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1. Introduction 
The aim of t h i s paper i s to prove the existence of solu-

t ion of the non-linear boundary value problem ( D - ( 5 ) (see the 
formulas in the sequel ) . The problem is reduced to the i n f i -
n i te system of integral equations (22) and then Banacn s fixed 
point theorem i s applied. The reasoning i s essent ia l ly based 
on the r e s u l t s of paper [ 7 ] . 

I t i s to be noted that Banach's fixed point theorem was 
for the f i r s t time applied to i n f i n i t e systems by K.Adamczyk 
(see the system of functional equations in [1]} and then used 
in a s imilar way in the theory of singular integre l equations: 
by J.Nazarowski [ 8 ] for a system containing the integrals of 
e l l i p t i c type and by A.Borzymowski and J .Brzezinski [ 6 ] for 
a system with the in tegra ls of parabolic type examined pre-
viously in [ 4 ] . Also, a l imit problem for an i n f i n i t e system 
of parabolic i n t e g r o - d i f f e r e n t i a l equations of the second 
order was solved by A.Borzymowski in [5] by using Tikhonov's 
fixed point theorem. To the best of my knowledge, i n f i n i t e 
systems of i n t e g r o - d i f f e r e n t i a l equations of an order higher 
than two have not been examined so f a r . 
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J.Brzezidski 

2. The problem 

Let E*1 (n > 2) be the euclidean n-space of the points 

Introduce in this space the following sets 

E + d - f di { x : X 6 a x n > o}, 

E° d=f I X : X £ E* A xfl = o}. 

Also, denote 

R d i E + © (0,T), R° d= E° © (0,T), 

where T is a finite positive number. 

We consider the following boundary value problem: 
Find 8 system of functions u^CA.t), 1 = 1,2,... satisfying 

in the domain R the infinite system of integro-differential 
equations of the form 

(1) ^ [ u ^ A . t ^ P^[A,t; { a V u . t } } , { GqCA,t)}] , 

where 

df 3 df y - a2 3 

a - ¿-ft ¿-.j^-at ' 

D ku l d= f ^ . f , . ^ . ic = 0,1,2; D V = u 1, 
i zs1" r r 1 

G^A.t) = / / (t-T)~ 2 + 1 exp [--Jft^j] P^[B,T5{D
kuP(B,T)}]dBdr 

0 E+ 

r i The notation is analogous to that in |_3J• 
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A non-linear boundary value problem 3 

and fulfilling the initial conditions 

(2) lim u1(A,t) = Fi(A), 
X "—0 

(3) lim-^-u1(A,t) = 

(A(x.j,... ,xQ) &E+J and the boundary conditions 

(4) lim u1(A,t) = pJ[pfts{D^up(Pft)}] 

(5) lim -^ Tu 1(A,t) = F^[p,t;{ljkuP(P,t)}] 

(P t E°, t £ (0,T)), where p,q = 1,2,...; i,j = 1,2,...,n. 
Above, the symbol |up(A,t)} denotes the infinite sequence 
u"*(A,t) ,u^(A,t),... and the remaining expressions in the 
brackeita { } should be understood analogously. 

3. Assumptions 
We make the following assumptions 
1°. The functions F* ¡A,t ;{wp} ,{«jP} , {v q}] are 

defined and continuous in the set 

(A ,t ) 6 R| W P Vq t (-09, +oo) 

and satisfy the conditions 
_ 1'1 

(6) | » } U . t , K j f H } , { « y , jv^}) U m ^ t"^ 1 • ? 1 * 

n 
+ + < | " ? | + H K ^ k i l i • ? 2 -

1 P=1 1 1 i.i-l 1 

• Z X i*qi. 
qr1 1 
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4 J . B r z e z i n s k i 

(where 0 £ ( O , 1 ) , b > 0, b £ ( 0, j- e +
9

1 g T t , ) ) , 

[7) 

4 k 

p-1 ' i=1 

+ ¿ K i ; 3 l « i 3 - « S a h -

where ip̂  = exp 8(b-b) i 0A! 2~j 
0+12Tb j • 

q=1 

- exp [ (12Tb2+flb)l0Al2 

L " 6 +12Tb 

2°. The f u n c t i o n s pi(A) are of c l a s s C2(E+) and s a -
t i s f y the i n e q u a l i t i e s 

(8) 
3 k l F^U) 

3x 1 . . . 3 * n 
^ mF ' • 0 

2 

n 

l=1 
k < 2. 

3° . The f u n c t i o n s a re def ined and continuous in 
E+ and f u l f i l the i n e q u a l i t i e s 

(9) 4 mi 
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A non-linear boundary value problem 

4°. The functions ( P , t ; j i o p j , j w P ) are defined 
and continuous in the set 

(P , t ) e R°; cop,<jP,c^.. e ( - » , +«>), 

and s a t i s f y , together with the i r f i r s t -o rde r der ivat ives , 
the following conditions 

(10 ) 

n 

é t 2 U i t 4 . ç 3 4 

where rp̂  = exp r8(b-b)lop|3] I" BT^Tbb+b . , 2 ] 

(11) i F j i P . t ^ P } , ^ } , ^ } ) - l i i ^ . t , , { £ ? } . { £ ? } , { ¿ 5 { j } : 

4 k £ t 4 (JPPJ) 4 + | t - t 1 | ' 4 ¿ ) - ? 3 - e x p[-b|op|2} 
• Pi, 2. 

co a 

P=i 

" k 3 4 i f4 I i 4 

! i + I + t - t j l r p l l 
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6 J.Brzeziriski 

and 

d a ) - ^ M ^ M ^ f e W * 

-/4'1 ^ r 1 
t 4 jPP^ • • exp[- b|0P|2J + 

4 ¿=1 4 1=1 

• ¿ L < 3 1 » W j I 
i.J=1 

where z = (i,j=1,2,...,n; p=1,2,...), 
5°. The functions are defined 

and continuous in the set 

(P,t) e R°; » e (-<», +°°) 

and satisfy the conditions 

(13) i ^ . t j ^ m » ^ } ) ! 6 - ^ * 5 e x p [ ? 5 i ° p i 2 ] + 

• ?6 • £ ^ . p i * £ < > ? i * ¿ 1 ^ K I 5 P=1 5 i=i 5 i,j=1 5 
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A non-linear boundary value problem 7 

1,1 
-Xf 

,1.2 ,1.3 

t '5 (|PPi| 5 + j t - t l | 5 ) ? 5 exp [- b|op|2] 

p=1 i=1 

1,3=1 

where i?5 = exp fl(b-b)|op|2 

S+4T(b+2b) . 
_ f 4Tb2+3Tbb+flb lnDi; 

6°. The functions are defined 
and continuous in the set 

(A,t) e R; w p , o>P, U P £ (-», +«>) 

and fulfil the inequalities 

(15) |Fl(A,t;{a>P},{WP},{wP t *7 + 

P-1 i J=I 1 6 i=1 

where = e x p 8(b-b)|OAl2 
6+l6Tb-4TB = e x p L e+l6Tb-4Tb | 0 A | J-
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8 J.Brzezitiski 

(16) i F ^ A . t ^ } , ^ } ^ . } ) - *6 ( A1'M s P}'{°iM"ij}) I <1 

<l'2 F,- u 1 ^ .u1'1 ^ ^ \ 
^ ¿ ( l A A j 6 - exp[-| |0A|2] + |t-S| 6 ) t 

6 

k P
f > p - - p I ? 6' p-1 i=1 

i, j=1 

7°. The exponents appearing in the assumptions 1° - 6° 
satisfy the inequalities 

(17) Oé/iJ' 1 < 1 , 0 V 1 / 3 4 1, 
3*1 3*i 

(d-f = 1,4,5,6). 
8°. The coefficients appearing in th^ aforesaid assumptions 

are positive numbers fulfilling the following conditions 

max lim sup m_ = m- << 
i *r0 * 

max lim sup mi = m p<oo , 
1 «1 

mex lim sup kff = k,j,<- 00 , 
i t. 

rl max lim sup k~ = k-r,<0° 1 P 

U n = 1,2,3,4,5,6). 
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A non-linear boundary value problem 9 

9 . We assume that all infinite number series of the 
appropriate coefficients appearing in the assumptions 1° - 6° 
are convergent and we denote the sums of these series by 

(19) 

w 

P=1 
• LÎK 

D=1 1=1 

E • X • 
P=1 i,J=1 

ILE-K*. • tg1 . 
p=1 i=i 

= k 
P=1 fl1 

oo n £ H • Ï,. 
P=1 i,J=1 a--, r, 

respectively. 
Finally, for the sake of convenience, we introduce the 

following notation 

( 2 0 } 

max (Mf , M p , M p ) = M p, 
f1 

max (Kp , K w , K-, ) K w, 
Ï 1 T-1 3*1 

v.here ^ = 1,4,5,6. 

4. Solution of the problem 
We seek the solution of the problem (1)~(5) in the form 

(21) u^"(A,t) = c[H^(A,t; + Hg( A ,t) + V1(A,t) - 2 w|(A,t) + 

+ 2W*(A,t) + 4wJ(A,t)] , 1 = 1,2,3.... 

(C = (2VjT)'n), where ^ 

The first four integrals were introduced in [ 2 ] and [3], 
and the remaining integrals in [ 7 ] . 
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10 J.Brzezidski 

v 1 ( A , t ) = / f ( t - r ) " 2+1 exp dBdr, 

](A,t) = f t
 2 exp [--Ujlijat^BjdB, 

lABlij 

= *n J f f • e x P [ - i f S i | 

B1" 

H|(Att) = J t 2 exp L ' - 1 ^ 
E-

0 E° 

t 

Y i Q , r ) d Q d r , 

w: - *n ff 
0 E° 

2 1 

exp _ iAd 2 

w: 

4(t - r ) J y ( Q , r ) d Q d r , 

W: 

J ( A . t ) - f d z 2 f f ( t - r ) " 2 exp 
x n 0 E° 

oo oo t ^ 

^(A , t ) = y dz^ f d z 2 J y ( t - r ) 2 . exp 
x h Z, 0 E° n 1 

• y (Q , r )dQdr , 

^(Q,T)dQdr, 

A 2 Q j 2 

ITt-tj _ 

J(A,t) = / / (t-r)" 2 + 1 exp 
0 E° 

w 

(B,A2 e E
+, Q e E° and |AB| denotes the Euclidean distance 

of points A and B), with 
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A non-linear boundary value problem 11 

(21 ' ) 

• : $ U , t ) = F } [ A , t ; {D l c u 1 ( A f t ) } , { Gq (A,t ) } ] , 

p ( P , t ) = p } [ p , t ; { D k u 1 ( P , t ) } ] + 

- [ H ^ ( P , t ) + H|(P,t ) + V 1 ( P , t ) j , 
9x; 

y(|p,t) = p^[p, t ; { D V ( ? , t ; ] ] + 

p*n 
+ H j (p , t )+v 1 ( ? , t . ) -2 ; v^p , t ) 

X^A ) = P|(A), X 2 U ) = P3U) - A P ^ ( A ) . 

I t fo l lows direct ly from Theorems 1-4 and Remarks 1 and ? 
1*) in [ 7 ] , and from ¡Theorems 5 and 7 in [ 3 ] that functions 

u^ iA j t ) sat is fy the system (1) and the conditions ( 2 ) - ( 5 ) . «e 
are going to prove that the i n f i n i t e system of in t eg ro -d i f f e -
rent ia l equations (21) possesses, in an|appropriately |choosen 
class of functions, a unique solution. To this purpose, l e t u= 
consider an auxil iary system of the form 

(22) uJ s (A , t ) = c [ ( H ^ ( A , t ) ) r a + ( H | ( A , t ) ) r s + ( V X ( A , t ) ) r g j -

- 2 ( w | ( A , t ) ) r s + 2 i ^ ( A , t ) ) r s + 4 ( « J ( A , t ) ) r ^ ] , 

7 In the sequel we prcive (see formulas (35)-(40)|) that 
the assumptions of the said theorems aro sa t i s f i ed . 
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12 J.Brzeziñski 

where r,s = 0,1,...,n, and the symbo] (P)„a denotes the 2 rs 
derivative j¡xF¿,x when r ¿ 0, s ¿ 0; the derivative j — 

ñ F ' ® ® or when r / 0, s = 0 or r = 0, s / 0 respectively a 
and the,function P when r = s = 0. 

The densities of the integrals in (22) are gi-
ven by formula (21* ), with the replacement of the arguments 

1 2 1 
u^A.t), and 3 by the arguments uJ0(A,t), 

i i j 
and ut¡.(A,tj respectively. System (22) is an infinite sys-
tem of non-linear integral equations whose unknowns are func-
tions u*s (r,s = 0,1,...,n: l = 1,2,...). Based on Banach's 
fixed point theorem (c.f. [9j, p.14), we shall prove the 
existence and the uniqueness of solution of the system. 

Let us consider the space TVthat consists of all infi-
nite sequences U = { u* } of functions defined and of class 

A ^ rs * 
C on the set R (J R°, satisfying the condition 

oo n 

X . Z Z aís ( S K s ^ . t ) ] + H[aJ 8U,t)])<-, 1=1 r,s=0 

where 

(23) ajg = max (K* , kJ*. K ^ s ) , ( ^ = 1,4,5,6), 

(24) s[fj (A,t)] = sup (|fj U , t ) | / 1 exp [ -b | OA | 2] J, 
(A,t)eR 

(25) H[f^g(A,t)] = 
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A non-l inear boundary value problem 13 

with 

(26) fi = max fi\ = min m ^ 2 . = min . 

We define the distance of points Ue_A_and Ue^\_by the 
formula 

oo n 

(27) d(U,û) = £ X L a L ( S [ U r s U ' ^ " 
1=1 r,s=0 

+ H [uJa(AftJ - ü £ s U , t ) ] ) . 

I t can be eas i l y proved that A i s a complete metric space. 
Let Z be a set of a l l points of the space -A. s a t i s f y i n g 

the conditions 

. - A 

(28) 

u J s ( A , t ) | 4 ^ t " 1 exp [b ¡OA I 2 ] , 

^ s ( A , t ) - u ^ U ^ t , ) ! « 

9 2 t " M ' ( | A A / 2 + | t - t / 3 ) exp[b|0A| 2 ] , 

•here ĝ  and a r e ce r t a in pos i t ive constants that w i l l 
be appropriately chosen l a t e r on, b i s a pos i t ive constant, 
and the exponents ^ » a r e given by formula (26) . 

In view of the system (22) , we map the set Z by the 
transformation 

A d f r 

(29) vJ B(l,t) [U] (A , t) — C [(H}(A , t ) ) r 8 + (H£(A , t ) ) r B + 

+ (7 1(A,t)) r a - 2(W^(A,t) ) r a + 2(W^(A , t ) ) r s + 

+ 4(wJ(A,t)) r s], - 691 -



14 J .Brzezlt isk i 

where the righ|1.-side member i s i d e n t i c a l with that 
i n (22). 

Denote by Z' the image of Z i n transformation (29) . 
We s h a l l f ind s u f f i c i e n t conditions for the i n c l u s i o n Z' C Z. 
F i r s t of a l l we s h a l l ot)t|ain some a u x i l i a r y estimates. 
Prom ( 1 5 ) , (28) and ( l 7 ) - ( 2 0 ) i t follows that 

(30) | p l ( A , t ; { uP s }) | 4 < 4 g + ^ " J g ' V ' ? 7 4 

' A 

4 ( B p + ^ mpMp) t • ? 7 

holds true, and using ( l 6 ) - ( 2 0 ) , (28) and the inequal ity 
(31) |AA exp [ - c | o a | 2 J 4 const*"* , (oi>0.C~a p o s i t i v e con-

stant) 

we get 

(32) | » 6 U . t « { « ? „ } > " V W H s M 

const (kp+^icpKp) • (| A^A| 2 + j -t-t 1 1 3 ) • i?7 • 

By (30) , (31) and Theorem 2 in [7] we can conclude that 
the i n t e g r a l 

j l ( A , t ) « / / ( t - r f ^ + 1 e x P [ - i f f t | 
0 E+ 

s a t i s f i e s 

(33) | J ^ A . t ) ! 4 const (mp + ^ipMp) • q v 

*T 
Const i s a p o s i t i v e constant depending on n,T and b. 

p|(B,t:»{uJ })dBdr 
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A non-l inear boundary value problem 15 

(34) | JX(A, t ) - J1(A1 £ const (mp+^mpMpKlAA.,^3 + 

TJote tha t in v i r t ue of (6) , (28), (33) ana (17)~(20) we 
obtain 

(35) | j ^ U , t « { u P s } , M ) | ^ c / " 1 • 

where C1 = const (mp + Q^jJttp) (1+Mp), and from (7) , (28), 
(34) , (31) and d 7 ) - ( 2 0 ) i t follows tha t 

(36) | ^ U , t ) ; { u P s } , { v < } , - ^ A ^ ^ u ^ j v ' } ) ^ 

4 const (kp+^kpKpKl+KjJ t 1 ( | AA1| 2 + | t - ^ f 3 ) • fl, 

i s v a l i d . Also, by (10), (28) and (17)~(20) we have 

(37) | * } ( P . t ; K 0 } ) | 

By a s imi lar argument, taking into account r e l a t i o n s 
(11), (28), (17)~(20) and (31), we obtain 

(38) | p J (P , t ; {uP a } ) - {% B }) \ 4 

„1 „1+1 1 
4 const(kp+£2kpKp) . ,( |PP 1 | 2 + | t - t , f 3 2 j t 1 • Q v 

ani aaing (12), (28) and \.17)-(20) we can conclude that 
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16 J .Brzez iésk i 

(39) | £ - J Ï < P . t , |uP s}) - ¿ - ï j ( P v t ; {&„}) 3 , 1 i l 

,/ii -Mi 
4 const (kp + ^kpKp) I p p J r i t * 

holds. 
Relat ions (13) , (28) and ( 1 7 M 2 0 ) y i e l d 

1 
(40) | p|(F,t;{u,Ps}> | 4 C-,1;" 1 • p 5 , 

and from (14) , (28) , (31) and (17)-(20) i t fol lows that the 
inequal i ty 

4 const (kp+92kj,Kp) t (| PP1|'*2 + I t - t ^ 3 ) * ? 5 . 

i s f u l f i l l e d . 

Furthermore, l e t us observe that basing on (31) and using 
notation (24), (25) we can write the est imates (31)- (36) and 
(47)- (52) of paper [ 7 ] in the following form 

(42) 

(43) 

(44) 

(45) 

s [ v ( A , t ; ] é const s [ $ ( A , t ) ] , 

H[v(A,t ) ] 4 const s [# (A , t ) ] , 

32 
2 V(A,t) é const S 

3 2 

2 V(A,t) 

i [ $ ( A , t ) ] , 

4 const s [ $ ( A, t )J , 

- 694 -



A non-linear boundary value problem 17 

(46) 

(47) 

(48) 

(49) 

( 5 0 ) 

(51) 

( 5 2 ) 

(53) 

03 

L 9 * n 3 x l 

" 9 3 

s[w2(A,t) 

H [ w 2 ( A , t ) 

s [ w 3 ( A , t ) 

V ( A , t ) 

V ( A , t ) 

£ coiist S 

c. const S [$ (A , t ) ] , 

[ w 3 ( A , t ) 

[ w 4 ( A , t ) 

[ w 4 ( A , t ) 

4 const s [ p ( P , t ) 

4 const S [ p (P , t ) 

6 const s [ ^ / ( P , t ) 

^ const S [$/ (P , t ) 

4 const S ( P , t ) 

const s £ y ( P , t ) 

respectively. Finally, basing on formula (27) in [ 7 ] , we have 

dxLdxl 
[ - 2 W 2 ( A , t ) ] = - g | _ W 0 ( A , t ) , 

*nence, applying Theorem 2 in [ 7 ] , we obtain 

33 
( 5 4 ) 

(55) 

3 W2(A,t) 

33 

,3x; 
3 W 2 ( A , t ) 

4 const S \j> (P , t ) ] , 

^ const S [p (P,t)J . 

Now, we are proceeding to the inclusion Z 'CZ . 
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18 J.Brzeziliski 

Note that by assumptions (8) and (18) in this paper and 
Theorem 4 in [ 7 j , we obtain*9 

(56) < const mF t . i?3, 

(57) | ( H } U , t ) ) r a - ( H ^ d , , * , ) ) ^ ! ^ 

4 const mpt 1 (| AA11 2 + | t - t . J 3 ) • n.y 

Similarly, in virtue of assumptions (9) and (18) above and 
Theorem 3 in [7] we have 

I 1 , (58) I (H^U„t) ) r s j 4 const mpt 1 • q y 

(59) |(H | (A , t ) ) r f l - (H|(A 1 , t 1 ) J r s | < 

4 const mpt ( I^Aj + 11-t 11 ) q y 

Prom (35) and (18) in this paper and from Theorem 2 in [7] i t 
follows that 

(60) | (V 1 (A, t ) ) r g | 4 const C1 t 1 • ? 3 

I t is easily seen that a l l inequalities in the|theses of 
Theorems 2-5 in [7] remain valid i f the differentiation with 
respect to Xn i s replaced by the differentiation with res-
pect to an ¡arbitrary independent variable x, ( i = 1 , 2 , . . . ,n-1) . 
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A non-linear boundary value problem 19 

and 

(61) j (V^(A, t ) ) r g - ( V l ( A 1 , t 1 ) ) r s | 4 

"^1/1 I 4 i i <"3 4 const C^t 1 ( |AA1| * + |t-t1| i ) • 

are v a l i d . Also, r e l a t ions ( 8 ; , (9) and (35) , Theorems 2-4 
in [ 7 ] , and estimate (37) y i e ld for the functions u£g e. Z 
the following inequal i ty 

(62) • p 4 ( p ' t ' { u ? s } ) + + Hj (P , t ) ] I 4 

1.1 
4 C2 t 1 2 

*3 

with C2 = const [mF+(l+Mp)(rap+^1mp)MpJ , whence, in v i r tue 
of Theorem 5 and inequal i ty (25) in [ 7 ] and Theorem 3 in [ 3 ] , 
i t fol lows that 

(63) | (w|(A ,t)) r s I ¿const C2t 1 . i?5, 

(64) | (W^(A,t) ) r a - ( i J U ^ V ^ J 4 

, 1 . 4 const C2t 1 (| AA1 j * + | t - t 11 i ) • 

hold. By basing on nelat ions (40) , (9 ) , (10 ; , (35) and (62) 
given above and Theorems 2-4 in [7], and by subsequent use of 
the equal i ty 

- | V [ - 2 W3(A,t)] =-^~W 0 (A , t ) 
0J tn Q 
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20 J . B r z e z i ó s k i 

a n d o f T h e o r e m 3 i n [ 3 ] , we o b t a i n t h e f o l l o w i n g e s t i m a t e 

( 6 5 ) | ^ ( A f t ; { u P s } ) - l ^ - [ H l ( A t t ) + H ^ A . t ) + V ^ A . t ) - 2 V * ( A , t ) ] | é 

é c y 1 . 

w h e r e C^ = c o n s t ( 2 + M p ) ( m p + ^ S p M ^ ) , w h e n c e , by T h e o r e m 5 

i n [ 7 ] , r e l a t i o n ( 2 4 ) i n [ 7 ] a n d T h e o r e m 3 i n [ 3 ] , we c a n 

c o n c l u d e t h a t i n e q u a l i t i e s 

( 6 6 ) | ( ( A , t ) ) r s j é c o n s t C 3 t • n v 

( 6 7 ) | ( W ^ ( A , t ) ) r g | i c o n s t C 3 t ^ • fy, 

( 6 8 ) | ( W ^ ( A , t ) ) r g - ( W j i A ^ t ^ J j . g I é c o n s t C 3 t 1C ( AA^ | 2 + 

+ | t - t j 3 ) • q v 

( 6 9 ) | ( w J ( A , t ) ) r g - < w J U 1 f V ) r 8 | 4 : 

4 c o n s t C 3 t 1 ( I A A 1 I ^ + | t - t 1 I J ) • 

h o l d g o o d . Prom ( 5 6 ) , ( 5 8 ) , ( 6 0 ) , ( 6 3 ) , ( 6 6 ) , ( 6 7 ) and ( 2 9 ) 

i t f o l l o w s t h a t 

| v J g ( A , t ) | 4 c o n s t O + M p K m p + ^ m p M p ) t ^ e x p [ b | 0 A | 2 ] , 

i s v a l i d , and ( 5 7 ) , ( 5 9 ) , ( 6 1 ) , ( 6 4 ) , ( 6 8 ) and ( 6 9 ) y i e l d 
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A non-linear boundary value problem 21 

4 constO+MpJCmp+^mpMp) t exp [b |OA| 2 ] . 

Basing on the l a s t two est imates , on the de f i n i t i on of the 
set Z (see (28); and on the propert ies of the in tegra l s 
appearing in (29), we can conclude that the transformation 
(29) maps Z into i t s e l f i f the following system of inequa-
l i t i e s 

(70) 
const (3 + Mp)(mp + (yipMp,) 

const (3 + Mp)(mp + ^fipMj,) 4 Ç2 

i s s a t i s f i e d , where const denotes a pos i t ive constant depend-
ing only on n,T and b . I t i s readily seen that the ine-
qua l i t i e s (70) hold t rue if the coe f f i c i en t mp (see (18)) 
i s s u f f i c i e n t l y small and the parameters and a r e 

chosen s u f f i c i e n t l y l a rge . 
Now, we sha l l find s u f f i c i e n t conditions fo r the opera-

t ion (29) to be a contract ion. Let U = { u ^ } and U = 
be two a r b i t r a r i l y fixed points of the se t Z (see (28)) . 
In v i r tue of (7) , (16), (33), ( l7 ) - (20) , (23) and-(27) we can 
write 

(71) s[F}(A,t;{uPa},{v«}) - ^ U , , - , { * ? . } . { * « » } ) ] ^ 

4 kp(l+Kp)d(U,U), 

whence, by (42)-(45), we obtain*^ 

The symbol V^A. t ) denotes the Integral V^A. t ) (see 
(21)) whose density $ ( A , t ) , i s equal to r}(A,t}{uga},{v<l}) -
- ^ (A , t}{uP s } t {v q }) . The symbols S ^ A . t ) , f J ( A , t ) 
are understood in a s imi la r way. 
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(72) s j j v ^ A . t ) ) ^ ] + H[(V1(A,t))rs . 4 const kp( 1+Xp)d(U,U) 

Furthermore, let us note triât relations (11/ , (71), (44), 
(17)-(20), (23) and (27) yield 

(73) s[Fj(P,t;{uPg|)- pJ(P,t;{iïPs}) + ^ ¡ V ( A,t)] I 4 

é kp[Kj + conat (1+Kp)]d(u,tj), 

so that, using (46), (49), equality (25) in [7] and Theorem 3 
in [3], we have 

( 7 4 ) s [ ( w | ( A , t ) ) r a ] + H [ ( w | ( A , t ) ) 1 rs J 

é const kp[Kp + const(1 + Kp)J d(U,U). 

Since by (14), (l7)-(20), (71), (73), (46), (54), and (23) 
and (27) the inequality 

S[Fl5(P,t,{UM> - F5(P't;{Srs}> VX(A,t) - 2W^A,t) 

é const kF (1+Kj,)d(U,U), 

holds good, we can conclude, based on (50)-(53) above, rela-
tion (24) in [7] and Theorem 3 in [3], that the following 
estimates 

(75) s[(W^(A,t J ) r a ] + n[(W^(Aft))ra] 4 const icp( 1 + K p ) d (U,U), 
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(76) s [ ( w J ( A , t ) ) r J + H [ ( w J ( A , t ) ) r a ] 4const kp( 1+Xp/d (ü,ÍJ)¡ 

A A 
are va l id . Wow, le t us consider the points U and U 
being the images ( in transformation (29) ) of two arb i t rar i l y 
f ixed points U and Ü of Z. Using the de f in i t i on (?7 ) , 
we have the equality 

op n 
d é u , ¿ Ü ) = J ] i : ( s [ ( V ] ( A , t ) - 2W*U,t ) + 

1=1 r,s = 0 ° 

+ 4W^(A,t; + ¿ W ^ U . t ) ) ^ ] r H (A,t ) - + 

+ 4wJ(A,t) + 2 ^ ( A , t J ) r J 

which, together with (72) and ( 7 l ) - ( 7 6 ) , y ie lds 

A A — — —, 
d(Eu,Eu) é C0 kp Kp d+KF )d (U,U) , 

where kp and Kp are given by (18) and (20) respect ive ly , 
and CQ i s a posi t ive constant depending only on n,T and b. 
Hence, operation (29) is a contraction i f the coe f f i c i en t 
kp is so small that the inequality 

(77) C0 kp Kp (1 + Kp ) < 1 

holds true. 

On joining the above-obtained resulta and on using Ba-
nach's f ixed point theorem (see e .g . [ 9 j , p.14), we can con-
clude that the fo l lowing lemma is va l id . 

L e m m a 1. I f assumptions 1°-9° are sa t i s f i ed and 
i f inequal i t ies (70) and (77) hold true, then the system of 
integral equations (22) possesses one ano only one solution 
u* = { a J J , u* e -/V. 
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Let us n o t e t h a t f rom (30 . ' , ( 3 2 ) , (35), (36), ( 8 ) , ( 9 ) , 
( 3 7 ) - ( 4 1 ) and f rom t h e p r o p e r t i e s of t h e i n t e g r a l s a p p e a r i n g 
i n sy s t em (22) ( s e e Theorems 1 - 5 and 7 i n [ 3 ] , BJemarks 1 and 2 
and Theorems 1 - 5 i n [ 7 ] ) t h e f o l l o w i n g r e l a t i o n s 

• , a ù n J u f t ) , , 3 2 u n J ; ( A , t ) 

( ( A , t ) e R ) r e s u l t , whence , and by L.emma 1 a b o v e , we can 
a s s e r t t h a t t h e i n f i n i t e s e q u e n c e {u i s t h e u n i q u e 
s o l u t i o n of t h e sy s t em of i n t e g r o - d l i f e r e n t i a l e q u a t i o n s ( 2 1 ) . 
Moreove r , i t f o l l o w s d i r e c t l y f r o m a s s u m p t i o n s (8 ) and ( 9 ) , 
f rom i n e q u a l i t i e s ( 3 5 ) - ( 4 0 ) above and f r o m Remark 1 i n [ 7 J 
( s e e t h e p r o o f of Theorem 6 i n [ 7 ] ) t h a t t h e e l e m e n t s of t h e 
s e q u e n c e { } s a t i s f y s y s t e m (1) and c o n d i t i o n s ( 2 ) - ( 5 ) 
and hence t h i s s e q u e n c e i s a s o l u t i o n of t h e c o n s i d e r e d b o u n -
dary v a l u e p rob lem ( l ) - ( 5 ) . 

B a s i n g on t h e r e s u l t s of t h i s s e c t i o n we can c o n c l u d e t h a t 
t h e f o l l o w i n g theorem i s v a l i d . 

T h e o r e m 1. I f a s s u m p t i o n s 1° - 9° and i n e q u a l i -
t i e s (70) and (77 ) a r e s a t i s f i e d , t h e n t h e boundary v a l u e 
p rob lem (1 ) - ( 5 ) p o s s e s s e s a s o l u t i o n b e i n g t h e l i m i t of t h e 
s e q u e n c e of s u c c e s s i v e a p p r o x i m a t i o n s d e f i n e d by 

U0 = { u J ( A , t ) } , Um + 1 = T[Um] 

( m = 0 , 1 , . . . ) , where T i s t h e o p e r a t o r a p p e a r i n g on t h e r i g h t -
hand s i d e of e q u a l i t y ( 2 1 ) . The e r r o r of t h e m - t h a p p r o x i m a -
t i o n U^ s a t i s f i e s t h e i n e q u a l i t y 

c o n s t k p K - ( 1 + K p ) r 
d(Um,U) é -!= ^ — d(uo,u..), 

1 - CQ k p K p ( l + K p ) 0 1 
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