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THE HAMILTONIAN BUNDLE OF A SYMPLECTIC LIE GROUP 

Let G be a Lie group and K i s a c losed subgroup of G. 
A p a i r (M,Q) c o n s i s t i n g of a homogeneous space M = G/K 
and a symplec t ic 2-form Q on M i s s a id t o be a symplec t ic 
homogeneous space i f the form Q i s G - i n v a r i a n t under t h e 
n a t u r a l a c t i o n of G on iff. In t h e p a r t i c u l a r case of the 
t r i v i a l group K me c a l l a p a i r (M,Q) a symplec t ic Lie 
group. A symplec t ic homogeneous space (M,Q) i s s a i d t o be exact 
i f Q i s of the form d/l, where j3 i s a G- inva r i an t 1- form 
on Iff. 

The study of symplec t ic homogeneous spaces was begun by 
Kostant [3] and Souriau [ 4 ] . Recen t ly , remarkable r e s u l t s on 
the s u b j e c t have been obtained by Chu [1] and S te rnbe rg [6 ] , 

Let us assume (,G/K,il) t o be a symplec t ic homogeneous 
space and denote by p the n a t u r a l p r o j e c t i o n G-»G/K. 
The form u> = p"£2 i s a c l o s e d , l e f t - i n v a r i a n t 2-form on G. 
Moreover, i s a d ( K ) - i n v a r i a n t and i f X e g , where g i s 
t he Lie a lgebra of G, then the i n t e r i o r product i x w = 0 
i f and only i f X be longs to the Lie a lgeb ra k of K. 

R e m a r k . Chu [1] proved t h a t I f u i s a c l o s e d , 
l e f t - i n v a r i a n t 2-form on a Lie group G and G i s simply 
connected or cj i s e x a c t , then t h e r e i s a symplec t ic homo-
geneous space (G/K,52), where K i s a c losed subgroup of G, 
such t h a t w = p"Q. 

An element X of g i s c a l l e d a Hamil tonian v e c t o r 
f i e l d i f f the Lie d e r i v a t i v e oL^ = 0. Prom the e q u a l i t y 
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«¿j-j yj = [oCx,^y] i t fo l lows t h a t Hamiltonian vec tor f i e l d s 
form a subalgebra of the Lie a lgebra g . Let H be the Ha-
mi l ton ian subgroup of G, i . e . the connected subgroup of G 
with h as the Lie a lgeb ra . 

L e m m a 1. K i s a closed subgroup of G. The iden-
t i t y component KQ of K i s a normal subgroup of H. 

P r o o f . The f i r s t pa r t of the s ta tement can be ob-
t a ined as fo l l ows : H i s the i d e n t i t y component of the closed 
subgroup of G c o n s i s t i n g of a l l elements a of G such t h a t 
ad(a)*u) = id. The second par t of the lemma fo l lows immediately 
from the equa l i ty 

^ X . Y ] = [¿X> *Y] 

which shows t h a t Ck»h] c 11 • 
The above lemma al lows to cons t ruc t the f i b r e bundle 

JT:G/K—-G/H with the s t r u c t u r e group and the f i b r e H/K, 
and the p r o j e c t i o n 3T def ined by 

jr(aK) = aH 

(comp. Steenrod Q>], p. 30) . This bundle w i l l be ca l l ed here 
a Hamiltonian bundle of the symplect ic homogeneous space 
(G/K.Q). 

R e m a r k . cC^co = 0 i f and only i f i x^ lL^ 'S j = 

This f a c t impl ies t h a t i f [g>g] = g ( i n p a r t i c u l a r , i f g 
i s semi-s imple) , then H = K and the s t r u c t u r e group of the 
Hamiltonian bundle i s t r i v i a l . S i m i l a r l y , i f the group G 
i s a b e l i a n , then H = G and the Hamiltonian bundle i s a t r i -
v i a l bundle over a p o i n t . 

I n the case of a symplect ic Lie group the Hamiltonian 
bundle i s a p r i n c i p a l f i b r e bundle G-—G/H. This note i s 
devoted to the i n v e s t i g a t i o n of connect ions in Hamiltonian 
bundles of symplect ic Lie groups. 
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The Hamiltonian bundle 3 

Let us take a subspace m of the Lie algebra g of 
a £y.:.pltctic Lie group (G,u) such tna t g = £g ,g] + m ( d i r e c t 
sum,'. For any X of g t he re e x i s t s the only element Y of 
h such tha t 

(1) iy<j|m = ijtojm. 

Thus, the formula 

/?(X) = Y, 

where Y s a t i s f i e s (1 ) , d e f i n e s a l i n e a r mapping /?:g—-h. 
Moreover, i f X t h, then r){X) = X. Thus, q i s the iden-
t i t y mapping on h. 

T h e o r e m 1. I f [h,m] c m, tnen the formula 

(2) 5 | T a G = ? ° La-1* a e 

def ined a G- invar ian t connect ion form on the Hamiltonian 
bundle of the symplect ic Lie group (G,cj). 

P r o o f . Of course , the formula (2) d e f i n e s a l e f t -
i nva r i an t 1-form on G. Taking an element X of h and 
denoting by X* the fundamental vec to r f i e l d on G which 
respec t t o X (which i s the l e f t i n v a r i a n t vec to r f i e l d on 
G s a t i s f y i n g Xg = X) we have 

tf(X') = ?(La_1LxX) = p(X) = X 

a t any point x of G. Now i t remains to prove t h a t the 
form 6 s a t i s f i e s the equa l i t y 

(3) R* 5 = ad(a"1)6-

f o r any a of H. Let v = L^X, X e g , be a vec to r tangent 
to G a t a point b , a £ H. Then 

R a 6 ( v ) = 6 ^ a v ) = * ( R a V ° = P ( L ( b a ) - 1 R a " F ^ * " 1 W 
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and 

ad(a"1; ff(v) = ad(a"1) 9(X). 

Thus, the equality (3) is equivalent to the following one 

(3' ) 7(ad(a)1) = ad(a) ?(X). 

In order to prove (3* ) let us notice that ad(H)m c m and 
that the form cj is ad(H)-invariant. Thus, if ip(X) = Y, 
ad(a)X) = Y' , and Z e m, then 

iy.w(Z) = iad(a)xw(Z) = ixMad(a"1")Z) = 

= iycü(ad(a"1)Z) = • 

Consequently, iyiw = iad(a)YtJ a n d Y' = Ttl*s e n d s 

the proof of the theorem. 
T h e o r e m 2. Every G-invariant connection on the 

Hamiltonian bundle of a symplectic Lie group (G,íj) is de-
termined by a decomposition of g into a direct sum [g,g]+m, 
where [h,m] c m , in a manner of Theorem 1. 

P r o o f . We have to prove that for any linear mapping 
i^jg-^h satisfying conditions 

i?|h = id 

and 

i^oadía) = ad(a) o jp for a e H 

there exists a linear subspace m of g such that g = 
= [g»g] + ®f [j*»®]c m» a Q d ^7(x)<Jlm = f o r e v e ry 
X of g. 

Put h® = ker o and m = I I. ker iTu. Of course, m ia 
H e h° A 

a linear subspace of g. If X e h , Y c h, and Z e m, 
then 

- 674 -



The Hamiltonian bundle 5 

i x u ( [ Y , z ] ) = w ( X f [ Y , z ] ) = o£YCJ(X, Z) + C O ( [ x , y ] , Z ) = 0 , 

s ince [h ,h° ] c h° . Thus, [h,m] c m . I f Z £ m n [ g , g ] , 
then i z u | h ° = 0 and i z t f | h = 0, t ha t i s i z « = 0 and 
Z = 0 . For any Z of g the re i s an element Y of m such 
t h a t i y " | h = iz(<)|h. Pu t t ing X = Z - Y we see t h a t i x <j |h -
= 0. Using the r e l a t i o n [g»gj c j^Aeg; ±Ato|h. = o j and the 
e q u a l i t i e s 

dim ^A 6 g; i^co|h = o j = dim g - dim h = 

= dim g - dim [ a e g; i A c d | t S * S ] } = 0 = 

= dim g - (dim g - dim [ g , g ] ) = dim [ g . g ] 

we obta in the r e l a t i o n X e [g,g~]. Thus, g = [g»g] + m. 
F i n a l l y , i f X e h ( r e s p . , X e h ° ) , then i 9 ( x ) w = i x 
f o r ij(X) = X ( r e s p . , ixw|m = 0 and = 0 f o r 

= 0). I t proves the theorem. 
I t i s easy to see t ha t the p r i n c i p a l f i b r e bundle 

jr:G —» G/H, where H i s an a r b i t r a r y closed subgroup of G, 
admits a G- invar ian t connect ion i f and only i f the homoge-
neous space G/H i s r educ t i ve . Comparing t h i s f a c t and 
Theorem 2 we get the fo l lowing r e s u l t s . 

C o r o l l a r y 1. I f the homogeneous space G/H, 
where H i s the Hamiltonian subgroup of a symplect ic Lie 
group (G,w), i s r e d u c t i v e , then 

[ h , g ] = [h, [g .g]] . 

C o r o l l a r y 2. Let (G,co) be an exact symplect ic 
Lie group. The homogeneous space G/H i s r educ t ive i f and only 
i f h = 0 . 

P r o o f . Let us assume t h a t the space G/H ia reduo-
t i v e and l e t m be a subspace of g determined by a G- in-
v a r i a n t connect ion in the bundle JT:G —• G/H in a manner of 
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Theorem 2. Then [fh,xn] = 0 since [h,m] c m n [g,g] = 0. 
It yields Corollary 1. If, in addition, cd = d;8 and 
X £ h, then 

ixw(Y) = ixdy8(Y) = - j3([x,y]) = 0 

for all Y of m. Thus, 0 and X = 0. 
E x a m p l e . Let g be a 4-dimensional nilpotent 

Lie algebra, dim[g,g] = 1. Then there exists a left-inva-
riant symplectic form on the connected Lie group G with g 
as the Lie algebra. In fact, g = g., + g2» where g^ is 
a 3-dimensional abelian ideal of g ([2], Ch. I, § 2). Then 
[g»g] = »£>2] c g1* Thus» it is possible to choose a basis 
A^AgjA^jA^ of g in such a manner that A^,A2 e g^, 
A-j € [g,gj, and A^ € g2. The form to defined 'oy 

«(A^lj) = 6\6] + 6{6\ 

for i,j = 1,...,4, i < j, is nondegeneràte and dco = 0. 
The algebra h of Hamiltonian vector fields on the symplectic 
Lie group (G,co) is equal to g^. On the other hand, the 
Corollary 1 shows that if [g,[g,g]J = 0, then there are no 
left-invariant symplectic structures on G with h = gg. 
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