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EQUIVALENCE PROBLEM FOR DETERMINISTIC 

(k, m)-SHIFT-REGISTERS 

1. I n t r o d u c t i o n 
The great use of s h i f t - r e g i s t e r s i n p r a c t i c e i s w e l l known 

and w i l l not be r e c a l l e d here the reader i s r e f e r r e d to Golomb's 
monograph For a l l these a p p l i c a t i o n s the general d e s i r e 
i s to have the sequences with a l a r g e c y c l e l e n g t h . With r e s -
pect to t h i s p r a c t i c a l need a c l a s s of c o n t r o l l e d ( k , m ) - s h i f t 
- r e g i s t e r s has been introduced i n [ 2 ] . Every such - r e -
g i s t e r c o n s i s t s of a memory with k c e l l s and of m t r a n s i -
t i o n f u n c t i o n s , where every <p̂  i s a p a r t i a l fun-
c t i o n from Mk i n t o M (M i s a f i n i t e a l p h a b e t ) . Given an 
i n i t i a l s t a t e t ^ , . . . , ^ a ( k , m ) - r e g i s t e r generates an i n -
f i n i t e sequence T = t ^ t g » . . . as f o l l o w s : = 

= < " i ( t i t k ; ' - " ' t k + m = fm ( tm t k + m - i ; a n d s o o n ' I f 

T = (n > k) then ^Q^ + I , . . . , t Q does not belong 
to the domain of r e s p e c t i v e t r a n s i t i o n f u n c t i o n V ^ ^ ' T b e 

( k , m ) - r e g i s t e r s generating only of i n f i n i t e sequences w i l l be 
considered. For such r e g i s t e r s the f o l l o w i n g questions a r i s e . 

I s the ( k , m ) - r e g i s t e r R. uniquely generating the set K fID 
E? I s m the l e a s t number of a l l numbers q such that E 
i s generable by any ( k f q ) - r e g i s t e r ? 

1) 
Only ( k , m ) - r e g i s t e r s with t o t a l t r a n s i t i o n f u n c t i o n s 

have been considered i n [ 2 ] . 
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Several classes of registers are indicated for which the 
first problem has a unique solution. As an application of the 
second problem the possibility of reduction of transition 
functions is shown. This is of great importance in practice. 
This one is similar to minimization problem for Boolean func-
tions. 

2. Notations and definitions 
Let M = {a^,. ,,an|(n >1.) be a fixed alphabet and M* 

- the set of all sequences (finite and infinite) over M. 
M00 denotes the subset of all infinite sequences of M* and 
M° c M00 - the subset of all cyclic sequences T = t^tg,... 
such that t^ = ti+j for all i > 1 and some j > 1. 

If i1 = t.| ,t2,... is an element of M*, then J for 
1 i i 4 j i 1(T) denotes a sequence t, ,...,t., where l(T) 

i ^ is the length of T. T j ̂  denotes a sequence if 
l(T) = j or an infinite sequence tifti+1,..., if l(T)=oo. 

For every nonempty set E.S-M* consisting only of sequen-
ces of the length greater or equal to j, ^ (i 4 j) de-
notes the restriction of the set E to the interval < > i.e. 

iiL , =f T e. M*: 3 T = u L , k l i . j U £ B J 

Analogously, Ej i denotes the set |T E M* E|T=U| i] * 
The functions are denoted by lower case Greek letters 

jr, (p , if/, co. DJJ and RJJ. denote the domain and the range of 
the function JT . 

Wow we shall give some necessary definitions. 
Let k > 1 and m > 1 be two arbitrary but fixed.positi-

ve integers. 
D e f i n i t i o n 1. By a (,k,m,)!- register H^ 

we mean an ordered im+1)- tuple < M, » where every 
for 1 4 i 4 m is a partial function from M11 into M. 
we shall assume that D„ ^ 0 for all i, 1 4 i 4 m. ri 
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D e f i n i t i o n 2. A sequence T = t ^ t g , . . . ( f i -
n i te and of the length greater that k or i n f i n i t e ) i s said 
to be generable by a (k ,m)-register Rk = < M , f y , . . . , f m > 
iff the following conditions are s a t i s f i e d : 

(1) V V [k«n+p < l(TJ =» tk -
n^ 0 p< m * 

= Pp( W+p ' * ' ' » tk+mn+p-1 ; 

( 2 ; nYo y» ti(T)=ic+mn+p'1 ^ ^ « P - l ) * M • 
The set of a l l sequences generable by R. w i l l be de-K pul 

noted by GR., -K ,01 
The c l a ss of a l l (k,nO-registers R̂  such that 

GRk w i l l be denoted by Dk,m. 
D e f i n i t i o n 3. A nonempty set E M* i s said 

to be a (k,m)-definable set i f f there i s a (k ,m;-reg is ter 
R,, _ such that E = GR. . k,m k,m 

D e f i n i t i o n 4. A nonempty E£M" i s said to 
be (k,m) homogeneous i f f the following condition holds 

(3) V V V V [i+jm+k 4 l ( u ; f 

TeE OtE i<l(T)-k j>0L 

T|i, i+k-1 = U|i+jm,i+jm+k-1 => T|i+k = U|i+jm+k]' 

3. Basic theorems 
A few properties of (k,m)-definable sets w i l l be given. 
T h e o r e m 1. A nonempty set is c. M* i s a (k,m)-

definable set i f f the following conditions are s a t i s f i ed 

(4) V (1(T) > kj j 
TeE 
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,Y, ^ H i ^ ^ u - , ^ ] ' 
(.6) E is (k,m.)-homogeneous. 

C o r o l l a r y 1. A nonempty set E £ M°° is a (k,in-
definable set iff the condition (6) and the following one are 
satisfied 

(7) V ( E | 1 m + 1 C E ) . 
0 

Let R^ m = <M, y^,..., ipm> be an arbitrary (kfm)-re-
gister and E = GR,, k ,m 

T h e o r e m 2. E Ç M° iff the following condition 
holds 

V (E|1fk = E|if i+k-1̂  * 
Proofs of Theorems 1 and 2 for the (kfm)-registers with 

total transition functions have been given in [l] and [ 2 ] , 
respectively. The extension for the case where consists 
of partial transition functions is immediate. 

T h e o r e m 3. E £ iff the following condition 
holds 

o ) y («li.irt., £ v 
K m 

The proof is obvious. 

4. Equivalence of (k,m)-registers 
In this and next section only the (ktm)-registers R. _ £ f IQ 

with partial transition functions such that GRk Q M°° will 
be considered. 
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A necessary and sufficient condition for two (k,m}-regis-
ters to be equivalent will be given. 

D e f i n i t i o n 5. Two registers R. and S. Kyd K 9p 
are said to be equivalent (denoted by R. ~ S. ) iff l£|iO K fUl 
GR. = GSi, k,m K,m 

C o r o l l a r y 2. The relation ~ is an equivalence 
relation in the set of all (k,m)-registers (k is a fixed num-
ber and m - an arbitrary one). 

L e t \,m = <M, v>m> , S k f m = < U , V v . . . f ¥ m > be 
two (k,m)-registers and E = GR^ m, F = GSk 

T h e o r e m 4. Rr, m ~ S. m iff the following condi-
1j k,m k,m ^ 

tions are satisfied ' 

(10) = r1 ^ 

(11) V V |~U £ Dy 4 ft(U) = VAU)\ . 
UeE|iti+k-1 1 J 

necessity. The proof ia by way of contradiction. If (10) 
is not satisfied then we have immediately E £ P. 

Suppose now that the following condition holds 

3 3 [u £ D V y>i(u) £ (U)| . 
L<m UcEl u j 

(12) 
i4m U £E i,i+k-1 

Then there are two sequences T e. E, U'e. P such that 
Tll i+k-1 ^ U h i+k-1 (!• a n d T ^ u* Therefore we 
have E / P. 

The proof of sufficiency is obvious. 
C o r o l l a r y 3. Suppose that (k,m)-registers 

Rjj.̂  and ^ are of the class D k , m (i,e. E £ M° and 

If we omit the assumption that B £ 11" then the condi-
tion (11) should be replaced by the following one 

V V [(o e D v v¥ ) v (u £ D n D ¥ = > y (UW(O)1 
U£Eli,i+k-1 1 1 ^ ^ J 
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M ) . T h e n R,, m ~ S . , m i f f t h e c o n d i t i o n ( 1 0 ) a n d t h e 

f o l l o w i n g o n e a r e s a t i s f i e d 

( 1 3 ) V V ( % ( u ) = y A u ) ) , 
14 m U£D„ 

ri 

E x a m p l e 1 . L e t u s d e f i n e a ( 3 , 3 ) - r e g i s t e r R , , = 

= < M , f 2 , < p ^ > a s f o l l o w s D ^ = M , ^ ( U ) = 1 f o r 

a l l U e M3 and 1 4 i 4 3. 
A n a r b i t r a r y ( 3 , 3 ) - r e g i s t e r S ^ ^ = < M » V-|» V /2» d e ~ 

f i n e d a s f o l l o w s ^ • G = { 0 0 1 , 0 1 1 , 1 0 1 , 1 1 1 } c d ^ 

a n d i f j t 2 { U ) = 1 f o r a l l U e. G ; H = { 0 1 1 , 1 1 1 } <£. D ^ a n d 

i f / ^ i U ) = 1 f o r a l l U e H i s e q u i v a l e n t t o R^ y I t s g e n e -

r a b l e s e q u e n c e h a v e t h e f o r m * 0 0 ( 1 ) , 0 0 ( 1 ) , 0 1 0 ^ 1 ) , 0 ( 1 ) , 

1 0 0 ( 1 ) , 1 0 ( 1 ) , 1 1 0 ( 1 ) , ( 1 ) , w h e r e b 1 , . . . , b Q ( b Q + 1 ) d e n o t e s 

a c y c l i c s e q u e n c e T = t - p t g , . . . s u c h t h a t t ^ = b ^ f o r ^ a l l 

i , 1 4 i ^ n a n d t ^ = b Q + | ) f o r a l l J > n . 

5. Reduclbil l ty problem f o r (k ,m) - reg i s t e r s 
T h e p r o b l e m w h e n f o r a ( k , m ) - r e g i s t e r R ^ t h e r e e x i s t s 

a n e q u i v a l e n t ( k , p ) - r e g i s t e r S . w i t h p < m w i l l b e c o n -
K » P 

s i d e r e d . A n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n f o r a ( k , m ) - r e -

g i s t e r R k t o b e r e d u c i b l e w i l l b e g i v e n . 

L e t R ^ = < M , , . . . t f a > b e a ( k , m ) - r e g i s t e r a n d 
E = GR, . ' 

k , m 

D e f i n i t i o n 6 . ^ m
 l s s a i d "to t e p - r e d u c i b -

l e f o r U i < i i f f t h e r e i s a ( k , p ) - r e g i s t e r S . _ e q u i -K , p 
v a l e n t t o R. . k ,m 

I f p ^ m t h e n R,, _ i s s a i d t o b e r e d u c i b l e . 

C o r o l l a r y 4 . R k m r e d u c i b l e i f f t h e r e 

i s a ( k , p ) - r e g i s t e r S k p = • ¿ • M , ^ , . . . > s u c h t h a t » ^ 

f o r U i ^ p a n d ~ S ^ . 

T h e o r e m 5 . A ( k , m ) - r e g i s t e r R. _ i s p >- r e -K fill 
d a c i b l e ( p 4 m ) i f f t h e f o l l o w i n g c o n d i t i o h i s s a t i s f i e d 
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<1«> V im+p+1 — ^ • 

P r o o f . Necessity. As E i s (k,m)-diefinable set 
then i t follows from Corollary 1 that 

(15) V ( E | i m + 1 ^ E ) . 
0 

Since Rjj m i-s p - reducible then the following inclu-
sion holds 

(16) V (E|1o+1 s B;. 
jSsO I J P 

Putting in (16) j = 1 and taking into considerations 
(15) we obtain (14) . 

Proof of suff ic iency immediately follows from (14), (15) 
and Corollary 1. 

C o r o l l a r y 5. For every p - reducible (kfm,)~ 
reg i s t e r R. e Dk,m there i s a unique (k ,p ) - reg i s t e r S., „ K I HI tC | p 
such that R, ~ S,, K,m K,p 

T h e o r e m 6. Let R. _ be a p-reducible (k,m)-re-
k m ' 

g i s t e r of c l a s s D ' . If p i s the l eas t number of a l l num-
bers q for which R̂  i s q_reducible, then m i s d i v i -
s ib l e by p. 

P r o o f . Necessity, Suppose that E i s p-reducible 
for p ^ m and m i s not d iv i s ib l e by p. Let q be such 
a number that pq < m and p(q+1) > m. I t i s easy to see 
that E i s pq - reducible. As E £ M° then i t follows 
from Theorems 2 and 5 that E = E|pCj+1. Since E i s ( k , i n -
definable set then we have E = E|m+1. Hence we obtain 

( 1 7 ) B = E lm-Pq+r 

- 635 -



8 Z.Qrodzkl, J.Zurawieokl 

Using (17) and Theorem 5 we obtain that E ia (m - pq)-
reducible, where m » pq < p. Therefore p is not the least 
number such that E is p - reducible and Theorem 6 has been 
proved. 

R e m a r k 2. If in Theorem 6 we omit the assumption 
that R,, „ e then the obtained statement is false, k ,m 

E x a m p l e 2. Let us define a (3f3)-register 
R^ j = <M, fy, <p2, <pj> as follows ^(U) » 1 for all 
U I M3, i»2(001) = 0 and <p2(V) = 1 for all V e M3 - {001}, 
<f>j(W) = 1 for all w'e.M3. The definable set by R^ 3 has 
the form {00010(1), 010(1), 10010(1), 110(1), 00(1),'o(l), 
10(1), (1)}. Consider now a (3,?)-register S-j 2 = <M, p.,, <p2>. 
It is easy to verify that R3 3~ 2. Therefore R^ 3 is 
2 - reducible, but it is not 1 - reducible. 

REFERENCES 

[l] S.W. G 0 1 0 m b j Shift - register sequenoes, San 
Francisco 1967. 

[2f] Z. G r 0 d z k i : The controlled shift - registers, 
Elektron-ische Informationsverarbeitung und Kybernetik 
11 (1975) 143 - 150. 

[3] Z. G r o d z k i , J. ¿ u r a w i e c k i : The 
(k,m)-computation sets, Reports on Mathematical Logic 
6(1976), 79-86. 

INSTITUTE OF MATHEMATICS, HIGHER ENGINEERING SCHOOL, LUBLIN 
Received June 26, 1976. 

- 636 -


