DEMONSTRATIO MATHEMATICA
Vob X No3-4 19717

K. D. Singh, Rakeshwar Singh

SOME f(3, e) STRUCTURE MANIFOLDS

Introduction

The idea of an f structure on a differentiable manifold
was lnitiated and developed by K. Yano [5]. Later Singh and
Srivastava [4] studled few special structures on f structu-
re manifolds with torsion. They established an inclusion re=-
lation between them and studied conformal diffeomorphisms
between two such structures.

Present paper is a study of certain structures on a C*=
real differentiable manifold equipped with (1,1) temsor field
£ satisfying f3 = €f, e= + 1, We have defined some spe-
cial structures on this manifold and established an inclusion
relation between them,

1. Preliminaries

Let M® be a C* real differentiable manifold, F (MP)
be the ring of £ real functions on it and X (MP) be the
% (M)-module of vector fields on M%,

An £(3,e) manifold ¥? is a differentiable manifold
equipped with a C*=(4,1) tensor field f . of constant rank
r which satisfies

(1.1) £ - cf, e=x1.
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If we put [6]

(1.2) {= efc, a 1~ eff,

then

(1.3) \
lf=ftl=f, nf-=7*%n=0,

20=¢l , mf? = 2%m = 0.

Thus { and m are complementary projection operators which
determine two complementary distributions L and M.

It is known that MP always admits a positive definite
Riemannian metric g [2] such that

{1.4) g(Xx,Y) = g(£X,£Y) + g(mX,Y).

A 2-co-tensor field F defined by [5]

(1.5) P(X,Y) = g{£X,Y)
always satisfies

(1.6) F(X,Y) = eP(Y,X).
Moreover

(1.7) g(£X,Y) = g(£2x,£Y).

Let §7x be the Riemannian connection corresponding to
the metric g on MR, Thus
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(1.8) X(g(Y,2)) = g(VY,2) + g(¥,%2),

(1.9) [x,¥] = Vpy - Vyx,

The Nijenhuis tensor N of type (1,2) is given by [5]
(1.10) W(x,Y) = [£x,2Y] - £ [ex,Y] - £ [x,2v] + £2 [x,¥].
The derivatives of f and F are given by

(1.11) VR(£)(Y) = Vy(£Y) - £V,

(1.12) Vx(F)(¥,2) = &(Vy(£)(Y),2).

2. Some theorems involving the structure tensor
We require the formula for the derivative of 2-co-tensor
F [1] L.e.

def
(2.1) as(x,Y,2) = T1,Y,2 vy(F)(Y¥,2),

where T denotes the cyclioc sum over X,Y,Z., We have the follow-
ing
Theorem 2.1, The following relations hold:

(2.2) Ve (F)(£2Y,22) = -€Vy(PF)(£Y,£%2),

(2.3) dS(£X,fY,£7) - dS(£X,£°Y,£%2) + g(£X,N(£Y,£%2)) =

= 2 Vpyx(F)(£Y,£2)+(1+¢€) [VfY(F)(fZ,fXH ¥2Z(F)(fY,f2x):|,

(2.4)  ds(£X,fY,fz) - aS(£X,£2Y,£°2) + dS(£Y,£22,£2X) +
+ as(£2,22%,£%Y) = 2V (F)(£Y,22)+(1-€) vzz(F)(fQY,fz»
£

+ (1+€) [vz (F)(£2,£2X) - v, (F)(fx,sz)],
£°Y 1z
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(2.5)  g(N(£X,£2Y),£2) - g(N(£X,£2),22Y) - g(N(£2Y,£2) =
= (1-€) V, (F)(£2Y,£2) + 2V, (F)(£Y,£2) +
£2x

+ (1+e) [szz(F)(faY,fX) - VfY(F)(fz,fx)J.

3, Special f(3,€) structures and theilr inclusion relation
Definitions. We shall call an f(3,e) struc=-
ture manifold an fK manifold iff

fo(f) = 0,

an fAK-manifold iff

ds(£x,£Y,fz) = 0,
fNK~mapnifold iff
Vex(P)(£Y,22) - €V, (F)(£X,£2) = O,

fQK~-manifold iff

2 Vg (B)(£Y,22) + (1-€) V, (P)(£%Y,22) =
£°X
= (1+€) [V2 (F)(£X,£%Y) - V, (F)(fz,f2x)].
£z £°Y
fH-manifold iff
N(£X,fY) = O

for any X,Y,2 € ¥ (M).

An ipclusion relation between these speclal structures is
given by the following theoren.
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Theoren 3.1, The following inclusions hold:

< fAK
fK c QK and fX <« fH
S fNK

Proof. fK € fH s proof follows from (1.9) and (1.10),
fKk € faK : proof follows from (1.12) and the definitions
of fAK.
fAK < fQK : If a manifold is fAK then 4S(fX,fY,fZ) =0
consequently the left hand side of (2.4) vanishes and there-
fore the manifold is fQK.
fK = fNK : Proof follows from the definitions.
fNK = £QK : If the manifold is fNWK then
Vex(F)(£Y,£2) =€V, (F)(£X,£2).
Consequently from (2.1)
dS(£X,fY,£2) = 3 Vo (R)(£Y,£2),
and thus
as(Px,fY,£2) - ds(£X,t2Y,£22) +
+ ds(£Y,£°2,22x) + ds(£z,2°x,2%Y) =
= 3 Vpg(F)(£Y,£2) - 3 Vpr(F)(£°Y,£%2) +
+ 3 Vpy(P)(£22,22X) + 3 V,,(P)(£2x,£%Y) = 0
in view of (1.6), (2.2) and definition of fNK and thus

2 Vpg(P)(£Y,£2) + (1-¢) szx(F)(sz,fZ) =

= (1+€) [szz(F)(fx,sz) - Vfay(F)(fZ,fzx):lp

{.0. the manifold is fQK.
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Now we shall deal with different cases of such structu-
res.
Case I: Let the structure tensor f satisfy

(3.1) Veg(£)(£Y) = £ V3(£)(£Y).

Theorem 3.,2. An f£(3,e) structure manifold sa-
tisfying (3.1) is always an fH manifold.

Proof., The proof easily follows from definition
of fH and (1.9).

Theorem 3,3. An f(3,e) structure manifold sa-
tisfying (3.1) and
(3.2) T V,(2)(£2Y) = 0

Y,2
is an fQK manifold iff
£2 Ve (£)(£Y) = O.

Proof . Using (2.2) and (1.12) we have

2 V..(F)(£Y,£2) + (1-€) V , (F)(£2Y,72) -
£X 25

(1) [V, (A(E0,£2D) - T, (#)(22,£%D)] =

2g(£V(£)(£Y),£2) + (1-€)a(£2V(£)(£Y),£%2) 4

(10 a(£27,(£)(£1),0) + a(£27(£)(£2),D)] =

+

(3¢ -1)g(£2V.(£)(£Y,2) + (1+e)g(£?2 T V,(£)(£%Y),X) =
X v,z 2

(3€ -1)g(£2V(£)(£Y),2),

and oonsequently the proof follows in view of the definition
of £QK.
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Case II. In this case the structure tensor f of <f(3,e;
manifold satisfies

(3.3) Vey(£)(£Y) = € £V (£)(fY).

Theorem 3,4, An f£f(3,e) structure manifold sa-
tisfying (3.2) and (3.3) is an fQK manifold if

2¢7 ¢ o
In this case
N(EL£Y) = (e-DE [Vg(2)(£Y) -Dy(0)(£10].

The converse also holds in the particular case when € = =1,

Proof.
2 Ve (F)(£Y,£2) + (1-€) Vfax(F)(sz,fZ) +
2 . 2 _
+ (1+€) [szY(F)(fZ,f X) szz(b)(fx,f Y)] =

= (1+e)g(£2V,(£)(£1),2) + g(£2 < v,(£)(£21),x) = o,
y2

and
N(£X,2Y) = £2VR(£)(2Y) - £27,(£)(fX) -
- €2V (£)(£Y) + 22V, (£)(£X) =
=0 [ (e-1)v(£)(2¥) -Vy(f)(fx)]-.

Theorem 3.5 4n f£(3,€) structure manifold sa-
tisfying (3.3) is an fH manifold if

& Ve (£)(£Y) -LVy(£)(£X) = 0.
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Proof. I1f
ZVx(f)(fY) -lVY(f)(fX) = 0,

then using Taneorem 3.4 manifold is fH. Conversely if the
manifolds is fH then

N(£X,fY) = O.

Case IIl. Lastly we consider the case when the structure
tensor f =satisfiles

(3.4) fo(f)(fY) = fVX(f)(Y).

Theorem 3.6, An f£f(3,e) structure manifold sa-
tisfying (3.4) and

(3.5) t%(£)(Y) = 0

is an fQK manifold.,
Proof. By virtue of (2.4) we have

2 oy (F)(£Y,£2) + (1-€) szx(F)(sz,fZ) +

+ (1+e) [vfzx(r)(fzy,fz) - VfZZ(F)(fx,fZY)] =

2e g(£V,(£)(¥),£2) - (1-)g(£2V,(£)(¥),22) +

+

(1+€) [g(fVX(f)(Y),fZ) + eg(fzvz(f)(X).fY)] =

(3e~-1)g(£V,(£)(Y),2) + (1+€)g(£%(£)(Y),2) +

+

g(sz(f)(X'),Y) = 0,
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