8) = c[Hi(a,8) + HY(a,8) « Vi(a,8) - 2 Wh(a,t) +
1 1 '
+ 2V13(A,t) + 4W4(A,t)J s 1 =1,2,30000
(¢ = (2\6;)-n)’ where”J

*
The first four integrals were introduced in [2] and [3],
and the remeining integrals inm {7 .
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10 - J.Brzezivski

=
o
—
o
<+
Nt
1]
el

t n
- 5=1 2
nf ($~1) 2 * exp [-—‘I‘-%—%I_—ﬂ-] yQQ.,t)det,
0

=
-

~~
N
-

ct
h g

I

t n
- 5=1 1,,.12
= xﬁf (t-t) 2 exp [-ﬁ—%?)-] y(q,T)dQar,
¢

@ t _h IA QIZ
Wh(A, %) =f dz2f (t-T) 2 exp ['W%—T)' ¢(Q,7)dqat,
x 0 E°
n
co ) % n 2
2 -2 A,Q
W%(A,t) =f dz1‘/v dz2J f (t-7) 2, exp ["TI(%:_!’E)-:] .
X, z, 0 EO

+ y(Q,T)dQdT,

t n
- 5+1 2
w:(A,t) ={{; (t-7) e exp [-—i—f—g—la—]v(Q,r)det

(B,A2 e B, Q € E° and |aB| denotes the Euclidean distance
of points A and B), with
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A non-linear boundary value problem 11

((8,t) = F}[A,t;{Dkul(A,t)}, {Gq(ﬂ,t)}] ’

p(P,t) = F%[P,t; {Dkul(P,t)}] +

2 1. 1 a1
axgg[H1(P,t) + Hy(By$) + V (P,t)] ,
n

(21) ) e, = Bt { oM, 0]+

3
-0 3 [H:.I"(P,t) + H;(P,t)+V1(P,t)-2'.‘4;(P.t)],
X

n

1 1, 1,
[ X,(8) = F5(a), X (8) = F3ua) -AF,(4).

-

It follows directly from’Theorems 1-4 and ‘Remarks 1 azd 7

in [7], and from|Theorems 5 and 7 in [3]’) that functions
ul(A,t) gatisfy the system (1) and the conditions (2)-{(5). e
are going to prove that the infinite system of integro-diffe-
rential equations {21) posseases, in anlapproprlately|choosen
class of functions, a unique soluticn, To this purpose, let us
consider an auxiliary system of the form

(22)  up (a,1) = cl(aha, 0y o+ (ud(a,e) o« (vECa,))

-
rs !

s

t

l AU ~ e \ T [ A
-2 (Wy(h,)) o + 2 \w%\A,t))rs + 4 (Hi\n,t))rq},

* In the sequel we prdve (see forrulas (35)-(40)) that
the assumptions of the said theorems ar. zatisfied.
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12 Je.Brzezlinski

where r,s = 0,1,...,0, and the symbo] (F)rs denotes the

2
derivative 'gigﬁi_ when 1r # 0, 8 £ 0; the derivative -gg—
r°s r
or -g%} when r #C, s=0 or r=20, s £0 respectively
s
and the,function P when r =35 = O,

1 1

The densities of the integrals Hisees Wy in (22) are gi-

ven by formuia (21" ), with the replacement of the arguments
ul(A,t), jﬂi?g%iil‘ and QE;;{%igl' by the arguments u%o(A,t),
) ;

1)
tem of non-linear integral equations whose unknowns are func-
tions uis (rys = Oy1y000,0n: 1 = 1,2,,..). Based on Banach’s
fixed point theorem (c.f. (9], p.14), we shall prove the
existence and the uniqueness of solutlon of the system.

Let us consider the space \.that consists of all infi-
nite sequences U ={ uis} of functions defined and of class
¢! on the set R URC, satisfying the condition

and u;.:(A,t) respectively. System (22) is an infinite sys-

) n
1 1 1l g
Z _;_ ayg (8 [urs(A,t)] + H[urs(A,t)JKw,
1=1 r,s=0
where
1 rwl lr . 1rs, _
(23) a,g = max kKE1, K61’ Ka1 Joo (34 = 1,4,5,6),

1
H
(2)  s[el, (a,0)] = swp (|22 (A, 0]t " exp [-v]0al2]),
(Ast)eR

(25) H [fis(A.t)} =

1
[ ) = bt 4 agond])

N Ei?i t,e(0,T) #1 H3
(A,A1)€ havy ’ lAA1l 2 + lt-t1‘
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A non-linear boundary value problem 13

with

(26) F% = m;; y% 1 Fz = min pi 02, #% = min y%’3.

3Ty 7y T A

We define the distance of points Ue _/A_and U e /by the
formula

(e1)  a(u,d) = ZZ alg (s[adgart) - ELy(a,0)]

1=1 r,s=0
e[l ) - & )] ).

It can be easily proved that A is a complete metric space,
Let 2 be a set of all points of the space J\.satisfying
the conditions

1
-
|l (a,0)] < P4t | exp [b !OAIQJ,

(28) lakg(a,0) - ul (a0, <

L 1 1
| <ep # ( |AA1|#2 + It-t1_|#3> exp [ b]oa|2],

where 91 and 92 are certain positive constants that will
be appropriately chosen later on, b 1is a positive constant,
and the exponents y1, #2, /13 are given by formula (26),

In view of the system (22), we map the set 2Z by the
transformation

(29)  vig(a,t) == [U] (A,t) [(H%(A,t)) SHHL(8,8))
+ (Vl(A,t))ra - 2(W3(8,8)) 0 + 2(W5(4,4)) , +

N _
+ 400, 8)) ],
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14 J.Brzezirfiski

where the right-side member 1is identical with that
in (22).

Denote by Z' the image of Z in transformation (29),
We shall find sufficient conditions for the imclusion 2'C Z.
First of all we shall obYtain some auxiliary estimates.
From (15), (28) and (17)-(20) it follows that

H

10y i d oD 1 1 My
(30)  |Fga,5{uB}) | < (my + 04y Mp ) ¢ 2,<

< (mp + 0, TpMp) % 1. Pq

holds true, and using (16)-(20), (28) and the inequality

o - 2 ¥ -
(31) |aa,|" exp |~ &/0a|?] < const” , (x>0,G-a positive con-
stant)

we get

(32) | Bg(a,t5 {ub }) - Felay,tqs {@B.D)] <

#1 #1
< const (kF+92EFKF)°(|A1A| 2 It-t1| 3) . e

By (30), (31) and Theorem 2 in [7] we can conclude that
the integral

t n
- 3+1 2
J1(a,t) =ff (¢=7) 2 exp[- l‘%_t] F%(B,‘C;{ugs})dBdT
0 Et
satisfies
(33) IJl(A,t)I < const (mp + QimgMp) * 7y,
*
>Const is a positive constant depending on n,T and b,
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A non-linear boundary value problem 15

,1
(38) |3%a,0) - 31(a,8.)] <oconst (mpep Eaty) (A, 2 +

11
" |t-t1|#2)t "o,

Note that in virtue of (6), (28), (33) and (17)-(20) we
obtain

1 "‘%
(35) |F1(A,t;{ugs}, {vq})| < cp ey,

where C, = const (mF + g1ﬁFMF)(1+MF), and from (7), (28),
(34), (31) and (17)-(20) it follows that

(36) | #hea,005 {uB ), {v9). - #haa,.eps {aR.), {7eh]| <

O
< const (kp+QplegKp) (14Kp) & ' (|aay| 2 + [t=t,]"2)0p,

is valid. Also, by (10), (28) and (17)=(20) we have

N

1 Ky
(37) | wheees{ul | <o, ¢ . 23

By a similar argument, taking into account relations
(11), (28), (17)-(20) and (31), we obtain

(38) | Fp(e,:{uB}) - FR(R,, 0, {ﬁgs})l <

1

_ " 3+l
< const(kF+92kFKF) m(lPP1| 2, |t-t1| 3Te

) 1 "23v
and asing (12), (28) and \17)~(20) we can conclude that
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16 J.Brzezinski

2 1 . 2 .l -
(39) 3z F4(Bot; {ulr’s}) -3z Fa (Bt {ugs})|é
1 1
& const (kp + 91EFKF) |Pl>1|#2 t B, N4y
holds.
Relations (13), (28) and (17)-(20) yield

L
(40) |3z, ti{ub )| < ¢t 1. -

and from (14), (28), (31) and (17)=(20) it follows that the
inequality

(4D | rhe{ud ) - Byt R D | €
Ll 1 1
< const (kp+QokpKy) t # (]PP1|#2 + |t-t1|H3) * Pg.

is fulfilled.

Furthermore, let us observe that basging on (31) and using
notation (24), (25) we can write the estimates (31)~(36) and
(47)-(52) of paper [7] in the following form

(42) s[v(a,t)] < const g[g(a,t)],
(43) H[V(4,t)] < const s[é(a,t)],
(44) s[f—z V(A,t)] < const S‘[@(A,t)],
0x,
32
(45) H| 2= v(a,t)| < const S[3 (4,4)],
3xn
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17

(46) s[ 97
0x2 8 x,
(an) “[E%Ba—x]
(48) s[W,(a,t)]
(49) H[Wy(4,1)]
(50) s[W,(4,t)]
(51) H[wy(a,t)]
(52) s[w,(a,1)]
(53) #[W,(a,¢)]

V(A.t-)] < const 85 (4,1)]
V(A.t)] & const S[@ (A,t)] ,

4% const S[? (P.t)] ’

< const S[¢ (P,t)] ’

< const S‘:y/(P,t)] ,

£ const S[ql(P,t)] ’

< const S[lf! (P,t)] R

< const 8[y(p,1)].

respectively. Finally, basing on formula (27) in [7], we have

33
3xiax

2
n

[-2 w,(8,0)] - a"’TI Wo(4,t),

whence, applying Theorem 2 in [7], we obtain

3
(54) s[—g—xz WZ(A,t):I £ const S[go(P,t)] '
( 23
55) H . W,(4,t)| < const s[q;(P,t)].
]

Now, we are proceeding

to the inclusion 2'C Z.
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18 J.Brzezifiskl

Note that by assumptions (8) and (18) in this paper and
Theorem 4 in [7], we obtain*)

(56) ,(H%(A,‘H))re] < const my t A Dys

(57) | (aia,0)),, - (Bha,,t,0) ] <

} 1 1
& const mpt ”% (IAA1|“2 + lt-t1|“3) . '23'

=

Similarly, in virtue of assumptions (9) and (18) above and
Theorem 3 in [7] we have

1
-4
(58) I(H%(.A;,t))rs < const myt T. 239

(599 |(eLa,t)),, - (Bh(aq, 600 | <

1

el F%
& const mpt ( lAA1|

1
4
+ o=, 5.

From (35) and (18) in this paper and from Theorem 2 in [7] it
follows that

1
-t
(60) (vi(a,8))_ | < const C t |« 2

x

)It is easily seen that all inequalities in theltheses of
Theorems 2-5 in [7] remain valid if the differentiation with
respect to xpn 1is replaced by the differentiation with res-
pect to an ’an'gitrary independent variable e (1=1,2,400,0=1).
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A non-linear boundary value problem 19

and
(61) | (vi(a,8)),q = (Vh(ay,t,0) ] €

! 1 1
< oonst Gt ! (IAA1|#2 + |t-t1|”3) . Py

are valid, Also, relations (8), (9) and (35), Theorems 2-4
in [7], and estimate (37) yield for the functions ugs € 2
the following inequality

2
(62) lFi(P,t;{ugs}) -»%;E-[vl(r,t) + HI(B,%) + H%(P,t)]l <

e}

£C, t

2 5!

with C, = const [mF+(1+MF)(mF+Q1ﬁF)MFJ, whence, in virtue
of Theorem 5 and inequality (25) in [7] and Theorem 3 in [3],
1t follows that

-
(63) I(W%(A.t))rsl £const C,t L /2
6) |k, - a0 | <

1 1

" 1
< const Tyt “ (,AA1|#2 + |t-t1|ﬂ3) -7

5
hold. By basing on melations (40), (9), (10), (35) and (62)

given above and Theorems 2-4 in [7], and by subsequent use of
the equality

3 o w ] 2
EB— - w3 A,t) =7§:WO(A,t)
n
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20 J.Brzezinski

and of Theorem 3 in [3], we obtain the following estimate

(65) IF;(A,t;{ugs}) --gzj-[ﬁi(A,t) + HL(At) + Vi(a8) - 2W§(A,t)]|=é
n

1

£c #1
& 3t . 725,

where C3 = const (2+MF)(mF+ Q1EFMF), whence, by Theorem 5
in [7], relation (24) in [7] and Theorem 3 in [3], we can
conclude that inequalities

(66) I(W%(A,t))rsl < const Cyt © Ry

n
(67) I(Wi(A,t))rsl < const Cyt L Rqs

1 1 ~H
(68) | (wh(a,e)) - (Wh(a,,6,0) | < const oyt M([any| 2 4

1
+ It't1lﬂ3) * R4

1 1
(69) | (Wha, ), - (Wh(hyvty)) | <
1 1l 1l
-y g "
<comst Cy t ' ([An| 2+ [t-t,] ) - ny.
hold good, From (56), (58), (6&0), (63), (66), (67) and (29)
it follows that

1
-
IV%S(A.t)l <const (3+Mp)(mp+ gumpMy) ¢ 1 exp [bIOAIQ],

is valid, and (57), (59), (61), (64), (68) and (69) yield
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A non-linear boundary value problem 21

1 1
vio(a,) - vl (a,e0] <

1
_ -4
< const(3+MF)(mF+g1mFMF) g exp [bIOAlz].

Basing on the last two estimates, on the definition of the
set Z (see (28)) and on the properties of the integrals
appearing in (29), we can conclude that the transformation
(29) maps 2 into itself if the following system of inequa-
lities

const (3 + Mp)(mp + pmpMy) < 0.,
(70)
const (3 + Mp)(mp + Q4pMy) < 0,

is satisfied, where const denotes a positive constant depend-
ing only on n,T and b, It is readily seen that the ine~
qualities (70) hold true if the coefficient np (see (18))
is sufficiently small and the parameters 04 and 0, are
chosen sufficiently large.

Nows we shall find sufficient conditions for the opera-
tion (29) to be a contraction. Let U = {ugs} and U = {ﬁgs}
be two arbitrarily fixed points of the set 2 (see (28)),

In virtue of (7), (16), (33), (17)-(20), (23) and-(27) we can

write

(10 s[Fa{al b {vt] - Baea{E){veh] <

< kp(14Kg)d(u,0),
whence, by (42)-(45), we obtainip

* The symbol V1(A,t) denotes the ingegral v1(4,t) (see
(21)) whose deneity ¢ (4,t), is equal to ?z(A,t;{uBs},{vq}) -

- P34, t5{aR,},{79}). The symbols WNa,t),Wh(a,t),Wi(a,t)
are understood in a similar way.
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(72) s[(x?l(A,t))rs] + Hl_(ifl(A,t))mJ~ < const kp(14K5)d(U,0).

Purthermore, let us notve that relations {(11), (71}, (44},
(17)-{20), (23) and (27) yield

~.‘p }) +_5.2._[V1(A’*):H <

< EF[KF + conat (1+KF)]d(U'6),
so that, using (48), {49), equality (25) in [7] and Theorem 3

in [3], we have

(o s[@ha,en, ]+ w[@a,en, | <

£ ¢onst EF[KF + const(1 + KF)] a(y,u).

Since by (14), (17)-(20}, (71), (73), (4€), (54}, and (23)
and (27) the inequality

307, _ 1
1 P lep ¢.)gP 97t - 2wl ] <
S[FS(P,t.;{urs}) - F5(P,t,{urs}) A (A,t) 2w2{A,.)J <
n

< const EF (‘I+KF)d(U,ﬁ)'

holds good, we can conclude, based on (50)-(53) above, rela-
tion (24) in [ 7] and Theorem 3 in [3], that the following
estimates

(15)  s[(@,)),,] + a[(®(a,)), ] <const kx(1ekp)alv,B),
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(76) S[(W%(A,t))rs] + H[(W%(A,t))rsj Lconst EF(1+KF,"G(H,U)‘

A A
—

are valid., Now, let us consider the points U ando U
being the images (in transformation (29)) of two arbitrarily
fixed points U and U of 2. Using the definition (27),
we have the equality

O n
a(Zu, Z1) = Z 7 ais (S[(VJ(A,t) - 2‘7%(:;,1:) +
=1 rs=0

— . — \ 1 = o= Ly et N
+ 4“’31‘(A,t/ + ZW%»’\A,t/)rs_j . d[\'v'(A,t/ - Zagli,t) 4

1,

— =1, .
+ 4W%(A,t) + 238,80 ]

which, together with (72) and (74)-(76), yields

a(zu,-U) < ¢ EF Kg (1+Ky,)a(u,0),

where EF and K, are given by (18) and (20) respectively,
and Co is a positive constgnt depending only vn n,T and b.
Hence, operation (29) i3 2 coniraction if the znefficient

k, 1is so small that the inequality

(77) C, kg Kp (1 4 K} <1

holds true.

On joining the above-obtained results and on using Ba-
nach s fixed point theorem (see e.g. [S], p.14), we can con-
clude that the following lemma is valid.

Lemmasa Te If assumpticns 19-6° are satisfied and
if inequalities (70) and (77) hold true, then the system of
integral equations (22) possesses one and cnly one solution

u* = {Gij}, " e A
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Let us note that from (30', (32), (35), (36), (8), (9),
(37)-(41) and from the properties of the integrals appearing
in system (22) (see Theorems 1-5 and 7 in [3], Remarks 1 and 2
and Theorems 1-5 in [7]) the following relations

. 1 2.1

9a_ (4,t) 2%u  (a,t)
L - 00'"? » 1 - 00'™?
SolMt) = g Byy(Aee) =y

((4,%) ¢ R) result, whence, and by Lemma 1 above, we can
assert that the infinite sequence {ﬁoé(A,t)} is the unique
solution of the system of integro-differential equations (21).
Moreover, it follows directly from assumptions (8) and (9),
from inequalities (35)-(40) atove and from Remark 1 in [7]
(see the proof of Theorem 6 in [7]) that the elements of the
sequence {ﬁo%} satisfy system (1) and conditions (2)-(5)

and hence this sequence is a solution of the considered boun~-
dary value problem (1)-(5).

Basing on the results of this section we can conclude that
the following theorem is valid,

Theoren 1. If assumptions 19 - 9% ang inequali-
ties (70) and (77) are satisfied, then the boundary value
problem (1) - (5) possesses a solution being the limit of the
sequence of successive approximations defined by

Uy = {ug(A,t)}, Upeq = é[Um]

{(m=C,1,44.), where T is the operator appearing on the right-
hand side of equality (21). The error of the m~th approxima-
tion Um satisfies the inequality

= m
[const kp KF(1 + KFJ

a(u,0) £ ~
1 -C, kp KF(1+KF)
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