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ON GROUPS HAVING THE PROPERTY W 

In [1] we Invest igated subsets defined as fo l lows 

(1) K , = [ g e 610(g) = w j , 

where G i s an a rb i t r a ry group in mul t ip l i ca t ive notation, 
o ( g ) denotes the order of the element g , possibly i n f i n i t y . 

In the note mentioned above the fo l lowing hypothesis i s 
put forward: the set KwKw (subset mul t ip l i ca t ion ) is an i n -
var iant subgroup of the group G. In [ 1 ] this hypothesis has 
been proved to be true in several pa r t i cu la r cases. 

P .Ha l l in [ 2 ] , th .1 , has constructed a loca l ly f i n i t e 
group C with the fo l lowing propert ies 

( i ) every f i n i t e group can be embedded in C, 
( i i ) any two isomorphic f i n i t e subgroups of C are con ju -

gate in C, 
( i i i ) the elements of C of the same order form one c lass 

8m of elements conjugate in C and SmSm = C f o r a l l 
m > 1, 

( i v ) the group C contains a continuum of d i s t inct subgroup 
isomorphic to an a rb i t r a ry given countable l oca l l y f i n i t e 
group and a countable set of subgroups isomorphic to any given 
f i n i t e group. 

Condition ( H i ) Implies that C i s a simple group. Prom 
( i i i ) i t f o l l ows that KwKw < C f o r each w expressing the 
order of an element in C. In [ 2 ] , p>309 P.Hal l adds the 
fo l l ow ing remark: i t would be interest ing to know whether 
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2 E.Ambrosiewicz 

there exists a finite simple group with the property ¡.iii;. 
He suggests that the existence of such a group is rather 
dubious. 

Properties of groups similar to (iii) have been also in-
vestigated by J.L.Brenner, M.Randall and J.Ri^ell in [6], In 
that paper the authors showed that if G is a finite simple 
group and C- a class of conjugate non-identity elements of C, 
then there exists a smallest natural number 0 = g (c) such 
that C^ = CC...C. The connection between >HC) and the 
order of elements of C was also investigated. It was shown 
that: 1) if n > 6, then in the alternation group there is 
no class C consisting of involutions sijnh that cc = 
2) if C-a class in A Q consisting of cycles of lenght 3, 
than -J(C) = [n/2]. Also it is shown that if K is an infi-
nite field then Jin the simple group PSL (n,K) there exists a 

2 ? 
class such that <J(C) = • 

In connection with the property 1) let us add that if in 
the alternating group, K w denotes the set of all elements 
of order w / 1, then for n < 5, K

W
K
W = A • One can check 

directly that in the symmetric group SQ(n < 5) we have 
4 s«» where K - the set of all elements of order w W W 0 w 

in the group S Q. 
S.K.Stein [4] has investigated the decomposition of a 

group G (not necessarily simple) into subsets A,B such that 
G = AB. This problem was also investigated by A.D.Sandos [5] 
and others. 

The property (iil) of th.1 of Hall [2] is related to the 
property W to be considered in this paper. 

In the first part of my paper I will present a proof of 
the hypothesis stated above for the case of abelian groups, 
finite and infinite. Also examples will be given showing that 
tbere are non-abelian groups finite and Infinite without the 
property W. The last part of the paper is devoted to descrip-
tion of non-abelian groups for whioh the hypothesis in ques-
tion is valid. 
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Oa groups having the property W 3 

D e f i n i t i o n 1* Let Q denote the set of o r -
ders o f the elements of a group G. Ve say that the group 
has property W i f f o r every w^ e Q (where w^ may be » ) 
K K i s a subgroup of the group G. 

w i W1 
T h e o r e m 1. I f the group G has property W, 

then the subgroup K K i s normal in the group G. 
- 1 - 1 P r o o f . Let b e g K j ^ g Then b = g a ^ g , 

where a ^ a ^ e ^ . This impl ies b = ( g a ^ - 1 ) ( g a 2 g ~ 1 ] - a ^ ' 
where a ^ S g t K ^ , because oCa^ = o(ga. jg~1 ) = w, o ( a 2 ) = 
= o ( ga 2 g -1 ) = w. Hence b c K ^ , and g K ^ g " 1 c KWKW f o r 
a l l g £ G, which means that KWKW i s an invar iant subgroup 
of the group G. This i s a lso a cha rac t e r i s t i c subgroup, be-
cause isomorphism preserves property W. 

Moreover l e t us observe that i f g e K K , then g = g 1 g 5 , 
-1 —1—1 -1 where g 1 » 8 2 £ K w * Since g = g 2 g1 , o i s L ) = o ^ ) , we 

i n f e r that g 2 1 , g ^ 1 € K w , i . e . g~1 KwKw. Hence the proof of 
the f a c t that G has the property W can be reduced to 
showing that 

( the set i s c losed under group ope ra t i on ) . 
In the proof that abe l lan groups have property W we 

sha l l use the f o l l ow ing theorem. 
T h e o r e m 2. I f groups A.|, A , , , . . . , AQ have pro-

perty W and ( o ( A ^ ) , o ( A j ) ) ^ 1 f o r i £ j , then the group 
A 1 x A 2 x . . . x A q has property W. 

P r o o f . To s imp l i f y the notat ion we sha l l carry out 
the proof f o r n = 2 only , fur ther genera l i za t i ons i s obvious. 
I f ( w , o ( A 1 ) ) = 1 and w|o(A 2 ) , then K ^ c A j , and i f 
( w , o ( A 2 ) ) = 1 and w|o(A.j), the thes is f o l l o w s . I f (w ,o (A . j ) ) = 
= w.j / 1, ( w , o ( A 2 ) ) = w2 t 1, w = w1w2, then by assumption 
we have 

oU .pb . j ) = o ( a 2 , b 2 ) — o ( a . , ) = o ( a 2 ) , o ( b 1 ) = o ( b 2 ) , 

- 363 -



4 E.Ambroslewioz 

and farther 

(a 1,b l) € A,XA2I 6 K ^ C A 1 , b l € & 2 

By the definition of multiplication in the group A 1xA 2 we 
have 

(3)- (a 1,b 1)(a 2,b 2)(a 3,b 3)(a 4,b 4) = ( a ^ a - j a ^ b ^ b . ^ ) , 

By assumption, we have 

^ a^a^^a, = a,a. 1 2 3 4 1 2 
S 1 ' § 2 £ K W 1 

3 b1 t o2 b3 b4 = B1 52-

W K w 2 

The element (3) can be written in the foira 

(a-jIg.^Bg) = (a1,B1)(a2,b2), 
where (1=1,2). This proves the Inclusion (2). 

Analogously one can prove the following theorem. 
T h e o r e m 3. If A.,,..., A have property W and 

the orders of the elements of the group A^ are relatively 
prime to the orders of all elements of the groups A^d^J), 
then the group A^xA2x.. .xAQ has property W. 

T h e o r e m 4. If G is an abelian p-group, then G 
has property W. 

P r o o f . The operation is performable in & W K W if 
the following equality holds: 

V 3 6^28384 = ab, 
g1.g2«83»84 € K

W
 a » b e K

w 

where w = p®. 
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On groups having the property W 5 

Suppose that this equality did not hold. Then the product 
of every triple among the elements would have 
the order less than w. As well, combining elements of the 
product i n P a^ r s w e would obtain that the order 
of at least one pair is less that w. Among others, we would 

m.. m? have oig^g-j) = p < w, o(g2g3g4) = p < w and o(g1g2)<w 
or o(g3g4) < w. Let oCg^g) = p™3 < w. 

This implies o((g1g2)_l) = p 3 and o(g^; = 
-1 m1 m, 

= o( (g1g2) g-jgj^) < max (p ,p < w, which contradicts 
the assumption oCg^) = w. If o(g.|g2) = w, then making use 
of the elements g^g^ and ĝ jĝ ĝ  we would obtain again a con-
tradiction. 

D e f i n i t i o n 2. We say that a group G has 
property W1 if 

V (g-,g283 = a.a & K w v g1g2g3 = ab,a,beKw. 
g1182 »S3t 

R e m a r k . A group with property W need not possess 
property W1. The example is provided by the group C^. 

T h e o r e m 5. Every abelian p-group has property W^ 
P r o o f . We consider an element of the form a = 

= 8^283, where a.j .a^a^ € Kw. Two cases are possible: 
I. aeK w, 
II. o(a) = p 1 < w = plc(k1 < k). 
In the first case the theorem holds. In the second case 

a = (a-ja^a^ and o(a.ja2) = p11. If we had oCa.^) = 
k 2 1, A [ fc.l 

= p < p , then 0(83) = o((a1a2;" a) and 0(83) <(_p ,p J, 
k r 

whereas 0(83) = p > [p ,p J. 
T h e o r e m 6. Every torsion abelian group has pro-

perty W. 
P r o o f . We know that a torsion abelian group G is 

the direct product of its Sylov subgroups SCp^J (where p^ 
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6 E. Aflibrosiewi.cz 

are different primes and the number of subgroup may be infi-
nity). However, for a fixed w all elements K w of the 
group G belong to one subgroup A = A^xA^x..,xAn being 
tne product of a finite number of Sylov subgroups correspond-
ing to different primes P1»P2»•••»Pn* T h e validity of the 
thesis now follows from Theorem 3. 

T h e o r e m 7. Every infinite abelian group G has 
property W. 

P r o o f . The elements of finite order form a sub-
group G.j of G, which by Theorem 6 has property W. The 
remaining elements form one complex K,,,. Hence we have to 
prove that in K„K„, the operation is performable. Let 
g-] »S2»g3>g4 e K<*. aQ d g-|g2g2g3

 = g < T o o b t a i n t h e desired 
decomposition of g into a product of two elements of infi-
nite order we apply the law of associativity to the product 
g1g2g3g4* this were not possible then we would obtain 
olg1g2g2) = w^ < oo, o(g2g^g4) = w 2 < oo and the order of at 
least, one of the pairs g^g2 and g3g4 would be finite. Let 
o(g-|g2) = «3< oo, then o((g1g2)"1) = w-j and g^ = 
= (g1g2^"1g1g2S3» which implies o(g3) = o( (g.,g2) ) < 
< [w-pw2]» whereas o(g^) = oo. 

The results obtained so far can be gathered in the follow-
ing theorem. 

T h e o r e m 8. Every abelian group has property W. 
Now we shall show that there are groups without proper-

ty W. An example of a group G in which K
W K W is not a sub-

group of the group G for w ^ 1 is provided by the modular 
group of all transformations of the complex plane of the form 

z' = where a,b,c,de Z, ad-bc = 1. 

It can be shown ([9] p.211J, that this group is the free pro-
duct of two finite cyclic groups, one of which has order 2, 
the qther has order 3. Also it can be shown ([9] p.209 J that 
this group is isomorphic to the quotient group of matrices 
with integral entries, of order 2, with determinant 1, modulo 
its normal divisor 
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On groups having the property W 

J " 1 o ' o " H . 0 1 . 
9 

o - 1 . 

i.e. PSL(2,1). We can assume that PSL(2,Z) is generated by 

We then have 

0 ~1 -1~ 

II , 3 = 
0 1 0 

t 2 = 
-1, 0 
0 - 1 

- 1 0 

0 - 1 
€. N. € N, 8 = 

In the group PSL(2,Z) there are complexes K 1 ,K2,K^ We 
shall s 
sts2N, 
product 

shall show that K K < PSL(2,Z) for w = 2,3. In fact.'tN, 
2 2 sts N, tN, ststs ts-3 N € K 2, but the element which is their 

tats2tststs2t82N 

cannot be represented as a product of two elements belonging 
to K 2. This can be checked by a direct computation on ma-
trices. Namely, we have 

tsts2tststs2ts2N = 
-7 -3 
12 5 

N. 

The element 

•N 

x 2
+1 

oelongs to K 2 if and only if z = - , u = -x. The 
assumption y = 0 gives the matrices belonging to N. 
The matrix equation 

x y 

z u 
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8 E.Anbrosiewicz 1 

"-7 -3" 
N = 

12 5 x 2
+ 1 - X 

r 2
+ 1 

l e a d s t o t he a l t e r n a t i v e of the f o l l o w i n g systems of equa t io i s 

i[xi -Z i r 2 + 1 j ] = q{-7) 

£ ( x v - y r ) = 7' -3) 

( x ' Y l ) + 5 ( r 2 + l ] = 912 

L[ - I U 2 + i ) + x r ] = tj5 

where $ » ? € {"11 -1} • 
So lv ing each of t h e s e equa t i ons we ob ta in t he equa t ion 

( 2 v - r ) +1 = 0 , which shows t h a t t ne system has no s o l u t i o n s 
not only in i n t e g e r s , but a l s o in r e a l numbers. 

For t he e l emen t s of o r d e r 3 we have 

t s t N sN t s t N sN = 
1 0 

-4 1 
N. 

Taking i n t o account t h e f a c t t h a t t h e e lements 

x y 

z u 
N e K. 

have t he form 

1 (x2+X+1) v - U + 1 ) 
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On groups having the property W 9 

(the supposition y = 0 leads to a contradiction), we can 

check as previously that the matrix equation 

x y u v 1 o" 
N N = 

- i(x2+xf1) -(x+1) - ^ ( U 2 + U + 1 ) -(u+1) - 4 1 

has no solution in integers. 
There exist finite groups without property W. In fact, 

let B = {1,,2}, A = (l,a,a2,a3}. By fun(B,A) we denote 
the set of all functions from B into A, i.e. 

Let us consider the mapping cpiB-"-fun (B,A) defined by the 
formula 

tf(b) = fb(x) = f(bx), i ( B. 

By means of (p every element of the group B induces some auto-
morphism of the group fun(B,A) and B is Isomorphic with 
a subgroup of the group of automorphism of fun(B,A). We 
build a demi-direct product B A fun(B,A) with multiplication 
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10 E. Ambrosiewi.cz 

( b 1 f l J í b 2 f J J . b ^ g f ^ f j . 

We sha l l show that KgKg^r B \ f u n ( B , A J . I t i s easy to see that 

K2 = { f ^ , f 9 , f 1 2 , 2 f r 2 f 6 , 2 f 9 , 2 f 1 5 ' 

and fur ther 

K 2 K 2 = • 2 f n 2 f f i > 2 f a » 2 f i 9 i 2 f i i ; i 2 f « > 2 f 1 ' 1 3»- L 6' 9* 12' 15' 1 3 ' 6» 9* 1 2 , ¿ 1 5 , ¿ 8 , ¿ 10 

out t h i s i s no subgroup as i t has 14 elements. 
Other complexes are the fol lowing ones 

zt II 

I ' l l 

-t».
 II [ v 

V I [ 2 f 2 

I t i s easy to v e r i f y that 

K 8 K 8 = ( f 1 , f 3 , f 6 ' f 8 , f 9 , f 1 0 , f 1 2 , f 1 5 } 

i s an invar iant subgroup of the group BAfun (B,A). 
Hence we can descr ibe groups in which there i s at l e a s t 

one complex K_ ( s i 1) such that K_K £ G. 
S 8 S 

Now we consider non-abelian groups with property W. 
T h e o r e m 9 , I f G = BA.A i s a semi-direct pro-

duct of groups B and A with the following p r o p e r t i e s : 
(1) the group A has property W, 
(2) the group B i s abe l i an and has property W^ 
(3) o ( b i a i ) = w / 1 ¿ 1, o t b ^ = w or b i = 1, o ( a i ) = w, 
then the group G has property W. 
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On groups having the p roper ty W 

P r o o f . In order to prove t h a t the o p e r a t i o n i s 
per formable in K K , (w / 1) we cons ide r the product 

G G 
of p a i r s in K 

G 

b0b-.b. b-jb. b . 
(4) ( b i a i ) ( b 2 a 2 ) ( b 3 a 3 ) ( b 4 a 4 ) = b ^ b ^ a ^ •> 4 a ^ 4 a 3

4 a 4 . 

The fo l lowing cases a r e p o s s i b l e 

a) b 1 , b 2 , b 3 , b 4 € K W B , 

b j b = 1 , b 2 , b 3 , b 4 € Kw , 

c) b 1 ^ b 2 = 1 , b 3 , b 4 6 K v 

d) b l = b 2 = b 3 = 1 ,b 4 £K W B > 

e) b 1 = b 2 = b 3 = b4 = 1. 

Ad a ) . Since B has proper ty W, t h e r e e x i s t L L f K I t "R 
such t h a t 

b 0 b , b . b , b . b . b „ b , b . b^b. b . 
(4) = a 2 a 3 a4 = V l 3 4 a 2

3 4 a 3
4 a 4 ) , 

where in view of cond i t i on (3) we have 

_ b 9 b^b. b , b . b . 
( b ^ n i b . a / a 2 a 3 V e K w G • 

Ad b) Prom cond i t i on (2) i t f o l l ows t h a t t>2
b3b4 = b 1 t K w ' o r 

b2b3b4 , = b ^ g ( b l , F 2 6 K w ) . This impl ies B 

B 

;4) = b ^ a . , 2 3 4 a 2
3 4 a 3

4 a 4 = ( b ^ ) ( E ^ 3 4 a 3
4 a , , ; , 

where in view of cond i t i on (3) we have 

o-,b. b. 
( B

1
a 2 3 4 a 3 4 V £ V 
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12 E.Ambrosiewicz 

On the other hand 

(4) = b ^ b ^ 2 3 4 a 2
3 4 a 3

4 a 4 = ( B 11) (l?a * 3 4 a 2
3 4 a3

4 a4), 

_ _ b_b»b. b,b. b. 
where (b11),(b2a1

 J ^ a 2 * a^ a^jeK,^ on the basis of 
condition (3). G 

b, b„ 
Ad c) (4) = (l,a1)(la2)(b3a3)(b4a4) = (038/ a 2

J)(b 4a 4), 
b3 b 3 where ( b ^ ^ a 2 a 3) eK w on the basis of condition (3). 

Ad d) (4) = (1 3 ^ ( 1 a2)(l a 3)(b 4a 4) = (1 a ^ b ^ * a ^ a 4) 
b b4 

and (b4a2 a 3 a 4 ) t K w by condition (3). 
G 

Ad e) In this case the validity of the thesis "ollows from 
condition 1 and next from condition 3. 

In the sequel we shall consider semi-direct products 
B Xk treating B as the group of automorphism of A. 

In some cases the elements of B exhaust the set of 
non-zero endomorphisms of this group: B = End A- (oj. Since 
then all elements of B have Inverses, B u ( o } is a field. 
Hence condition (3) of Theorem 9 can be formulated as follows. 
Let (b.a.)eK and b. ^ 1. We then have 1 1 w Q 1 

bi~ 1 bi" 2 bi (b^a^) = b^ a^ a^ ... a^ a^ = 1. 

Consequently, if b^ £ 1 condition (3) can be reduced to the 
f ollowing 

0. +b. +. .. +b . +1 . 
(5) ai = 1» i f Bo {0 J is a ring 

generated by the elements of the group B. 
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On groups having the property W 13 

if B u { o ] is a field. 
R e m a r k . A condition for the set of automorphisms 

of an abelian group to be a field is provided by a theorem 
of Schur ( [7], p.263). 

C o r o l l a r y 1. Let G = BXA be the semi-direct 
product of groups B and A satisfying the following condi-
tions 

a) A is an abelian group 
b) B is the group of automorphisms of A, has property 

and upon adjoining 0 becomes a field. Then the group G has 
property W. 

P r o o f . It suffices to show that condition (3) of 
Theorem 9 holds. This is guaranteed by the equality 

where (l-bj>~1 exists in a field for bj t 1. If b^ = 1, 
the validity of the* oorhllary results from the assumptions 
about the group A. 

C o r o l l a r y 2. The group Aut Z(p) XZ(p), where 
p is a prime such that p-1 is a power of a prime p-1 = p^ 
(where p1 = 2 if p > 2) has property W. 

In fact, Z(p) being an abelian group has property W. It 
is known that End Z(p) — Z(p), Aut Z(p) = (End Z(p))", hence 
Aut Z(p) — Z(p)* and Aut Z(p)u [o} = Z(p), i.e. Aut Z(p) 
is an abelian p..-group and consequently has property Sin-
ce Aut Z(p)u{o] is a field, it satisfies condition (3) of 
Theorem 9. 

C o r o l l a r y 3. The group of a regular polygon 
of n angles has property W. In fact, it is known that this 
group '.a defined by the relations 

- 373 -



14 E.Ambrosiewicz 

a ° = 1, b 2 = 1, ba = a ^ b . 

I t i s easy t o show t h a t t h i s group i s isomorphic t o the s e -
m i - d i r e c t product AXZ(n) , where A c o n s i s t s of two automor-
phisms: I d e n t i t y and x—»-x of the group Z(n) . I t i s not 

' d i f f i c u l t t o check t h a t cond i t i on 2 ho lds , the remaining con-
d i t i o n s of Theorem 9 a re a l s o e a s i l y t o v e r i f y . 

S imi l a r ly i t can be shown t h a t the group G = ( a , b ) , where p O 
b • 1, (ab) = 1 has proper ty W. 

C o r o l l a r y 4. A group of ord"er pq (p ,q - p r i -
me numbers) has proper ty W. 

P r o o f . We may assume t h a t p < q. Groups of order 
pq can be descr ibed as fo l lows ( [ 3 ] , p . 6 3 ) : 

1) c y c l i c groups a ^ = 1, 
2) non-abe l ian groups def ined by the r e l a t i o n s 

a P = 1, b^ = 1, ba = a b r , r ^ = 1 (mod q ) , r ^ 1 (mod q) , p|q—1. 
In case 1) the v a l i d i t y of the t h e s i s fo l lows from the 

f a c t that G i s a b e l i a n . In case 2) i t i s easy t o show tha t G 
i s a semi -d l reo t product of two groups A ( à p = 1) and 
B (bq = 1 ) . The group B i s a normal d i v i s o r , and A i s a group 
of o p e r a t o r s . From Theorem 5 i t fo l lows tha t A has property 
W.. Hence i t s u f f i c e s to show t h a t cond i t ion (3) of Theorem 9. 

k k 
Let a ¿ 1 , o(a ) = w. Taking i n t o account the r e l a t i o n s 
desc r ib ing ope ra t ions in t h i s group and the f a c t t ha t Z(q) 
i s a f i e l d we have 1 

Jr 1 . .r . i r ( w - 1 ) k
+ r ( w - 2 ) k

+ . . . + r k
+ 1 • w k f b r k w - 1 ^ 

( a k b i J w - l a k ) w ( b i ) = a ( b ) 

We have c l e a r l y r £ 1 (mod q) f o r k ^ p. I f w i s the 
lr 

order of the element a , then kw = sp . By assumption 
r w k - 1 = ( r p ) 8 - 1 = cq, i . e . b r "1 = = 1. Hence 
oia^b*") = w, which shows t h a t cond i t ion (3) of Theorem 9 
h o l d s . 

T h e o r e m 10. The group Aut QXQ has proper ty W. 
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Cn g r o u p s h a v i n g t h e p r o p e r t y W 15 

P r o o f . T h e g r o u p A u t Q X Q i s i s o m o r p h i c t o t h e 
" 1 b~ 

g r o u p 3 o f m a t r i c e s o f t h e f o r m 

( [ 8 ] , p . 6 6 ) . S i n c e 
0 a 

, w h e r e b e Q, a t Q* 

1 b n 1 b ( l + a + . . . + a n " 1 ) 

0 a _0 3 d 
« 

we s e e t h a t t h e o n l y c o m p l e x e s a r e K ^ . K ^ t K ^ . I t i s e v i d e n t 

t h a t K 1 K 1 «£ G. We h a v e 

k 2 = 
1 b 

0 - 1 
, b e Q 

a n d 

1 b 

0 -

1 b 

0 -

1 b 3 
0 - 1 

1 b 

0 -

1 b 1 - b 2 + b 3 

0 - 1 

1 > 4 

0 - 1 

w h i c h s h o w s t h a t t h e s e t K 2 K 2 i s c l o s e d u n d e r t h e g r o u p 

o p e r a t i o n . 

We h a v e 

1 b 

0 a 

T h e n 

, b e Q , a e Q" a ( a / + 1 v a = 1 , b ^ 0 ) 

1 >1 

0 a . 

1 b , 

0 a . 

1 b , 

0 a . 

1 

0 a . 0 a i a 2 a 3 a 4 

w h e r e b =- b ^ + b ^ a ^ + b 2 a ^ a ^ + b ^ a 2 a 3 a ^ . 

S i n c e a ^ a ^ ^ a ^ £ 0 , t h e r e e x i s t n u m b e r s S . | , a 2 , 4 + 1 s u c h 

t h a t = a 1 a 2 a 3 a 4 a n d 
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16 E.Ambrosiewicz • 

"1 b "1 0 ' "1 b 

0 a-|a2a3a4 0 
_ 

0 ff2. 

Hence in the set K̂ K,» the operation la also performable, 
which ends the proof. 

T h e o r e m 11. The non-torsion group has proper-
ty W. 

P r o o f . In this group all elements without identity 
have infinite order. Hence there are only two complexes: 
K 1 and K„. Let g1 ,g2,g3,g4£ K ^ and g = g-jg^g^ The 
following cases are possible, 
aj g = 1, 
b) o(g) =«». 
Ad a). The desired decomposition of the product is given by 
g = I n f a o t' 8182®3 = g4 1' h e Q c e °(61g2

g3) = 

= o(g4) =00. 
Ad b .'Let g = (g.|g2) (g3g4). It is not possible that 
o(g1g2) = 1 and o(g3g4; = 1, because then o(g) = 1. Hence 
we have 

°(g.,g2) =«. o(g3g4) = 1 and g = g1g2, or 

o(g1g2) = 1, o(g3g4) =00, then g = g3g4 

or 
c(g1g2) =<», o(g3g4) = , then g = (g1g2)(g3g4) 

and the theorem holds. 
T h e 0 r e m 12. If G is a finite nilpotent group 

and each of its Sylov subgroup has property W, then the group 
G has property W. 

P r o o f . Making use of the theorem ( [ 3 ] p.176) stat-
ing that a nilpotont group is decomposable into a direct pro-
duct of its SylcT subgroups we have 

( 7 ) G = G o^ x G 3,2 « . . . x G otD • (otj_ £ H). 
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Since the orders of the subgroups appearing in (7) are pair-
wise prime, the validity of the theorem in question follows 
from Theorem 2. 

T h e o r e m 13. The Hamilton group has property W. 
P r o o f . The Hamilton group G^ can be decomposed 

Into the direct product G^ * Gg * G^, where G1 - the group 
of quaternions, G2 - an abelian group with finite elements 
of odd order, G^ - an abelian group with elements of the se-
cond order. For the complex K^ and the complexes of odd order 
the property W is obvious. G^ also has complexes of ele-
ments of the orders 2s and 4s, where s is an odd number 
expressing the order of an element in G2> We consider the 
question whether the operation is performable in 
ce G1tG2,G^ are normal divisors in GH and G^ is their 
direct product, we have 

4 4 4 
(k1h1m1)(k2h2m2)(k3h3m^)(k4h4ln4) = f~l I-! n 

where h^ are elements of order s in the group G2. Hence 
we infer that 

h5' h6 c K
8 (, 

2 

n hi = *5
h6-

For the remaining products the following cases are possible:: 

4 4 4 
1) (~l k. = 1. n m, = 1, but a 2a 2 = 1 and |~1 (k.h.m. ) = 

1 1 1 1 1 1 1 i 

= (a2h51)(a
2h6D, 

4 4 4 
2) n k1 = 1, n m i = m 5 / 1, then r K k ^ n ^ l a ^ X ^ D , 

4 2 4 - 1 3) n = = a i r ~ | m i = 1 a ®5m5 » where m^ is any ele-
^ ^ A ? 1 ment of order 2. Hence we have f") (k^h^m^Jsia h ^ m ^ ) ( ) , 

4 
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18 E. Ambrosiewi.cz 

4 4 4 
4 > n k 1=k 5=a

2, PI mi=m5^1, then fl ^ n ^ )= 1. ( "n^). 

Hence in all cases we obtain a product of two elements 
belonging to T h e t!ies^s a l s o holds for complexes 
of order 4s, because the triple (k^.h^.n^j oelongs to the 
complex of the group G^ as k^ is an element of order 
4 and n^ is of order s. Since for G-|,G2

 t h e property W 
holds (for G1 this can be checked direc4ly :, we obtain 

ri ( k . h ^ ) = rik. g m . = k 5k 6h 5h 6m 5 = (k5h5m5)(k6h61), 

where k^.k^eK^ , h5»hfc)€Kg , m^ - any element of G^. 
G1 G2 

T h e o r e m 14. Groups of order p^ lp-a prime 
number) have the property W. 

3 
P r o o f . Groups of order p can be described as 

follows: 
1) for p=2 

a) the abelian group of order 8, 
b) the group of quaternions, 
c) the group of symmetries of a square. 
In the cases above, the validity of the theorem follows: 
a) from the fact that it is abelian, b) by a direct verifica-
tion, c) by Corollary 3 of Theorem 9-

2) for p / 2 
a) the abelian group of order p^, 2 

b) a non-abelian group such that ,ap = 1, b p = l,b"1ab = a p + 1 , 
c) a non-abelian g*oup such that ap=1, bP=l, cp=1, ab=bac, 

ca=ac, cb=bc. 
In the case a) the theorem holds since the group is abelian. 
Ad b). Let A = (l,a,..,,ap "1}, B = {1,b,...,bp~1}, G = BA. 
G has the following complexes: K.., K , K We have 
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bkP=1 and + . 

p2|i((F + l)(P-l)lC
+(p+D(p-2)lC

+... + (p+1)k
+1). 

Making use of Newton s binomial formula, we obtain 

( P +l) (P- l ) k
+(p +1) (P- 2 ) k

+... + (p+l)lc+1 = (p(P-1Jk
+(P-l)kP

CP-i;,k-1
+. 

..+(p-l)kp+1)+vP
lP"2)k+(P-2)kp(P"2)k"1+...+(p-2)kp+l)+ ... 

...+(pk+kpk-1+...+kp+1)+1=W(p)p2+((p-1)kp+(p-2)kp+ ... 

.<. .+kp)+p=W(p)p2+kP+(|"1 )kP(p-1)+p=W(p)p2+kp2 J^l +p=( 

* 2 * 
Since 2/̂ p, we have 2|p-1, i.e. p|( ) , p Jf{ ) . Hence 
(|bkai)e K • 

PG 
It is clear that the operation is performable in K i K 1 . 

Let us consider the product 
( )""= ( b ^ a ^ K b ^ a ^ M b ^ a ^ M b W 

k i of the elements (b Ja J ) £ K . such that 

PQ 

(b 3)P = 1, (a J)P = l, b J ^ 1, a 3 t 1. 

Then we have 
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». 1 Tft. A fW j 
k1+k2+k3+k4 ln(p+1)

 2 3 4+i 2(p+D
 3 4+13(p+1)

 4+i4 

k,+k. 

( r - b 

1 i=(t 6i)(b 6 ) - i D , 

1 ai5=(bk6l)((Dk6)"1ai5), 

k
5 i6 6,-1 • b '1-0) 'a ) ( 1 (a 

kc 1B kc iR 
b 5a 5=(b 51)(1 a 5), 

kc le 
where b ,a are elements of order p,, which follows from 

k if; 
the fact that A and B are abellan and b 6 f a

 b are arbitra-
rily chosen elements of order p. 

Since (b ka 1)eK p.f 1 a1 e K 2 , we see that the 
dG ' PA 

A 9 
equality (K„) = (Kw) is evident for complexes. 

Ad c). Let A = fl,a ap"1}, B = [l,b,...,bp"1}, 
C = {l,c CP" }, G = ABC. G has only two complexes K 1 

and K , where ( a W j e K with ak t 1, or b 1 / 1, or 
, p PG 

c3 / 1. Since K K = G, it is clear that property W 
P a

 pr, holds. u G 

T h e o r e m 15. The group of order p Q (n > 3) de-
_ _n-1 1 

fined by the relations b p = 1, a p = 1 , bab"' = a , 
n 9 

r = p ~ + 1 f p ^ 2 has property W. 

P r o o f . Let G = AB, B = {1,b,...fb
p'1}, 

f nn-1-il 
A = 1 1 |8|•« i ̂ 8 ̂ f. Let us find the order of the element 
Cbka ) e G. 

( b V ) * =bkP a 
i(r t p 8- 1^ +r

( p S- 2 ) k
+... +r

k
+1) 

: b « p V
W ( p ) , 
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7 < p ) = ( P D - 2 + l ) ( P S - l ) k + ( p D - 2 + 1 ) ( P 3 - 2 ) k + . . . + ( p Q - 2 + l ) k + 1 = 

p ( Q - 2 ) ( p s - D l c + ^ > + ( p 3 _ 1 ) k p n - 2 + 1 ) + ( p ( n . 2 ) ( p s - 2 ) l c . > i > 

. . + ( p 8 - 2 ) P n - 2 k + 1 ) + . . . + ( p ( n - 2 ) k + . . . + k p n - 2 + 1 ) + 1 = p ^ - 2 ) ( P 3 - 1 ) k + . . . 

- ( ( p 8 - l ) k p n - 2 + ( p 8 - 2 ) k p n - ' + . . . + 1 k p f l ^ ) f p s = 

.3 

n - 2 . 

=W1 ( p ) ( p n " 2 ) 2 + k p n - 2 p 3 ^ - ^ l + p 3 . 

i i n c e 2 / f p , i . e . 2 ^ p 3 , 2 | p 8 - 1 , 1 < s < n - 1 . T h i s i m p l i e s 
) 3 / W ( p ) , p s + V W ( p ) , i . e . p n - 1 / i W ( p ) < s = > p n - 1 - 8 / i < = > o ( a i ) < p s 

k n 3 n 8 k 

JOd ( b ) p = ( b p ) = 1 f o r e v e r y s > 1 . Thus t h e g r o u p 0 

l a s t h e f o l l o w i n g c o m p l e x e s 

K 1 » K P " " » K g . « « » . K r 

^ P P 

There 

• K r ( b V ) £ G t i o ( b k ) < p . o i a 1 ) < p , ~ ( b k = 1 A a i = 1 ) 

¡nd a l l K w i t h s > 1 a r e o f t h e f o r m 
P 

( b V ) e G J : o ( b k ) < p , o ( a i ) = p s 

^ t ( b k a 1 ) K , t h e n we h a v e 
P 

a k l a l l ) ( b l £ 2 a i 2 ) ( b l C 3 a i 3 ) ( t j k 4 a l 4 ) 
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k<5 
where b ,a are elements of order p (since B and A are 

k 6 i 6 

abelianj and b ,a - are arbitrarily chosen elements of 
order p. 

Let U ^ a ^ e K , s > 1. V»e then have 
P S 

( ^ ( b V ^ b V ^ b V ^ b V 4 ) = 

k^+k^+k. k, rk. k. 
k.j+kjj+k^+k^ ^ r q+i 2r + i 3 r + i4 

s b Q 

where 

oVa 1 /=o(a 7 J, ola i J.o(a ola J J=o(a ) 

Since A is abelian, we finally obtain 

„ k.+ko+k^+k. ic i c ( k.+k^+k-j+k. ic\ ic 
( ) = b 1 2 3 a a = \b 2 3 4 a 5J ( 1 a 6), 

where o(a 5 ) = o(a ) = p . 
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