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ON SOME («f,, ef2) STRUCTURE MANIFOLDS 

1. I n t r o d u c t i o n 
In 19&4, Hashimoto def ined and s tudied (F,G) s t r u c t u r e s 

on a d i f f e r e n t i a b l e manifold [ 1 ] . In t h i s paper we have ob-
ta ined some i n t e r e s t i n g r e s u l t s connecting the s t r u c t u r e t e n -
sor of an ( c f ^ , e ^ ) s t r u c t u r e manifold (J3j. Pew s p e c i a l 
s t r u c t u r e s bave been def ined and c e r t a i n r e s u l t s which b r ing 
out the i n t e r r e l a t i o n s h i p a re proved, 

l e t Mn be a C°° r e a l d i f f e r e n t i a b l e manifold and f 1 , 
f 2 be two non nu l l (1 ,1) t ensor f i e l d s of constant rank: r 
( r n, n i s dimension of Mn), s a t i s f y i n g [3J 

( 1 . 1 ) 

2 
where e^ 
Then i f we 

2 and e = e« e 0 e 1 £ 2 € 3 a n d e 3 + 1 
put 

we get 
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T h e o r e m 1.1 . The fo l lowing r e l a t i o n s hold on 
( e . f . j , e. f 2 ) s t r u c t u r e manifo lds 

(1 .2 ) f 3
3 - e 3 f 3 = 0, 

(1 .3 ) f 1 f 2 = e f 2 f 1 = - e f 3 , 

(1 .4 ) f 2 f 3 = e f 3 f 2 = -

(1 .5 ) f 3 f 1 = t f ^ j = - £ ^ 2 » 

(1 .6 ) e . ^ 2 = e 2 f 2
2 = £ 3 f 3

2 . 

Let I and m be two p r o j e c t i o n opera to r s def ined by 

(1 .7 ) ¿ M e k f k
2 , m = 1 - 6 k f k

2 , k = 1 , 2 , 3 . 

Then we note t h a t 

(1 .8 ) t + m = 1, m£ = £m = 0, I2 = I and m2 = m 

and f u r t h e r 

" itv = t.l = f. , mf. = f.m = 0 
(1 .9 ) 

k ~ k 

m f k
2 = f k

2 m = 0, 

Thus we ob t a in , corresponding to I and m the two d i s t r i -
b u t i o n s L and M r e s p e c t i v e l y . 

R e m a r k s . 1) If e 1 = e 2 = e 3 = -1 , then 
( e f 1 # e . f 2 ) s t r u c t u r e a c t s as an almost quaternion s t r u c t u r e 
on the h o r i z o n t a l d i s t r i b u t i o n , consequently in t h i s case 
the dimension of L i s a mu l t ip l e of 4. 

2) I f e 1 = - 1 , e 2 = e 3 = 1 then ( e f ^ e f 2 ) s t r u c t u r e 
i s an almost complex s t r u c t u r e of f i r s t kind on h o r i z o n t a l 
d i s t r i b u t i o n [4] . 
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3) If e1 = e 2 = -1. £3 = 1 then (ef.,, ef2) structure 
acts as an almost complex structure of second kind [4J. 

4) If e^ = e 2 = £3 = 1 then each of the tensor fields 
f 1, f 2 ̂  and f3 of (ef^efg) structure is an almost pro-
duct structure on the horizontal distribution. 

If we take rank (fk) = n, then the above remarks from 
(1) to (4) hold for the entii-e manifold. 

Since Mfl always admits a positive definite Riemannian 
metric "g" defined by 

(2.0) gk(X,Y) !l!g(fkXt fkY) + g(mX,Y), k = 1,2,3, 

hence we have 

(2.1) gk(fkX,Y) = gk(fk
2X, fkY). 

A two co-tensor Fk defined by [3j 

(2.2) Pk(X,Y) = gk(fkX,Y) 

always satisfies 

(2.3) Pk(X,Y) = £kPk(Y,X). 

Por the tensor fields f1, f 2 the Nijenhuis tensor is de-
fined by [ 3 ] 

(2.4) [frf2] (X,Y) = [ f ^ t V ] - ̂ [ f ^ Y ] - f2[l,f1 Y] + 

+ [f2x,fiy] - ̂ [^I.Y] - ^[X.^Y] + 

+ (fff2 + f2
f1 JCX!Y]-

Let V be the Riemannian connection on Mn. Then the 
following equalities hold. 
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( 2 . 5 ) X ( g ( Y , Z ) ) = g i V f i . Z ) + g ( Y , V X Z ) 

( 2 . 6 ) [ X , Y ] = V X Y - V y X 

( 2 . 7 ) 7 X ( f k ) ( Y ) = V X ( f k Y ) " f k V X Y 

( 2 . 8 ) V x F k ( Y , Z J = g k ( 7 x ( f k ) ( Y ) , Z ) . 

T h e o r e m 1 . 2 . The f o l l o w i n g r e s u l t s hold i n an 
( e f 1 , £ f g ) s t r u c t u r e m a n i f o l d . 

( 2 . 9 ) f , v x ( f 2 ) ( f 3 Y ) = e 2 ^ ( f ^ t ^ Y ) - e \ 7 x ( f 3 ) ( f 3 Y ) , 

( 3 . 0 ) f 2 7 x ( f 3 ) ( f 1 Y ) = 7 x ( f 2 ) ( f 2 Y ) - e 2 ^ ( f ^ f - j Y ) , 

( 3 . 1 ) f 3 7 x ( f 1 ) ( f 2 Y ) = £ 7 x ( f 3 ) ( f 3 Y ) - £ 1 7 x ( f 2 ) ( f 2 Y ) , 

( 3 . 2 ) f 1 V x ( f 3 ) ( f 2 Y ) = £ 1 £ 3 T j i f ^ i ^ Y ) - e 2 e 3 7 x ( f 2 ) ( f 2 Y ) , 

( 3 . 3 ) f 2 ^ ( f ^ i f j Y ) = e ? e 3 F x ( f 2 ; ( f 2 Y ) - ? x ( f 3 ) ( f 3 Y ) , 

( 3 . 4 ) f 3 ^ ( f ^ f - j Y ) « 7 x ( f 3 ) ( f 3 Y ) - £ 1 € 3 t y ^ H ^ Y ) . 

T h e o r e m 1 . 3 . I n an ( e f ^ , e f 2 ) s t r u c t u r e m a n i -
f o l d the f o l l o w i n g hold 

( 3 . 5 ) f L P x ( f j ) ( f k Y ) = - t f k ^ ( f j J i ^ Y ) , 

( 3 . 6 ) fj_ 7 x ( f 3 ) ( f f c Y ) + f 3 ^ ( ^ K f j Y ) + f k V j i f ^ l t j Y ) = 0 , 

( 3 . 7 ) 7 x ( P k ) ( f 1 a , f i z ) = - £ k \ 7 x ( P k ) ( f J Y t f 1 Z ) 

i , j , k b e i n g a l l p o s s i b l e d i f f e r e n t permutat ions of 1 , 2 , 3 

( 1 / 3 A ) . 
T h e o r e m 1 . 4 . I n an £ f 2 ) s t r u c t u r e m a n i -

f o l d the f o l l o w i n g e q u a l i t i e s a lways hold 
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(3.8) f 1 V x ( f 2 ) (X) + V x ( f 1 ) ( f 2 Y ) = - £ V x ( f 3 ) ( Y ) , 

(3.9) f 2 ^ x ( f 3 ) ( Y ) + ^ x ( f 2 ) ( f 3 Y > = - e 2 V x ( f 1 ) ( Y ) > 

(4.0) f j V j i f . j K Y ) + ^ ( f j K f - j Y ) = - £1 \ 7 x ( f 2 ) (Y) . 

T h e o r e m 1.5. In an (ef-j , e f 2 ) s t ruc tu re mani-
fold the 2-coi-tensor with respect to the Riemannian con-
nection Vjr, always s a t i s f i e s the ident i ty 

(4.1) £ k ^ ( P j ^ J i f j Y . ^ Z ) + ^ x
( P j ) ( f k Y ' f i Z ) + 

+ e 3 * x ( V ( f i Y . f j z > " ° 

f o r a l l possible permutations of i , j , k. 
T h e o r e m 1.6. In an (cf 1 , €-f2) s t ruc tu re mani-

fold the following hold 

(4.2) 2 [ f ' i ' f i ] ( Z ' Y ) = 7 ' f i X ( f i K Y ) " + 

+ ^ ^ y i f ^ U ) - f 1 7 x ( f 1 ) ( Y ) , 

(4.3) [ f i . f j CX.Y) = V f I ( f j ) ( Y > + Vf x(tL){Y) -

~ f i V x ^ 3 ) { Y ) ~ f j ^ x ( f i ) ( Y ) ' 

- Vt Y ( f 3 ) ( X ) - Vt Y ( f l ) ( X ) + 
i. J 

+ ^ ^ ( f ^ X ) + f j V y t f j ^ U ) . 

D e f i n i t i o n : We shall ca l l am (£ f 1 ? £ f 2 ) s t r u c -
tu re manifold to be an f^^-K-manifo ld i f f 

(4.4) t i V z { t 3 ) ( t k Y) = 0 ; 
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f l j k -AK-man i fo ld i f f 

( 4 . 5 ) ^ V j C V C f j Y . f f c Z ) = 0 , 

where T denotes the cycl ic sum over X, Y, Z ; 

f ^ - H K manifold i f f 

( 4 . 6 ) V f x ( f L K Y ) - V y i ^ K f j X ) = 0 
i 

and 

7 I ( f 1 ) ( f j Y ) + ^ ( ^ K f . j X ) = 0 ; 

f i ; ) -QK manifold i f f 

( 4 . 7 ) 7 f x ( f t Y ) + 7 2 ( ^ H f j Y ) = 0} 
j f j X 

f i J k " H m a n i f o l d i f f 

( 4 . 8 ) [ f l ' f j ] ( f k X ' f k Y ) = 

T h e o r e m 1 .7 . An f j ^ - H - m a n i f o l d is also an 
f j ^ - K - m a n i f o l d . 

The proof fol lows from ( 3 . 8 ) and ( 4 . 4 ) . 
T h e o r e m 1 .8 . I f an (ef . , , e f 2 ) structure mani-

fo ld i s any two of the s ix types f ^ - K , f132_K» f231 _ K» 
f 2 1 3 " K ' f 3 1 2 ' K aQ<i f 321 _ K t b e n 1 8 a l s 0 o f t h e r e m a i n i Q 8 
types. 

P r o o f . I f the manifold i s ^ j j j - K flnd f j k i ~ K 

then " 0 a Q d f j V X ( f k ^ f i Y ) = 0 # N o w u s i n g 

( 3 . 6 ) we obtain 

f k = 0 

and therefore manifold i s Moreover using Theorem 
1.7 the proof fo l lows. 
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T h e o r e m 1 . 9 . An ^ I^ - A R manifold i s a l s o an 
f k j i " A K m a Q i f o l d * 

T h e o r e m 1.10. I f ( e f 1 , £ f 2 ) s t r u c t u r e manifold 
i s any two of the s i x types f1 2 3~AK, f 1 3 2 -AK, f 2 3 1 - A K , 
f 2 1 3 - A K , f 3 1 2 -AK, f 3 2 1 -AK then i t i s e s s e n t i a l l y of the 
remaining t y p e s . 

P r o o f . Let Mn be f 1 2 3-AK and f 2 3 1 -AK then from 
(4 .5 ) we have 

(4 .9 ) V x i -P^ ) ( t 2 Y,f J Z) + V Y ( F ^ ) ( t 2 Z , t 3 X ) + V z ( F ^ ) { f 2 X t t 3 Y ) = 0 , 

(5 .0 ) V x ( P 2 ) ( f 3 Y , f 1 Z ) + \ 7 Y ( P 2 ) ( f 3 z , f 1 Z ) + ^ z ( P 2 ) ( f 3 X , f 1 Y ) = 0 . 

Now adding (4 .9 ) and (5 .0 ) a f t e r mu l t i p ly ing them by e_3 and 
r e s p e c t i v e l y , we ob ta in 

€ 3 ^ x
( I V ( f 2 Y » f 3 Z ) + e 1 ^ x ( P 2 ) ( f 3 Y ' f 1 Z ) + 

+ e 3 VY(F^)(f2Z,f3X) + e^VY{F2)(f3Z,t^X) + 

+ £3 ^ z ( P 1 ) ( f 2 X , f 3 Y ) + e 1 ^7 z (P 2 ) ( f 3 X,f 1 Y) = 0 . 

And using the i d e n t i t y (4 .1 ) we ob t a in 

V x ( P 3 ) ( f 1 Y , f 2 Z / + 7 Y ( F 3 ) ( f 1 Z , f 2 X ) + \ 7 z ( P 3 ) ( f 1 X , f 3 Y ) = 0 

i . e . the manifold i s f 3 1 2 ~AK. Now with the help of Tineorem 
1.9 the theorem i s completely e s t a b l i s h e d . 

T h e o r e m 1.11. An f ^ - N K manifold i s a l s o fj^-QK 
n a n i f o l d . 

P r o o f . I f Ma i s f i ; j-NK then 

( 5 . 1 ) Vf x(fL)(?) - e^ ^ x ( f i K f j X ) = 

(5 .2 ) 7 X ( f i ) ( f j Y ) + V 7 Y ( f i ) ( f k X ) = 
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Now 

J 

= VtflhM - £ ^ y ( f i ) ( f j x ) - 0 

consequently M n is f^-QK. 
T h e o r e m 1.12. An ^j^-H manifold is also an 

fjik""H maflifold* 

REFERENCES 

[1] S. H a s h i m o t o : On the differential manifold 
admitting F3 + F = 0, G3 + G = 0, FG = GF and P2 = G2. 
Tensor 15 (1964) 269-274. 

[2] A. G r a y s Some examples of almost Hermitian mani-
folds. Illinois J. Math. 10(1966) 353-366. 

[3] K.D. S i n g h , R.K. V 0 h r a : On (fcf.,, ef2) 
structure manifolds. Doctoral Thesis, Dep. Lucknow Uni-
versity. 

[4J H. W a k a k u w a : On linearly independent almost 
complex structure in a differentiable manifold. Tohoku 
Math. J. 13(1961) 393-422. 

DEPARTMENT OP MATHEMATICS AND ASTRONOMY, LUCKNOW UNIVERSITY, 
LUCKNOW,INDIA 
Received September 8, 1976. 

670 


