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OPERATORS IN MULTI-VALUED LOGIC 

1. Introduction 

In [6] W.Szenajch defined a certain operator P in multi-
valued logic and showed its functional completeness in three-
valued logic. He also constructed a pneumatic technical ele-
ment realizing this operator and using this element he built 
pneumatic logical systems in three-valued logic. 

The aim of this paper is the investigation of the proper-
ties of operators in multi-valued logic, in particular the 
question of their functional completeness. In section 2 we 
recall some criteria for functional completeness of a set of 
functions with arguments and values in a finite set. In sec-
tion 3 we give a general definition of the operator with n 
inputs and p outputs, and we prove that the operator P de-
fined Dy W.Szenajch is functionally complets in multi-valued 
logic (theorem 1). We also define another operator R and we 
show that it is functionally complete in multi-valued logic 
(theorem 2). In section 4 we give a necessary and sufficient 
condition in order that an operator be functionally complete 
in multivalued logic (lemma 1) and we characterize the functio-
nal completeness of an operator with single input (lemma 2). 
Next we prove that the operator R defined in section 3 is 
the simplest one among functionally complete operators in 
k-valued logic (k > 3) in the sense that it depends upon 
a minimal number of variables. 
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2 J.Minkowski 

2. Criteria for the functional cor.pleter.->:;3 of a cc-t 

of functions 
Let A be a It-element set v. I A | = k;. \<e jer.: te cy :•''.'"' 

the set of all n-argurcent functions v. ith arg'.irr.-: r.ts and values 
in A ana let F = U Fin'. Let GcF.. y ['a] we der.cte 

n= 1 
the set o f all those f € ?A which are superposit i c r . s of If u n -

ctions belonging to G. '.Ve say that G is functionally c : r . -

plete in A if [G] = F^. A function g e F A s u c n that 
ft®}] = i s ca-L^ed a Sheffer function or a f u n c t i o n a l l y 

complete function. Let 9 c Am be an m-argument relation 
in A. We say that f ep| n' preserves 9 provided that f o r 

any ri = ((1),...,r i(m)) e y with i = 0,l,,.,,n-1, "e 
have 

( 1 ) ( f (,r0( 1),... ,ra_1 (1)),. .. ,i'i r (m),... ,r (mj 9 . 

There are known characterizations ( [ 2 ] for |A j = 3, 
[4] for |A|>3) of maximal closed subsets of F. , i.e. 
subsets G c Fa such that G = [G] ̂  F^ , but [g,{f}] = F^ 
for every function fi G. Kamely, G is a maximal closed 
subset of F^ if and only if every function g e G preserves 
e relation in A belonging to one of distinguished types of 
relations in A. We will not list all those distinguished ty-
pes of relations, let us mention only that if every function 
he H cF^ preserves a relation belonging to one of the distin-
guished types (e.g. any non-trivial equivalence relation in A,, 
then H is contained in some maximal closed subset G con-
taining this relation and hence [H] C [G] ^ F^, which means 
that H is not functionally complete in A. 

Now let us assume that A is a Post algebra of the follow-
ing form: A = = CO, 1,..., k-1, {o, k-l]), where k Js 2, 
with constants 0,1,...,k-1 and Eoolean centre B = [0,k-l] 
under the operations: 

v1 v v 2 = max (v1,v2) 

v 1A v 0 = min (v1 ,v„). 
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Operators in mul t i -va lued logic 3 

Every element v € can be represen ted in the form 

where C^iv) -

1=0 

0 f o r v A 

k-1 
L J ( ^ (v ) a i , 

a re Boolean c o e f f i c i e n t s in 
k-1 f o r v=i 

the s o - c a l l e d d i s j o i n t r e p r e s e n t a t i o n of an element of a Post 
a lgebra [ 7 l . The a lgebra L. i s c a l l ed the a lgebra of k -va -

f h ) 
lued l o g i c . I t i s known t h a t every f u n c t i o n f e Pi can be 

k represen ted in the form 

kQ-1 
(2) f ( v 1 , . . . ,va) = C ^ ( v ^ a . . . a C j ( » n J A f ( a j , . . . a | ) , 

j=0 a 1 e n 

where a i j , . . . , a ^ with v a r i a b l e j a re a l l n-term sequences 
with elements in Ll{. 

Prom (2) i t f o l l ows t h a t a l l cons tan t f u n c t i o n s , two b i -
nary f u n c t i o n s ( v and a ) and k one argument f u n c t i o n 
C^Cv), where i = 0 , 1 , . . . k - 1 , foi^n a f u n c t i o n a l l y complete 
se t of f u n c t i o n s in L^. Several f u n c t i o n a l l y complete s e t s 
of f u n c t i o n s i n L^ a re known. E.g . J .S iupeck i [5] in 1939 
gave the fo l l owing c r i t e r i o n . Let G c PT and l e t Py 1 ^c G. 

Lk Lk 
Then [G] = P ^ ^ - ^ G con t a in s a t l e a s t one i r r e d u c i b l e 2 - a r g u -
ment f u n c t i o n fchose range equals to L^. Let us r e c a l l t h a t 
an n-argument f u n c t i o n i s said to be i r r e d u c i b l e i f i t e s s e n -
t i a l l y depends upon n - v a r i a b l e s . In [1] a s i m i l a r c r i t e r i o n 
has been proved with the m o d i f i c a t i o n t h a t the s e t G con-
t a i n s any i r r e d u c i b l e n-argument f u n c t i o n . 

3. The o p e r a t o r s P . l a 0 , z . l , zg t v 1 , vg ) and Rl zQ , z 1 , v 1 , v^) 
We say t h a t a f a m i l y i V , I , ~ , , of subse t s of I i j i = 0 , 1 , . . . ,p-1 

the se t V = l £ i s a p a r t i t i o n of V i f V ^ V ^ t 0 f o r 
p-1 

i ^ j and LJ V, = V. Let P denote such a p a r t i t i o n and 
i=o L 
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4 J.Klukowski 

p = |p| the number of elements of this family. Let us define 
a function 0: L^ * L° —"-L^ of p+n variables as follows 

(3) O(zo,...,z v 1 f...,v n; = z L for (v1,...,vn) e V ^ 

.where i=0,1,... ,p-1. 
The pair < P , 0 > is called an operator in the logic L^. 

If the partition P is fixed, we also call the function 
0 (z„,...,z , v.,,.,,») an operator, and we call the va-o p»-i i n 
riables inputs and the variables out-
puts of the operator. An example of an operator with two in-
puts and three outputs was provided by W.Szenajch [6]. Namely, 

(4) V Zn« Z1» Z;>. V1 = 

z„ for v.=v„ o 1 2 
z 1 for v 1 > v 2 

z 2 for v 1 < v 

In this case n=2, and P = [Vj^:V± c L^, 1=0,1,2 

2 ' 

where 

V o • ( ( V 1 ' V 2 

II { ( V 1 ' V 2 

V 2 = f ( V 1 ' V 2 

J2-v k 1 v2 |' 
v 2}, 

v2|. 

In [6] W.Szenajch deals with the synthesis of three va-
lued pneumatical logical elements. Input signals can take on 
three values distinguished by the level of pressure 

0 

1 

2 

0 kG/cm 

2-2,5 kG/cm2 

4-6 kG/cm2. 

Although there are known pneumatic elements realizing the 
functions v , A , and C^(v), i = 0,1,2 in three-valued lo-
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Operators In multi-valued log ic 5 

g i c , by means of which it is possible to express any function 
belonging to PT , i t turned out that l og i ca l systems bui l t 

k 
with the aid of these functions are very complicated. The ope-
rator P^ introduced by W.Szenajch i s more suitable f o r this 
aim. W. Szenajch has proved that this operator is functional ly 
complete f o r k = 3. 

In the de f in i t i on of the operator P^ i t is not essen-
t i a l that input or output signals are k-valued. This fact 
i s not essent ia l when we construct technical elements r e a l i -
zing the operator P^. Namely, i t su f f i c e s to d i f f e r en t i a t e 
the l e v e l s of s ignals so that they correspond to the signals 
0 , 1 , . . . , k - 1 and the technical element corresponding to P^ 
can work in k-valued l o g i c . Hence we can omit the index k 
in the symbol P^ and we may denote i t by P. The question 
of the functional completeness of the operator P in an arb i -
trary log ic is decided in the fol lowing theorem. 

T h e o r e m 1. The operator P ( z Q , z 1 , z 2 , v 1 , v 2 ) is 
funct ional ly complete in L^ f o r any k. 

P r o o f . I t is easy to v e r i f y that 

1 = P ( i , i , i , v 1 , v 2 ) f o r 1 = 0 , 1 , . . . , k-1, 

V1 v v2 = H v 1 , v 1 , v 2 , v . | , v 2 ; , 

V 1 A V 2 = P ( V 1 , V 2 , V 1 , V 2 J , 

C ^ v ) = P( k -1 ,0 ,0 , v , i ) f o r i = 0 , 1 , . . . , k - 1 , 

and hence by (2) we infer that any function belonging to PT k 
can be real ized by means of the operator P. 

From Theorem 1 i t fo l lows that with the aid of the e x i s t -
ing technical elements rea l i z ing the operator P^ we can 
build systems in k-valued log ic f o r k > 3. However, i t 
seems that Szenajch's operator is suitable mostly for 3-valued 
l o g i c . In f a c t , l e t f e and l e t f ( l , J ) = z L i f o r 3 

= 0|1|2. I t is easy to see that 

(5 ) f ( v v v 2 ) = p [ p ( z 1 1 , z 1 2 , z 1 0 , v 2 , 1 ) , p ( z 2 1 , z 2 2 , z 2 0 , v 2 , 1 ) , 

P ( Z 0 1 , Z 0 2 , Z 0 0 , V 2 , 1 ; , V 1 , 1 ] . 
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6 J.Klukowski 

The function f can be expressed by means of the operator P, 
because the comparison of each variable with 1 determines the 
value of the variable. In the case of four-valued logic, this 
method is not valid. Namely, let ge FT where g(i,j) = z*'' 

4 
for i,j=0,1,2,3. It is easy to verify that 

(6) g ( v r v 2 ) = P {p[z11,p(z12,zl3,-fv2,2),z10,v2,l], 

P [p(z21,p(z22,z23,-,v2,2),z20,v2,l;, 

P(z31,P(z32,z33,-,v2,2),z30,v2,ir,-,v1,2], 

p[z°\p(z 0 2,z 0 3,-,v 2,2nz™ v^lj.v^l}. 

In the formula above, the inputs marked with a bar are redu-
dant. The form (6) of a function of two variables is not as 
simple as 15), which is due to the fact that the variables 
in fourvalued logic have to be compared with two elements, say 
the elements 1 and 2, in order to determine their values. This 
justifies a hypothesis that in k-valued logic (k > 3) the ope-
rator P will not be as useful as in three-valued logic. 
Instead we can propose a simpler operator R(zQ,z^,v1,v2) 
defined as follows 

(7) R(z0,z1,v1,v2) = 
z o for V l > v 2 

z 1 for v1 < v2< 

The construction of a technical element realizing this 
operator could be essentially simpler that that of the ele-
ment P (fewer movable parts, only two inputs), but its tech-
nical virtues consisting in comparison of the level of pressu-
re would be the same as previously. 

T h e o r e m 2. The operator R(zQ,z1,v1,v2j is fun-
ctionally complete in L k for any k. 
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Operators in multi-valued logic 7 

P r o o f . It is easy to verify that 

i = R(i,i,v1,v2J for i = 0,1,...,k-1, 

v 1 w 2 = .Hv1 ,v2,v1 ,v2;, 

v 1 A v 2 = Riv 2,v 1,v 1,v 2;, 

C ^ v ) = R( '<-1,0,v , i; a k-1 ,v, i+1) for i=0,1, . .. , k-2, 

C ^ i v ) = RU-1,0,v,k-1), 

which by [2) proves that R is functionally complete in L,. 
Let us observe that tne operator F is a function of fi-

ve variaDles, whereas the operator R is a function of four 
variables. There arises the question, whether there exists an 
operator with the number of variaDles less than 4, which is 
functionally complete in L^ for k > 3. In the next para-
graph it will be shown, that the answer to this question is 
in the negative. 

4. Functional completeness of operators in L, ! iL. 

Functionally complete operators are some particular 
Sheffer's functions. It is known that there are .Sheffer is fun-
ctions of two variables only (e.g. a function of Webb [a], 
defined by f(x Q fx 1j = ((|x v x ^ ®1J (mod k) is a Sheffer 
function in L^), however, technical construction of logical 
systema oy means of the function is rather complicated. In 
various domains of engineering one can apply operators of the 
form Kh) which are more suitable for this aim. Examples of 
such operators are provided by the operators F and R, where 2 
the partitions of the set V = L^ is compatible with techni-
cal properties of pneumatic elements. 

Now we shall five several properties of functionally com-
plete operators in L^. 

L e m m a 1. Every operator < P , 0 > that is functional-
ly complete in L^ must possess at least two outputs, i.e. 
P = |P| > 2. 

P r o o f . Let p = 1. Then the operator has the form 
0 (z .v,,,..,; ) = z for every ( v . , , . . , v T h i s is o i n o i n k 
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8 J.Klukowsk i 

so-called trivial operator. Since 0(0(zQ,v1,...,vn),v1,... ,v ) = 
= zo' 0 ( z o ' v 1 0 ( V V 1 V V = zo' n o i r r e d u c l ~ 
ble function g of two variables belongs to [{0}] . Hence by 
Siupecki's criterion given in Chapter 2 the operator P is 
not functionally complete in L^. 

L e m m a 2. Let < P , 0 > tie an operator with one input« 
Then <P,0> is functionally complete in L^ if and only if 
0 ia a function of k+1 variables, i.e. p = |P | = k. 

P r o o f . If p = |P | = k, then the sets V^ forming 
a partition of L^ are one-element sets. Without loss of ge-
nerality we may assume that = [i] for i = 0,1,...k-1. 
We then have 0(zQ,...,zj£_1,v) = z^ for v = i, where i = 
= O,1,...,k-1. This is the so-called T-gate defined for 
three-valued logic in [ll. We shall denote this operator by T. (1) Any function f £ P-f can be represented in the following 

ir form K 

f(v) = T(f(0),f(1) f(k—1),v). 

The function g e P; ' defined as follows 

Lk 

glv 1 tv 2) = T [T(0,1,...,k-1,v1J,T(l,2t...,k-1,0,v1),...t 

T(k-1,0,...,k-3,k-2,vi;,v2] 
satisfies, as is easy to see, the conditions g(0,v2) = v 2, 
g(v.jiO) = v^, which show that g is irreducible and the set 
of values of g equals L^. By Siupecki's criterion, we infer 
that T is functionally complete in L^. 

Now assume that p = fp| t k, which in view of |L^| = k 
means that p < k. Thus the operator is of the form 
0(zQ,...,Zp_1,v), where p < k. We consider the following 

cases: 
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Operators in mul t i -va lued log ic 9 

1° k = 2. Then p = 1 and by Lemma 1 0 i s not f u n c t i o -
na l ly complete. 

2° k > 3, p = 1. Then by Lemma 1 0 i s not f u n c t i o n a l l y 
complete . 

3° k > 3 and p > 1, i . e . 1 < p < k . 
Then the p a r t i t i o n P = [ v

0 » » • • • »v
p_-| | determines in L^ 

a n o n t r i v i a l equivalence s e l e c t i o n , whose equiva lence 
c l a s s e s are the s e t s V^, where i = 0 , 1 , . . . , p - 1 . Let r^ = 
= ( r i ( l ) , r i ( 2 ) J e q» , where i = 0 , 1 , . . . , p and r p ( D , 
r p ( 2 ) e Vi , with i Q e | o , 1 , . . . , p - 1 1 . Then |we have 

( 0 ( r o ( U r p ( D ) , 0 ( r o ( 2 ) , . . . , r p _ 1 ( 2 ; , r p ( 2 ) ) = 
= ( r , ( 1 ) , r , 12)) € 9 > which proves t h a t 0 p r e s e r v e s the 

0 0 
r e l a t i o n 9 so t h a t i t i s not f u n c t i o n a l l y complete (see 
Chp t .2 ) . Thus the lemma has been proved. 

C o r o l l a r y . The T-gate i s the only opera to r 
with one input which i s f u n c t i o n a l l y complete. 

T h e o r e m 3. For even k > 3 we have 
(a J t h e r e e x i s t s a f u n c t i o n a l l y complete opera to r in L^ 

which i s a f u n c t i o n of four v a r i a b l e s , 
(b) every f u n c t i o n a l l y complete opera to r in L^ i s a f u n c t i o n 

of a t l e a s t fou r v a r i a b l e s . 
P r o o f . (a) The opera tor R ( z Q , z 1 , v 1 , v 2 i being a f u n -

c t i o n of four v a r i a b l e s i s f u n c t i o n a l l y complete in L^ f o r 
every k, in p a r t i c u l a r f o r k > 3. 

lb) Assume t h a t an opera tor i s a func t ion of fewer than 
four v a r i a b l e s . I f i t has one i n p u t , then i t i s not f u n c t i o -
na l ly complete by Lemma 2. I f i t has two inpu t s , then i t i s 
not f u n c t i o n a l l y complete by Lemma 1. 
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