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ON GROUPS HAVING THE PROPERTY W

In [1] we investigated subsets defined as follows

(1) Ky = g€ Gio(g) = v},
where G 1is an arbitrary group in multiplicative notation,
o(g) denotes the order of the element g, possibly infinity.

In the note mentioned above the following hypothesis is
put forwerd: the set K_K_ (subset multiplication) is an in-
variant subgroup of the group G. In [1] this hypothesis has
been proved to be true in several particular cases,

P.Hall in [2], th.1, has constructed a locally finite
group C with the following properties

(1) every finlite group can be embedded in C,

(i1) any two isomorphic finite subgroups of C are conju~
gate in C,

(1i1) the elemonts of C of the same order form one class
Bm of elements conjugate in C and SmSm = C for all
m>1,

(iv) the group C contains a continuum of distinct subgroup
isomorphic to an arbitrary given countable locally finite
group and a countable set of subgroups isomorphic to any given
finite group.

Conditlion (1i1) implies that C is a sihple group. PFrom
(ii1) 1t follows that KwKw < C for each w expressing thq
order of an eiement in C. In [2], p.309 P.Hall adds the
following remark: it would be interesting to know whether
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2 E.Ambrosiewicz

there exists a finite simple group with the property .iiij.
He suggests that the existence of such a group is rether
dubious.,

Properties of groups similar to (iil) have been also in-
vestigated by J.L.Brenner, M,Randall and J.Ridell in [6]. In
that paper the sauthors showed that if G 1is a finite simple
group and C- a class of conjugate non-identity elements of C,
then there exists a smallest natural number 3 =9 (C) such
that ¢° = CC...C. The connection between Vv(C) and the
order of elements of C was also investigated. It was shown
that: 1) if n > 6, then in the alternation group there is
no class C consisting of involutinng such that CC = An;
2). if C~-a class in A, consisting of cycles of lenght 3,
then 9(C) = [n/2]). 4lso it is shown that if K 1is an infi-
nite field then|ip the simple group PSL (n,K) there exists a

n2-2
class such that v(C) = >5-7 *

In connectlion with the property 1) let us add that if in
the alternating grcup, Kw denotes the set of all elements
of order w # 1, then for n< 5, KwKw = A, One can check
directly that in the symmetric group S,(n < 5) we have
K'Kw ASn, where K' - the set of all elements of order w
in the group Sn'

S.K.Stein [4] has investigated the decomposition of a
group G (not necessarily simple) into subsets A,B such that
G = AB. This problem was also investigated by A.D.Sandos [5]
and others,

The property (1i1) of th.1 of Hall [2] is related to the
property W +to be considered in this paper.

In the first par% of my paper I will present & proof of
the hypothesis stated above for the case of abelian groups,
finite and infinite., Also examples will be given showing that
there are non-abelian groups finite and infinite without the
property W. The last part of the paper is devoted to descrip-
tion of non-abelian groups for which the hypothesis in ques-
tionlia valid,
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On groups having the property W 3

Definition 1. Let Q denote the set of or-
ders of the elements of &8 group G. We say that the group
has property W 1if for every w,€Q (where w, may be oo)
Kwi Kwi is a subgroup of the group G.

Theorenm 1. If the group G has property W,
then the subgroup KwKw is normal in the group G.

Proof. Let beg K'ng'1. Then b =g a1a2g'1,
where a,,a, €K . This implies b = (ga1g'1)(ga23-1] = 8,d,,
where &8,,8,€K_, because o(§1) = o(ga1g'1) = w, 0(52) =
= o(ga,g~1) = w. Hence beK. K , and gk K. g™' ¢ KK  for
all geG, which means that KwKw is an invariant subgroup
of the group G. This is also a characteristic subgroup, be-
cause 1lsomorphism preserves property W.

Moreover let us observe thati if ge waw’ then g = 8182
where g,,8,€K . Since g'1 = 351 3;1, o(gi) = o(gI1), we
infer that g?,g?1 eKw, l.e. 3'1 KWK'. Hence the proof of
the fact that G has the property W can be reduced to
showing that

(2) ' KK wEoFw € KKy
(the set KK, 18 closed under group operation).

In the proof that abelian groups have property W we
shall use the following theorem,

Theoremnm 2. If groups A1,A2,...,An have pro-
perty W and (o(Ai),o(AJ)) # 1 for 1 # J, then the group
A1xA2x...xAn has property W.

Proof, To gimplify the notation we shall carry out
the proof for n = 2 only, further generalizations is obvious.
If (w,o(A1)) = 1 and w|o(A2). then K c4,, and if
(w,o(Az)) = 1 and on(A1), the thesis follows. If (w,o(A1)) =
=W, £ 1, (W,o(A2)) =W, # 1, w = w.w,, then by assumption
we have

o(a1,b1) = 0(32,b2) —_— 0(81) = o(az),o(b1) = o(bz).
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4 E.Ambrosiewiosz

and further

Ky = [(ai,bi)e A1xA2: a, ¢ Kw1c A1;bie:Kwae Ae}.

By the definition of multiplication in the group A1xA2 we
have

(3) (81’b1)(32’b2)(83’b3)(a4’b4) = (81828384,b1b2b3b4).

By assumption, we have

o 3 81828384 = & 52
81,826Kw1

_3 bybob4b, = BB,
51,b2€Kw2

The element (3) can be written in the form

(8,8,,5,0,) = (8,,8,)(8,,b,),
where (51,51) €K, {(1=1,2). This proves the inclusicn (2).
Analogously one can prove the following theorem.
Theorenm 3. If A1,...,An havs property W and
the orders of the elements of the group Ai are relatively
prime to the orders of all elements of the groups Aj(ifj),
then the group A11A2x...xAn has property W.
Theorem 4. If G 1is an abelian p~group, then G
has property W.
Proof. The operation 1s performable in KwKw it
the following equality holds:

A d eqeps8y = b,
51’32'33’34“{“1 a,beK,
where w = pf, .
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On groups having the property W 5

Suppose that this equality did not hold. Then the product
of every triple among the elements 8118518318, would have
the order less than w, As well, combining elements of the
product 31323334 in pairs we would obtain that the order
of at ieast one pair is less that w. Among others, we would

m m
have o(g152g3) = p 1< w, 0(32g334) = p e < w and o(g,gz)<w

or o(g3g4) < w., Let 0(3132) = pm3 < W,

This implies o((g132)’1) = pm3 and 0(83) =
= o((g1g2)-1g1g283) < max (pm1,pm3) < w, which contradicts
the assumption 0(33) = w, If o(g132) = w, then making use
of the elements 884 and 8,838, We would obtain again a con-
tradiction.

Definition 2, We say that a group G has

property W1 if

Y/ (848085 = 8,8€K v g8,8;5 = 8b,a,beK .
51082'83€Kw

Remark . A group with property W need not possess
property W1. The example is provided by the group C6.

Theoren 5. Every abelian p-group has property W1.

Proof. We consider an element of the form & =

u

848,87, where 849+85,85€ Kw‘ Two cases are possible:

I. aeKw, K

II. ola) =p ' < w = pk(k1 < k).

In the first case the theorem holds, In the second case
a =k(a1a2)a3 and 0(8182) = pk. If we had o(a1a2) =k .
= p 2 < pk, then 0(33)k= oé(a132)'1a) and 0(83)< [pie,p 1],
whereas 0(83) = Pk;> [P 1.P 2]-

Theovrem 6, Every torsion abelian group has pro-

perty W.
Proof. We know that a torsion abelian group G 1is

the direct prcduct of its Sylov subgroups S(pi) (wherc Py
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6 ~ E.Arbrosiewicz

are different primes and the number of subgrcup may te infi-
nity). However, for a fixed w all elements Kw of the
group G belong to one subgroup A = A1xA2x...xAn being
tne product of a finite number of Sylov subgroups correspond-
ing to different primes PqsPosesesPpe The vslidity of the
thesis now follows from Theorem 3.

Theorem Te Every infinite abelian group G has
property W,

Proof, The elements of finite order form a sub-
group G1 of G, which by Theorem 6 has property W. The
remaining elements form one complex K.,. Hence we have to
prove that in K_K. the operation is performable, Let
31,g2,g3,g4e.Ka, and 81828283 = g. To obtain the desired
decomposition of g 1into a product of two elements of infi-
nite order we apply the law of assoclativity to the product
g152g3g4. If this were not possible then we would obtain
0lg,8,8,) = Wy < oo, 0(323334) = W, <co and the order of at
least. one of the pairs 8185 and 8384 would be finite. Let
o(g1g2) = Wy< oo, then o((g152)'1) = W,y and g3-1=
= (g1ge)'1g1g233, which implies o(g3) = o((g1g2) g€18,84) <
< [wq:%,], whereas o(gy) = ee.

The results obtalned so far can be gathered in the follow-
ing theorem.

Theorem 8. Every abelian group has property W,

Now we shall show that there are groups without proper-
ty W. An example of a group G in which KwKw is not a sub-
group of the group G for w £ 1 1is provided by the modular
group of all transformations of the complex plane of the form

[ az+b
T cz+d

where a,b,c,de 2, ad-bc = 1,

It can be shown ([9] p.211), that this group is the Tfree pro-
duct of two finite cyclic groups, one of which has order 2,
the qther has order 3. Also it can be shown ([9] p.209) that
this group is isomorphic to the guotient group of matrices
with integral entries, of order 2, with determinant 1, modulo
its normal divisor
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On groups having the propertly W 7

S A

i.e. PSL(2,Z). We can assume that PSL(2,Z) is generated by

0 -1 1 =1
t = ’ S =
1 0 1 0].
We then have
-1 0 -1 0
2 = [ ' €N, 8’ €N,
0 -1 0 -1

In the group PSL(2,Z) there are cpmplexes K1,K2,K3,K_. We
shall show that K K_ < PSL(2,z) for w = 2,3. In fact, tN,
stszN, tN, stst32t93 NeK but the element which 1is their
product

2'

2

tats tststsztazN

cannot be represented as a product of two elements belonging
to K2. This can be checked by a direct computation on ma-
trices. Namely, we have

-7 =3
tstsztststsztszN = N.
12 5

The element

X 3y
N
Z u
x2+1
oelongs to K2 if and only if 2z = - s U = -x, The

assumption y = O gives the matrices belonging to N.
The matrix equation
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8 E.Ampgpsiewicz

N
X541 r+1 _rJ

leads t0 the alternative of tne following systems of equatiois

r

Q[xr -3 (r2+1)] = n(-7)
((xv-yr) = pr=3)

ﬁ[--§ (x“+1) +

<
—_
o]
N
+
=
| S
n
D
—
N

Q[--% (x“+1) + xr] = 95

L

where ¢ ,96{1,-1}.

Solving each of these equations we obtain the equation
(2v-r)241 = 0, which shows that tne system has no solutions
not only in integers, but also in real numbers,

For the elements of order 3 we have

1 0
tstN sN tstN s\ = { ] N.
-4 1

Taking into account the fact that the elements

x y
NeK
zZ u 3

have the form

N
- %-(x2+x+1) -{x+1)
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On groups having the property W 9

(the supposition y = O 1leads to a contradiction), we can
check as previously that the matrix equation

x y u v 1 0

N N

- NxPuxe1)  =(x+1) - L(uChus1)  ~(u+1) -4 1
¥ v

"
o

has no solution in integers.

There exist finite groups without property W. In fact,

let B = {m,Z}, A = {1,8,82,83 . By fun(B,A) we denote

the set of all functions from B 1into 4, 1i.e.

(1 > ) . 12 102
, : y T3
1 1 a 3 1 a2 4 1 83 ’
1 2 2
T 2) a2 3 .
1 2) 1 2 1 2> 1 2
’ f o} s f..: , f.,¢
9 2 2 83 a3 1" a 1 12 a2 1/,
. 1 2 . 1 2 1 2 1 2
3 R : ’ b G s fop:
3 53 1 14 82 8 15 52 a 16 33 82 .

Let us consider the mapping ¢:B —fun (B,A) defined by the
formula

¢(b) = £2(x) = £(bx), x ¢B.

By means of ¢ every element of the group B induces some auto~-
morphism of the group fun(B,A) and B is isomorphic with

a subgroup of the group of automorphism of fun(B,A). We
build a demi~-direct product B Afun(B,A) with multiplication
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10 E.Ambrosiewicz

b2

£y

(b1fi)(b2fj) = byb, fj.

We shall show that K2K2¢’Blufun(B,A). It is easy to see that
K, = {fj,fg,f12,2f1,2f6,2f9,2f15}

and farther

KK, = {f1,f3,f6,f9,f12,f15,2f1,2f3,2f6,2f9,2f12,2f15,2f8.2f10}

out this is no subgroup 8s it has 14 elements.
Other complexes are the following ones

K1={f1],
K4={f2,f4,f5,f6,f7,f8,f11,f13,f14,f15,f16,2f3,2f8,2f10,2f12,f“ﬁ
K8={2f2,2f4,2f5,2f7,2f11,2f13,2f14,2f16}.

It is eagsy to verify that

KgKg = [f1'f3'f6'f8'f9'f1o'f12'f15}

is an invariant subgroup of the group BAfun (B,A).
Hence we can describe groups in which there is at least
one complex K, (s # 1) such that KK A G,
Now we consider non-abelian groups with property W.
Theorem 94 If G =BAA 1is a semi-direct pro-
duct of groups B and A with the following properties:
(1) the group A has property W,
(2) the grcup B is abelian and has property w1,
(3) o(bja;) = w £ 14>b;, #1, o(lby) =w or b =1, ola;)=w,
then the group G has property W.
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On groups having the property W 11

Proof. In order to preve that the operation is

rerformable in K K., (wf£ 1) we consider the product
¢ ¥¢

of pairs in K_ .

!

b.b,b b,b b
_ 27374 374 4
(4) (b1a1)(b282)(b333)(b4a4) = b1b2b3b4a1 a, ay” a,.

The following cases are possible

a) b,,b,,byb, €K,

B
b) b = 1,b2,b3,b4eKwB.
c) b1 = b2 = 1,b3,b4 eKwB,
d) b1 =b2=b3= 1,b4eKwB,
e) b1 = b2 = b3 = b4 = 1.

Ad a). Since B has property W, there exist B{Bze Ke

such that B

__ b,bib, bib, b bbb, b.,b, b
(4) = b152812 374 a23 4 834 a, = (b11)(b2812 374 823 4 a34 84).

where in view of condition (3) we have

_ _ b,b,b, byb, b
(b11).(b2a12 374 323 4 834 a,) cKwG .

Ad b) From condition (2) it follows that b2b3b4 = 81 €K, , or

= = B
bybsb, = 5.5, (b1,Szeow). This implies

b.b0,b b,b b b.b b

‘4) - b T g 234 3% %4 3°4 %4
(4) = b,b.a, a, ay" a, = (b1a1)(51a2 a3" 8,4,
where in view of condition (3) we have

0,b b
n 374 4 Y
(0182 33 34)€X(WG0
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12 E.Ambrosiewicz

On the other hand

_ _ b,b.b, bbb, b b,b,b, b,e, Db
(4) = b1b1bza12 374 a23 4 534 a4=(511)(52812 374 a23 4834 34),

— _ b,b,b b,b b
where (b11).(b2312 374 g 374 834 a,) €K, on the basis of

2 G
condition (3.

b b-
b b
where (b3813 323 a3) €k on the basis of condition {3).
G b, b
_ 4 4
Ad d) (4)b= {1 a, )1 32)(1 a3)(b4a4) = (1 a1)(b4a2 ay a4)
b

4 4 :
and (b4a2 a, a4)e KwG by condition (3).

Ad e) In this case the validity of the thesis “ollows from
condition 1 and next from condition 3.

In the sequel we shall consider semi-direct products
BAA treating B as the group of automorphism of A4,

In some cases the elements of B exhaust the set of
non~-zero endomorphisms of this group: B = End A- {O}. Since
then all elements of B have lnverses, B\J[O} is a field.,
Hence condition (3) of Theorem 9 can be formulated as follows.,

Let (biai)GLKwG and bi £ 1. We then have

bw-’ bw-2 b
w w i i
(bja, )" = by &y~ 8,7 ...8;" 8 =1,

Consequently, if by # 1 condition (3) can be reduced to the
following

W=l w2
[ +bi +...+bi+1

(5)  at -1, if Bu{o} is a ring

generated by the elements of the group B.
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On groups having the property W 13

w
1-:1
1-

(6) 8 Lo

1t Bu{o} 1s a fleld.

Remark. A condition for the set of automorphisms
of an abelian group to be a field is provided by a theorem
of Schur ([7], p.263).

Corollary 1. Let G = BAA be the semi-direct
product of groups B and A satisfying the following condi-
tions

a) A is an abelian group

b) B is the group of automorphisms of A, has property W1
and upon adjoining O becomes a field. Then the group G has
property W,

Proof. It suffices to show that condition (3) of
Theorem 9 holds. This is guaranteed by the equallty

1-b% 1 -1
5t [ 1%\ (1-by)
ai J = ai J j = (ai) ’

where (1-1:._1)"1 exists in & fleld for by # 1. If by = 1,
the validity of the corhllary results from the assumptions
about the group A.

Corollary 2. The group Aut Z(p) A2(p), where
p 1is a prime such that p-1 is a power of a prime p-1 = p?
(where py=21if p > 2) has property W.

In fact, 2(p) being an abelian group has property W. It
1s known that End Z(p) = Z(p), Aut 2(p) = (End 2(p))”, hence
aut z(p) = z(p)" end Aut z(p)u {0} = 2(p), t.e. Aut Z(p)

18 an abelian p.,-group and consequently has property W1. Sin~
ce Aut Z(p)LJ{01 is a field, it satisfies condition (3) of
Theorem 9.

Corollary 3. The group of a regular polygon
of n angles has property W. In fact, it is known that this
group '8 defined by the relations
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a® = 1, b° =1, ba = a” b,

It i8 easy to show that this group is isomorphic to the se-
mi-direct product A AZ(n), where A consists of two automor-
phisms: identity and x-—--x of the group Z{(n). It is not
'difficult to check that condition 2 holds, the remaining con-
ditions of Theorem 9 are also easlly to verify.

Similarly it can be shown that the group G = (a,b), where
b2 = 1, (ab)2 = 1 has property W.

Corollary 4. A group of order pq (p,q - pri-
me numbers) has property W.

Proof. We may assume that p < gq. Groups of order
pg can be described as follows ([3], p.63):

1) cyclic groups aP% = 1,

2) non-abelian groups defined hy the relations
aP = 1, b9 = 1, ba = ab¥, vP = 1 (mod q), r # 1 (mod q), p|g-1.

In case 1) the validity of the thesis follows from the
fact that G is abelian. In case 2) it is easy to show that G
is a semi-direct product of two groups A (dP = 1) and
B (b9 = 1), The group B is a normal divisor, and A 1s a group
of operators, From Theorem 5 it follows that A has property
W1. H;nce it sufﬁices to show that condition (3) of Theorem 9.
Let a # 1, o(a~) = w. Taking into sccount the relations
describling operations in this group and the fact that Z(q)

is a field we have
i

k
(akbi)w=(ak)w(bi)r(w 1)kﬂ:(w 2)k+...+rk+1=fawk(brkw-1)r 1.
We have clearly r* # 1 (mod q) for k # p. If w 1is the
order of the element a , then kw = sp. By assumption
€1 o (£P)Baq - cq, Ll.e. prh-1 L (69)¢ = 1. Hence
o(akbi) = w, which shows that condition (3) of Theorem 9
holds.

Theorenm 10. The group Aut QAQ has property W.
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Cn groups having the property W 15

Proof . The group Aut QAQ is lsomorphic to the
1 b

group 5 of matrices of the fomm , where be Q, aeQ"
O =a
([(8], p.66). Since

[1 bl n 1 b(1+a+...+a277)
{0 a ) 0 al ,

we see that the only complexes are K 1KoyKese It 18 evident

that K1X1 < G, We have

2'

and

D 0 | A I M [ e

which shows that the set K2K2 is closed under the group
operation.
We have

1 b
K, = [0 J,beQ,aeQ'A(af +1va = 1, b # 04.

a
Then
1 b1 1 b2 1 b3 1 b4 i 1 b
0 a,|[0 a&,]|0 ay110 &,] 10 a,8,848, |,
where b = b,+b,a,+b.a

4*P38,+Dy848,+b 85858,

Since a,ajaqa, # 0, there exist numbers 8,,8,, # t1 such
= a,a,a

that 5152 482 384 and
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[1 b [1 o1 b
0 81828334 0 51 0 52 .

(59

Hence in the set K_K. the operation is also performable,
which ends the proof.

Theoren 1. The non-torsion group has proper-~
ty W.

Prootft,. In this group all elements without identity
have infinite order. Hence there are only two complexes:
K1 and K.. Let g1,32,33,g4e Keo 8and g = 818,838, The
following cases are possible,
a) g =1,
b) o(g) =eo,
Ad a). The desired decomposition of the product is given by
g = (8,8785)84. In fact, g,8,8, =_s;1. hence o(g,g,85) =
= o(g,) =oo.
Ad b Let g = (3132)(3334). It 18 not possible that
o(g132) = 1 s8nd 0(3334) = 1, because then o(g) = 1, Hence
we have

0(3132) = oo, 0(8384) =1 and g = g,8,, OF
0(3132) =1, 0(3334) =co, then g = g3g,
or
c(gy8,) =0, olgyg,) = , then g = (g48,)(838,)

and the theorem holds,

Theorem 12, If G 1is a finlte nilpotent group
and eacn of its Sylov subgroup has property W, then the group
G has property W.

Proof. Making use of the theorem ([3] p.176) stat-
ing that a nilpoisnt group is decomposgable into a direct pro-
duct of its Sylcv subgroups we have

(7) G = Gp m1 x Gp2§12 X oees X Gpncl'n. (d-i €N)0

1

)
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On groups having the property W 17

Since the orders of the subgroups appearing in (7) are pair-
wise prime, the validity of the theorem in question follows
from Theorem 2.

Theorenmn 13. The Hamilton group has property W.

Proof. The Hamilton group GH can be decomposed
into the direct product G1 x G2 x GB’ where G1 - the group
of quaternions, 62 - an abelian group with finite elements
of odd order, G3 - an abelian group with elements of the se-
cond order. For the complex K1 and the complexes of odd order
the property W 1is obvious. GH also has complexes of ele-
ments of the orders 2s and 4s, where 8 1is an odd number
expressing the order of an element in G2. We consider the
question whether the operation is performable in K, K, . Sin-

28 28

ce G1,62,63 are normal divisors in GH and GH is their
direct product, we have

4 4 4
(ke 1hym, ) (kyhom, ) (kghamy ) (k hym, ) = r] ky r? hy r? m,,
where hi are elements of order 8 1in the group G2. Hence

we infer that

4
q] hy = h5h6.
hS'h6€Ks

G,

For the remaining products the following cases are possible:

1) #1 ke, = 1 #1 1, but a%a® = 1 and F] (k,h,m, )
=1, m, = 1, but aa® = 1 an m,) =
)k )™ 1 Ceghymy
= (a2h51)(32h61).

4 4 4 2 ég
2) T] ky =1, q1 m; = mg £ 1, then c1(kih1mi)=(a h5m5X he1),

4 4
2 = 1 = -1 -
3) E1 ky k5 = a“, E] m; = 1 =mmg, where ng is any ele

4
ment of order 2, Hence we have E1(k1h1m1)=(°2h5m5)(1h6m51)’
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18 E.Ambrosiewicz

4 4 4
2 L 2 =
4) ﬁ] ky=kg=a®, ﬁ} mi=mc#1, tnen ﬂ] kjhim )= a hg1.{Thgr)

Hence in all cases we obtain a product of two elements
belonging to K28c GH' The thesis also holds ror comrlexes
of order 4s, because the triple (ki,hi,mi) velongs to the
complex K4s of the group GH as ki is ar element of order
4 and hi is of order s. Since for G1,G2 the property W

holds (for G1 this can be checked direc*ly.), we okttain

4 4 4 4

ﬁ1 (k;hym ) = ﬁ1ki E]hi ﬁWmi = kgkghghemg = (kghgme ) (kghet),
where ks,kee K4G , hs,hbe Ks y B - any element of G3.

1 2
Theorem 14, Groups of order p3 {p-a prime

G

number) have the property Ww.
3

Proof, Groups of order p” can be described as
follows:
1) for p=2
a) the abelian group of order 8,
b) the group of quaternions,
¢) the group of symmetries of a square.
In the cases abtove, the validity of the theorem follows:
a) from the fact that it is abelian, b) bty a direct verifica-

tion, c¢) by Corollary 3 of Theorem Q.

2) for p £ 2
a) the abelian group of order p3,
b) a non-abelian group such that aP = 1, bP - 1,b'1ab = ap+1,

¢) & non-abelian gyoup such that ap=1, bP=1, cp=1, ab=bac,
ca=ac, cb=bc,

In the case a) the theoremzholds since the group is abelian.

Ad b). Let A = {1,&,...,ap -1}, B = {1,b,...,bp'1], G = BA.

G has the following complexes: K1, K., K >+ We have

]
P’ p
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{p-1)k (p-2)k

(bkai)p=bkp\ai)(p+1) +{p+1) +...+(p+1)k+1,

p=-1J)k (p-2)k

. k
5%¥P_1 and a1((p+1) +(p+1) +oeot(p+1)741) 1 —

p2| 1 ((pe1) PV (pu) (P=2), L (pet)Ki),

Making use of liewton s binomial formula, we obtain

(p=1)k (p-2)k, (p=1)k (p-1k-1,

+(p+1) ...+(p+1)k+1=(p +(p=1)kp

(p+1)

..+(p-1)kp+1)+(p(p'g)k+(p-2)kp(p'2)k'1+...+(p-2)kp+1)+ oo

k=1

...+(pk+kp +...+kp+1)+1=W(p)p2+((p-1)kp+(p-2)kp+ cee

J..+kp)+p=w(p)p2+52iig:1252(p-1)+p=W(p)p2+kp2 251 +p=( )‘.

Since 2}p, we have 2|p-1, i.e. p|( >, pzl( )" . Hence
(bkal)e K 2<?=>p*i.
Pg
It is clear that the operation is performable in K K1 .
Let us consider the product

ox ko io ki, ko i, k, i
()" = (> 2a 1)(b % %) 2a )b 4a )
k, 1
of the elements (b Ja J)¢ Kp , such that

G
k i k i
(b 9)P = 1, (a hHp o 1, b 3 4 1, a 41,

Then we have
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4

k, +k,+k k,+k ke
(e _pErtkatiarg Li(peD) 270, (pe1) P Aty (pen) A

kg  k
(1120 1) (0 6,

i k k i
18 9=(b ©1)((p &)%),

k ko i
b 21=(b %a ©)(1(a &)1,

ko i,k L
(b %a 2=(b 21)(1 & °),

k i
where b S,a > are elements of order p, which follows from

the fact that A and B are abelian and b6, a 6 are arbitra-
rily chosen elements of order p.

Since (bkai)eK 2@1),{’1@81(1( o » We see that the

Pg Pa
equality (Kw)4 = (Kw)2 is evident for complexes,

Ad c). Let A = {1,8,...,&9'1}, B={1,b,...,0P7"},

C = {1,0,...,cp' }, G = ABC. G has only two complexes K,

and Kp‘ where (afblcd)e Kp with af ¢ 1, or bl 4 1, or
G

cd ¥ 1. Since Kp Kp = G, it is clear that properiy W
holds. ¢ ¢
Theorem 15, The group of order p= (n >3) de-
-1 -1 r
fined by the relations bP = 1, aP =1, bab ' = a°,

r = pn'2+1, p # 2 hLas property W.

Proof. Let G = 4B, B = {1,b,...,bp'1},

ne=1
A = £1,a....,ap -1}. Let us find the order of the element
(b¥al) € G.

Co(pB-1)k _(pB-2)k k
s 8 i(r +T FeeotI +1) s
k
(bkai)p =bKP 4 _bXP aiW(p)’
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8 ]
Wp)=(pP=241) (P =Tk (pn=2 ) (p-2)k, (a=2 ik 4

s 8
p(n—2)(p -1)k+...+(ps_1)kpn-2+1)+(p(n-2)(p -2)k, |

(n-2)k, n-2 (n-2) (p%-1)k,

..+(ps-2)pn-2k+1)+...+(p eotkp” “+1)+1=p

((pP-1)kpP 24 (p®-2)kp" 2h. . 141 kpPT2)4po-

8
- -2 8 pS.
=W1(p)(pn 2)2+kpn 2p _P—?l +p2.

-

since 2/f'p, i.e. 2*ps, 2 | ps-1, 1< s<n=~1, This implies
s S+1 n-1 n-1-8 i s
wW/W(p),p~ T A W(p), il.e. p T /iW(p)es>p /i<eso0(a”)<p

k. p3 s
md ()P = (bP ) = 1 for every s » 1. Thus the group G
1as the followling complexes

K1,Kp’000,K s,uo.,K

-1
P pn1

there

:1={(1 1)},Kp={(bkai>}e GhO(bk) < p,o(ai) < p,""(bk=1/\ai=1)}

ind all K s with s > 1 38re of the form
P

K g = {(bkai) € Gro(b¥) < p, o(ai)=p3},
P
et (vkal) «x , then we have
p 's k6 k6 -1
i k k i
k 1a 2=(b ©1)(( ©)7"a ?),

i
3 4)=<

i k, 1 k., 1 k
Ta 1)(b %8 2)(b %a 2)(v %a

k ke 1 i, -1
b 21=(b %8 ©)(1(a &) ),

ke & k .
b 28 2=(b 21)(1 s P),
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k i

where b 5,8 > are elements of order p (since B and A are

k i
abelian, and b 6,a 6. are arbitrarily chosen elements of
order p.

1
Let k:‘ai)e K g 8> 1. We thern have
p

k, 1 k., 1 k, 1 k, L
( )™ =(b 'a V)(v %a ?)(b 3a73)(b 424 -

k. +k,+k k,+k k
273774 3774 . 4 .
_ bk1+k2+k3+k4 ai1r +12r +13r +14 )

fl
o
<]
oo}
o

where

k,+k,+k k. +k k
(i1r 2Ty fr 2 4 i, tyr 4 {5
o\a =o(a '), o\a =o{a “), o\a =o(a 7))

\

Since A 1is abelian, we finally obtain
k,+k+k+k, 1. 1 k. +k +k,+k i i
()" = V273450 (b 17723 ﬁ)(1 a ©),

i

i
where ofa 6) 8

5, )

= o(a
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