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Introduction 
Yano, Houh and Chen [1] have studied the structures de-

fined by a tensor field $ of the tj!pe (1,1) satisfying 
+ $ 2 = 0. Gadea and Cordero [2] have obtained the integra-

bility conditions of these structures. We shall obtain in 
this paper the integrability conditions of a generalised 
F(K,K-2)-structure satisfying + I^"2 = 0, where P is 
a non-null tensor field of the type (1,1). Besides this we 
have also obtained the conditions of partial integrability 
(by introducing s^-partial integrability and tK-parcial 
integrability) and the integrability of the generalised 
F(K-K-2)-structure in terms of its Kljenhuis tensor for K 
even. 

1_. The operators s and t: Let M n be an n-dimensio-
nal differentiable manifold of class C°° equipped with a 
(1,1) tensor field P(P ^ 0) and of class C°° satisfying 

n = 2m, 

(1.1) < F* + P K" 2 

(2 rank P 
where K is even. 
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The operators s and t have been defined as follows 

( 1 .2) 
1-1 1 - 1 

s = i-1)2 / ~ 2 , t = I - (-1)2 Z " 2 , 

I denoting the identity operators. Then we have 
T h e o r e m 1.1. For a tensor field P(P ^ 0) sa-

tisfying (1.1), the operators s and t defined by (1.2) 
and applied to the tangent space at a point of the manifold 
are complementary projection operators. 

P r o o f . In oonsequenoe of (1.1) and (1.2), we have 

(1.3) 

(1.4) 

(1.5) 

s + t = I, 

s 2 = (-1)K~2 P2*"4 = F* P*"4 = - pK-2 /-(2+2) = 

. - pK J*"6 = (-1)2 pK-2 pK-(2+4) = 

= (-1)2 J* J?'6 = ... = ( - 1 ) ^ K " 2 V - 2 ^-(2+K-2) . 

( -1 ) 
K _ 1 
* V - 2 - s, 

K _ 1 
<i ' 

t2 = I + (-1)K~2 P2*"4 - 2 (-1)2 PK"2 = 

= I - ( - 1 ) 

(1.6) st = ts = (-1) 

2 " V " 2 = t, 

2 " 1 pJC-2 . (-l)K-2 p2K-4 = Q > 

This proves the theorem. 
Let S and T be the complementary distributions cor-

responding to the projection operators s and t respecti-
vely. Let the rank of F be constant and be equal to r, 
then from (1.1) we get 

dim S = (2r-n) and dim T = (2n-2r). 
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Here dimensions of S and T are both even. Obviously 
n ^ 2r ^ 2n. Such a s t r uc tu r e has been cal led a general ised 
F(K,K-2)-structure of rank r and the manifold MQ with 
t h i s s t r uc tu r e a F(K,K-2)-manifold. 

T h e o r e m 1.2. For a tensor f i e l d F(F i 0) s a -
t i s f y i n g (1.1) and the operators s and t defined by (1 .2 ) , 
ne have 

(1.7) P K _ 2 s = sP K ' 2 = P K - 2 , F ^ t = tPK"2»= 0 

and 

(1.8) PK"1s = I * " 1 , = 0. 

P r o o f . The proof of the theorem follows by v i r t u e 
of the equations (1.2) and ( 1 . 4 ) . 

T h e o r e m 1.3. Por a tensor f i e l d P(P ^ 0) sa -
t i s f y i n g (1.1) and the operators s and t defined by (1 .2 ) , 
we have 

£ - 1 K _ 

(1.9) Ps = sP = ( - 1 ) 2 I * " 1 , F t=tP=F-( - l ) 2 P1^"1 

and ^ - 1 

(1.10) F2s = - s , P2 t = F2 + ( - 1 ) 2 PK" 2 . 

The proof i s obvious. 
T h e o r e m 1.4. P(K,K-2)-structure of maximal rank 

i s an almost complex s t r u c t u r e . 
P r o o f . I f the rank of F i s maximal, r = n. Then 

t = 0 . Thus F s a t i s f i e s K _ 1 (1.11) I - ( - 1 ) 2 / " 2 = 0 . 
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Applying F twice to (1.11) and using (1 .1 ) , we get 

^ - 1 

F2 + ( - 1 ) 2 = 0, 

which in vljew of (1.11) yields 

F2 + I = 0. 

This proves the theorem. 
T h e o r e m 1.5. F(K,K-2)-structure of minimal rank 

is a F(K-2)-structure. 
P r o o f . I f the rank of F is minimal, 2r=n. Then 

s = 0. Thus F sa t i s f i e s FK"2 = 0. Follov;ing the general 
nomenclature, we ca l l such a structure a F(K-2)-structure. 

2. Uijenhuis tensor of F(K-K-2)-structure 
Let F be a F(K,K-2)-structure of rank r when K i s 

even. Then the Nijenhuis tensor 1T(X,Y) of F is 

( 2 . 1 ) N ( X , Y ) = [FX,FY ] - F [ FX ,Y ] - F [ x , F Y ] + F 2 [ X , Y ] ( . 

Therefore, in consequence of (1.9) and (2 .1 ) , we have 

( 2 . 2 ) -

(2 .3 ) 

* - 1 ^ - l 
H(sX,sY) = [ ( - 1 ) 2 ^ - 1 X , ( - 1 ) 2 / " 1 Y ] -

- - 1 - - 1 
- ? [ ( - 1 ) 2 " FK-1X,SY ] - F[SX, ( - 1 ) 2 " + 

+ F2 [SX,SY]. 

r - - 1 — - 1 . "| 
K(sX , tY ) = L ( - D 2 F I C " 1X,FY - ( - 1 ) 2 F K " 1 Y J -

X _ 1 K _ 1 r 

- f [ ( - 1 ) 2 F i i _ 1X,tY] - - F [ sX ,FY - ( - 1 ) 2 F K " 1 Y ] + 

+ ?2 [ aX. tY ] , 
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Integrability conditions 

K - 1 . . 1 - 1 
N(tX,sY) = - (-1)2 F ^ X . i - D 2 ï*"1ï] -

1 I 
(2.4) - F [PX - (-1)2 PK"1X,SY] -

- - 1 1 
- P [tX, (-1)2 PK_1YJ + P 2 [tX.sY], 

( 2 . 5 ) 

£ - 1 K _ 1 
N ( t X , t Y ) = [PX - ( - 1 ) 2 P K ' 1 X , F Y - ( - 1 ) 2 I*"1yJ -

K _ 1 
- P [PX - ( - Î ) 2 P K " 1 X , t Y ] -

K _ 1 
- P [ tX,FY - ( - 1 ) 2 P K ~ 1 y ] + * ' 2 [ t X , t Y ] . 

Equations ( 2 . 2 ) , ( 2 . 3 ) , ( 2 . 4 ) and ( 2 . 5 ) , in consequence of 
(1.3) and (2.1) yield 

(2.6) N(X,Y) = N(sX,sY) + N(sX,tY) + N(tX,sY) + U(tX,tY). 

If the distribution S is integrable, N(sX,sY) is exactly 
the Nijenhuis tensor of P | s — Fg. If the distribution T 
is integrable N(tX,tY) is exactly the Nijenhuis tensor of 
p | T ^ F t . 

Let o?yP be Lie derivative of the tensor field F with 
respeot to a vector field Y. Then we have 

(2.7) (ofyP)X = P[X,Y] - [FX,Y], 

where </yF ls a tensor field of the same type as F. 
Now in view of ( 2 . 1 ) and ( 2 . 7 ) , we get 

(2.8) N(sX,tY) = F(oí,.YP)sX - (c/ptYF)sX 
and 

(2.9) N(tX,sY) » FCof-yFjtX - (</_ vP)tX. 
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3. Integrabllity conditions 
In this section, we shall obtain the partial integralility 

conditions of the F(K,K-2)-structure, when K is even. 
T h e o r e m 3.1. The following conditions hold: 

(i) the distribution S is integrable iff t*N(sX,sY) = 0; 
(ii) the distribution T is integrable iff s.fl(tX,tY) = 0, 
for any two vector fields X and Y. 

P r o o f : We know that for any two vector fields $ 
and Y, the distributions S and T are integrable if and 
only if t[sX,sY] = 0 and s[tX,tY] = 0 respectively. Thus 
in view of (1.6), (1.8), (1.9) and (2.1), the theorem follows. 

T h e o r e m 3.2. The distributions S and T are 
both integrable if and only if 

(3.1) N(X,Y) = s«¥(sX,sY) + Tff(sX,tY) + N(tX,sY) + t.N(tX,tY) 

for any two vector fields X and Y. 
P r o o f . In consequence of (1.3), equation (2.6) can 

be written as 

(3.2) H(X,Y) = s«N(sX,sY) + t^(sX,sY) + U(sX,tY) + 

+ U(tX,sY) + s»U(tX,tY) + t*H(tX,tY). 

Now the result follows by virtue of the equation (3.2) and 
Theorem 3.T. 

T h e o r e m 3.3. If the distribution S is inte-
grable, a necessary and sufficient condition for the almost 
complex structure defined by p j s = Fg on each integral 
manifold of S to be integrable is that, for any two vector 
fields X and Y 

(3.3) N(sX,sY) = 0, 
which is equivalent to 

(3.4) s*N(sX,sY) = 0. 
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P r o o f . Suppose t ha t the d i s t r i b u t i o n S i s i n t e -
g r a b l e , then Bg induces on each i n t e g r a l manifold of S an 
almost complex s t r u c t u r e . The induced s t r u c t u r e i s i n t eg rab l e 
i f f i t s Ni jenhuis t enso r vanishes I d e n t i c a l l y . Thus the t h e -
orem fo l lows . 

D e f i n i t i o n 3 . 1 . We say tha t the F(K,K-2)-
- s t r u c t u r e i s s ^ - p a r t i a l l y i n t eg rab l e i f the d i s t r i b u t i o n 
S i s i n t eg rab le and the almost complex s t r u c t u r e Fg induced 
from F on each i n t e g r a l manifold of S i s a l s o i n t e g r a b l e . 

T h e o r e m 3 . 4 . For anjr two vec tor f i e l d s X and 
Y, a necessary and s u f f i c i e n t condi t ion f o r the F ( K . R e -
s t r u c t u r e t o be Sj^-partially i n t eg rab l e i s t ha t 

(3 .5 ) N(sX,sY) = 0 . 

The proof of the theorem fo l lows from Theorems 3.1 ( i ) 
and 3 . 3 . 

T h e o r e m 3 . 5 . I f the d i s t r i b u t i o n T i s i n t e -
g r a b l e , a necessary and s u f f i c i e n t condi t ion f o r the F(K-2,')-
s t r u c t u r e defined by F|T = FT on each i n t e g r a l manifold of 
T to be i n t eg rab l e i s t h a t , f o r any two vec tor f i e l d s X and 
Y 

(3 .6 ) N(tX,tY) = 0, 

which i s equivalent t o 

(3 .7 ) t . t f ( tX, tY) = 0 . 

The proof fo l lows from the p a t t e r n of the proof of Theorem 
3 . 3 . 

D e f i n i t i o n 3 .2 . We say t h a t the F ( K , K - 2 ^ s t r u c -
tu re i s i m p a r t i a l l y i n t e g r a b l e i f the d i s t r i b u t i o n T i s 
i n t e g r a b l e and the F (K-2) - s t ruc tu re PT induced from F 
on each i n t e g r a l manifold of T i s a l so i n t e g r a b l e . 
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T h e o r e m 3 .6 . For any two vec tor f i e l d s X and 
Y, a necessary and s u f f i c i e n t condi t ion fo r the F(K,K-2)-
s t r u c t u r e to be t ^ - p a r t i a l l y in t eg rab le i s t ha t 

The proof of the theorem fol lows from Theorems 3.1 ( i i ) 
and 3 .5 . 

D é f i n i t i o n 3 .3 . We say t ha t a F(K,K-2)-s t ruc-
tu r e i s p a r t i a l l y in tegrab le i f and only i f i t i s s ^ - p a r t i a l -
ly in t eg rab le and t j j - p a r t i a l l y i n t eg rab le s imul taneously . 

T h e o r e m 3 .7 . For any two vec tor f i e l d s X and 
Y, a necessary and s u f f i c i e n t condi t ion f o r the F ( K , R e -
s t r u c t u r e to be p a r t i a l l y in t eg rab le i s t ha t 

(3 .9) N(X,Y) = N(sX,tY) + U(tX,sY). 

P r o o f . The proof of the theorem fol lows by v i r t u e 
of the equations ( 2 . 6 ) , (3 .5) and ( 3 . 8 ) . 

4. Conditions N(sX.tY) = 0 and N(tX tsY) = 0 
In t h i s s ec t i on , we s h a l l obta in the i n t e g r a b i l i t y condi-

t i o n s of the F(K,K-2)-s t ruc ture by means of the condi t ions 
N(sX,tY) = 0 and N(tX,sY) = 0, when K i s even. 

T h e o r e m 4 .1 . For any vector f i e l d s X and Y, 
the t ensor f i e l d 3(c/ tyF)s vanishes i d e n t i c a l l y i f and only 
i f 

(4 .1) N(sX,tY) = 0 . 

P r o o f . In view of ( 2 . 8 ) , we have 

U(sX,tY) = 0 i f and only i f F(o¿"tYF)sX = U ^ F j s X . 

Thus, i f N(sX,tY) = 0 , we obta in 

(3 .8) K(tX,tY) = 0. 

= ( - l ! 2 F)sX = . . . - ( - 1 ) 2 ' FK"K(c/ 
•n—+v -B 

Cv 0 F)sX = 0 
3r tY 
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In consequence of. ( 1 . 7 ) . That i s , in view of (1 .2 ) , the t e n -
sor f i e l d s(c/^Yi,)3 vanishes Iden t i ca l ly f o r any vector 
f i e l d Y. 

T h e o r e m 4.2 . For any vector f i e l d s X and Y, 
the tensor f i e l d tio/gyFH vanishes iden t i ca l ly i f and only 
i f 

(4.2) N(tX,sY) = 0 . 

P r o o f . In view of (2 .9 ) , we have 

¥(tX,sY) = 0 i f and only i f P(oisyP)tX = U F g Y P) tX. 

Thus, i f H(tX,sY) = 0, we obtain 

1 - 1 1 - 1 
( - 1 ) 2 PK-2(o/3YP)tX = ( - 1 ) 2 PK"3(c/p s yP)tX = . . . = 

K-i K_1 
= ( - 1 ) 2

 yP)tX = ( - 1 ) 2 ( « ^ . 2 Y
F ) t I = ( c 4 Y P H X ' 

in consequence of (1.2) and (1 .7 ) . Hence 

5 -1 
( I - ( -1)2 pK-2)(oi sYP)tX = 0. 

That i s , in view of (1 .2 ) , the tensor f i e l d t(c£gYF)t va-
nishes iden t i ca l ly f o r any vector f i e l d Y. 

When the d i s t r i b u t i o n s S and T are both i n t eg rab l e , 
we can choose a loca l coordinate system such tha t S ' s are 
represented by put t ing (2n-2r) loca l coordinates constant 
and T ' s by put t ing the other (2r-n) coordinates cons tan t . 
We c a l l such a coordinate system an. "adapted coordinate sys -
tem". 

I t can be supposed tha t in an adapted coordinate system, 
the p ro j ec t ion operators s and t have the components of 
the form 
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(4 .3) 
I 2 r - n 0 

2a-2r 

r e spec t ive ly ; where ^ r - n * 3 a m a ' f c r i x order (2r-n) 
and I 2n-2r o f o r d e r (2n -2 r ) . 

Since the d i s t r i b u t i o n s S and T are i n t eg rab l e , PS C 
and FT C T. Therefore the tensor P has the components 
of the form 

F 2r-n 0 

(4 .4) 
P 2n-2r 

in an adapted coordinat e system, where n F2n—2r 
are square matr ices of order (2r-n) * (2r-n) and 
(2n-2r) * (2n-2r) r e spec t ive ly . 

Thus the Lie der iva t ive «^yF has components of the form 

(4.5) </ tYP 

f o r any vector f i e l d tY on T. 
T h e o r e m 4 .3 . Por both d i s t r i b u t i o n s S and T 

being in t eg rab le , a necessary and s u f f i c i e n t condi t ion f o r 
the loca l components F 2r-n o f p ^ » K - 2 ) - s t r u c t u r e to be 
func t ions independent of the coordinates which are constant 
along the i n t e g r a l manifolds of S in an adapted coordinate 
system i s tha t 

(4 .6) U(sX,tY) = 0, 

f o r any two vector f i e l d s X and Y. 
P r o o f . l e t us assume tha t H(sX,tY) = 0 f o r any 

two vector f i e l d s X and Y. Therefore from Theorem 4 .1 , 
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the tensor f i e l d sící^yFjs vanishes iden t i ca l ly f o r any vec-
t o r f i e l d Y. Hence L' = 0. This implies tha t the compo-
nents P 2 r -n o f t h e p ( K » K - 2 ) - s ' t : r u c t t : i r e a r e independent of 
the coordinates which are constant along the In t eg ra l manifolds 
of the d i s t r i b u t i o n S in an adapted coordinate system. 

Conversely, i f the components F 2r -n 
s t r uc tu r e are independent of these coordinates , then L' = 0. 
Therefore the tensor f i e l d siof^yFjs vanishes i den t i c a l l y 
f o r any vector f i e l d Y. Hence N(sX,tY) = 0 f o r any two 
veotor f i e l d s X and Y. 

T h e o r e m - 4 .4 . Por both d i s t r i b u t i o n s S and T 
being in tegrable a necessary and s u f f i c i e n t condit ion f o r the 
loca l components ^2n-2r F(K,K-2)-structure to be 
func t ions independent of the coordinates whicn are constant 
along the in teg ra l manifolds of T in an adapted coordinate 
system i s that 

f o r any two vector f i e l d s X and Y. 
The proof i s s imi la r to the proof of previous theorem. 
D e f i n i t i o n 4 .1 . We say tha t the F(K,K-2)-

s t ruc tu r e i s in tegrab le i f 
( i ) the F(K,K-2)-s t ructure i s p a r t i a l l y in t eg rab le ; 
( i i ) the components P 2 r -n o f t l i e p ( K » K ~2)-s t ruc ture a r e 

independent of the coordinates which are constant along the 
i n t e g r a l manifolds of S in an adapted coordinate system; 

( i i i ) the components P2n-2r o f F(K,K-2)-structure 
are independent of the coordinates which are constant along 
the i n t e g r a l manifolds of T in an adapted coordinate system. 

T h e o r e m 4 .5 . A necessary and s u f f i c i e n t condi-
t ion f o r the F(K,K-2)-structure to be in tegrable i s tha t 

(4.7) K(tX,sY) = 0 

(4.8) H(X,Y) = 0, 

f o r any two vector f i e l d s X and Y 

- 587 -



12 C.P.Awasthl, V.C.Qupt'a 

The proof of the theorem follows from Theorems 3 .7 , 4>3 
and 4 .4 . 
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