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(Z, Q)-MACHINES AND (Z, Q) -COMPUTATIONS 

I n t r o d u c t i o n 
The n o t i o n s of a (Z,Q)-machine and a (Z,Q)-computable 

f u n c t i o n are in t roduced i n [6 ] , The no t ion of a (Z,Q)-machine 
i s a g e n e r a l i z a t i o n of the no t ions of Pawlak*s machine [ 1 ] , 
of a k-machine [ 2 ] , of a simple cont inuous machine [ 3 , 4 ] and 
of a cont inuous simple Z-machine [5]• I n t h i s paper some 
b a s i c p r o p e r t i e s of (Z,QO-machines and (Z,Q)-computable f u n c -
t i o n s are examined. In the second p a r t dependence of (Z,Q)-
- c o m p u t a b i l i t y upon (Z a ,Q) -computab i l i ty of a f u n c t i o n f , 
f e X^, a 6 TQ, a re i n v e s t i g a t e d . 

1. Basic n o t a t i o n s and d e f i n i t i o n s 
Let & "be the s e t of a l l r e a l numbers, and 31 - the s e t 

of a l l non-negat ive r e a l numbers. Let us denote the s e t of 
a l l non-negat ive i n t e g e r s by iff and the empty s e t by 0. 

Let n be an a r b i t r a r y , but f i x e d , p o s i t i v e i n t e g e r . Ey 
( t , x ) we denote the po in t ( t , X 2 » . . . , x n ) e J l n i f n > 2 , and 

the po in t ( t ) e & i f n = 1. A subset QR of Jin we d e f i n e 

a s f o l l o w s : = j ( t , x ) : t e % +A x e £ n ~ 1 } i f n > 2 and 
^ = 

denotes the s e t j ( t , x ) e 2 Q : ( t - a , x ) e u j f o r any 

a e 3 C and M I f S £ Q^, then by Tg we denote 

t h e s e t j t f c O l + : 3 ( t , x ) e s } f o r n > 2 , and S f o r 
L xeJl11"1 J 

n = 1. 
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2 E.Stankiewicz 

Denote by Q an arbitrary subset of. Q n which satisfies 
the following 
(1) 0 e Tq 
(2) 

(3) Q for any a € 

The set Q which satisfies the following condition 

\ / ftt.x) £ Q (0,x) 6 Q~| 
(t,x)eQn L J 

is called a T^-steady set. We say that the set TQ is closed 
under subtraction if b-a 6 TQ for any afb£ T^ such that 
a < b. 

Let Z be an arbitrary non-empty subset of Q and X 
denotes arbitreiry but fixed non-empty set. By til̂  Q we denote 
a set of all operators such that 0 4 DA^X Z and 'rAsxQ. 
Assign to every mapping f : Z — X , where a e TQ, the 
mapping f : Z —»X such that f (t,x) = f(t+a,x) for any 
(t,x)e Z. We shall use the following notations: f 7 = (f|Z )* 

a 
and f z = fz. 

D e f i n i t i o n 1. An operator M e &„ _ is 
called a n-dimensional (Z,QJ-machine iff 

(4) V RmCJIz = fl 
f e DM L J 

and 

(5) V V kc m]. 
f e EM a e L ^a -I 

The set of all n-dimensional (Z,Q)-machines is denoted 
by Q. If M e Q, then the elements of the set DM 
are called initial functions of the machine M, and the ele-
ments of the set EM - the computations of this machine. 
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(Z,Q)-machines and (Z,Q)-computations 3 

E x a m p l e . Let n = 1. For an arbitrary posit ive 
integer m and a e J t + - we define the following f i n i t e 
sequences { a ^ } , { s ^ j of subsets of 

Ak 

0 for k = 1 

<ka + k a + ^ r ) , for k = 2 , . . . , m m * m ' » * ' 

Bjj. = (ka + k a + - | ) , for k = 1 , . . . , m . 

The family of these subsets s a t i s f i e s the following condition 

V V V jfi+i4 
s^eA^uB^ [L 

V [i+d>m=^(A iuB i)S iS< a(m+1 ) ; + • 

Hence, the set Q defined as follows 

2m 

where 

S k = ^ 

k+1 

Q = j o j u ( J s , w < a(m+1); + , 
1 J k=1 

for k = 21-1 , 1 = 1 , . . . ,m 

an arbitrary f i n i t e subset of the set B̂ . , for k = 21 , 

1 = 1 ,• . . ,m. 

s a t i s f i e s the conditions (1) - (3) . 
Thus, the (Z,Q)-machine we may mean as an abstract model 

of a hybrid machine. 

2. Some properties of n-dimensional (Z,Q)-machine 
At the beginning we shal l quote some resul ts from [6 ] , 
L e m m a 1. [6"] Any machine MeTK^ q i s a bisect ion. 
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4 E.Stankiewicz 

T h e o r e m 2. [6] I f MeT^ then f z e DM and 

M(f z ) = f ^ for any feRM, a 6 Tq. 

L e m m a J. [6] I f M 6 TSfl̂  q, f.heRM, a,b 6 Tq and 
f ^ = h v then f Q & = h % . 

D e f i n i t i o n 2. Let Z be an arbitrary non-
-empty subset of Q. By a diametr of the set Tz in the set 
Tq (in symbols |Z'ij) we mean a number 

|zL = sup t - inf t . 
t e Tz t e Tz 

L e m m a I f M € Ttl̂  ^ and |Z] t=c o£Tq , then 
f A = (Mf„ )n for any f £ RM and for any t e 31+ such 
^ t-u ^ 

that t-ujeT^. 

P r o o f . Observe, that for any t e f t * such that 
t-w e Tq we have t = go + (t-oo) £ T^. Let (tQ fxQ ) be an 
arbitrary point of Q. Since tQ £ T^, then t0+cu£TQ, 
tQ+t € Tq. By Theorem 2 we get 

J q J W = v « ( V u , x o ) = f ( t + t ° ' V = \ ( t o ' x o ) 

proving that (Mf„ )Q = f Q . 
t—co f̂c 

L e m m a 5. I f Q is a T^-steady set, | z | T = cj £ Tq 
and M e Ttl̂  q , then the value f ( t 0 , x ) is uniquely determin-
ed by values of function f within set Z+ for any f e RM u — CO 
and for any point ( tQ ,x )£Q such that tg-ajeT^. 

P r o o f . Let us choose ("bo»^) such that ^ - o j e T q . 

Note that (0,x) e Q and (co,x) e Q. Ey Lemma we obtain 

f ( t , x ) = f Q (0,x) = (M£„ ) q (0,x ) = ( « . )(<o,x) 
^ t -to ĉo XZ. ( l 

O O ^o 

this completes the proof. 
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( Z , Q ) - m a c h i n e s a n d ( Z . Q ) - c o m p u t a t i o n s 

E x a m p l e 2 . L e t n = "1, X = Q={0,1}>- ' < 2 ; + ° < = ) , 

Z = { 0 , 1 } and s e t f ( t ) = t ' f o r a n y t e TQ. A n o p e r a t o r M 

d e f i n e d b y t h e f o r m u l a 

DM = / f 7 : a 6 T 0 | , M ( f „ ) = f Q 

<• a a d f Q a 

i s ( Z , Q ) - m a c h i n e . S i n c e = cu = .1, t h e n f o r t = we 

g e t t - a j = -|-, so t - o j ^ T q . M o r e o v e r f ( - | ) = a n d 

f ^ ^ R f f o r a n y t e TQ, t < 

T h e o r e m 6 . F o r a n y m a c h i n e s M ^ M ^ W z ^ t h e 

f o l l o w i n g c o n d i t i o n s a r e e q u i v a l l e n t 

(6) V FbiL ( f ) = M« ( f )l 
feDUtpDl^ L 1 ^ J 

( 7 ) V [ f = g = > f = g ] . 
f . g e m ^ R M g 1 L * J 

P r o o f . L e t M ^ M g e T f t g ^ and assume C o n d i t i o n ( 6 ) 

i s s a t i s f i e d . L e t f , g £ R M 1 ^ R ^ a n d f z = g z . I f b o t h f 

a n d g b e l o n g t o t h e same s e t RM^ o r R N ^ , t h e y m u s t be 

e q u a l , s i n c e t h e y a r e c o m p u t a t i o n s o f some m a c h i n e . Suppose 

n o w , f e R M ^ - RMg ,and g e RMg - RM^ and f z = g z . T h e n 

g z e DM^ ^ DM2 a n d C o n d i t i o n ( 6 ) i m p l i e s g = f , c o n t r a r y t o 

t h e e q u a l i t y ( R I ^ - R M 1 ) ^ (RM1 - RM 2 ) = 0 . 

F o r t h e c o n v e r s e , l e t ( 7 ) h o l d s f o r H l j j M ^ a n d l e t 

f e D M 1 ^ D M 2 . T h e r e e x i s t g e R l t , a n d h e RMg s u c h t h a t 

g z = f = h z . C o n s e q u e n t l y , b y ( 7 ) , g = h . On t h e o t h e r 

h a n d 

g = M 1 ( g z ) = l t , f = M2 ( h z ) = P ^ f = h 

p r o v i n g ( 6 ) . 
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6 E.Stank iewicz 

By D e f i n i t i o n 4 any Z - i n J e c t i v e f u n c t i o n f € X^ i s 

3 . (Z ̂ - c o m p u t a b l e f u n c t i o n s 
D e f i n i t i o n 3 . [6 ] A f u n c t i o n f e XQ i s s a i d 

t o be (Z,Q)-computable i f f t h e r e e x i s t s M e W ^ such t h a t 
f e EM. 

T h e o r e m 7. [6] A necessary and s u f f i c i e n t condi-
t ion for a function f e X^ to be (Z,Q)-computable i s 

(8) V [ f 7 = f z f0 = f a l 
a,beTQL a Zb' ^a ^bJ 

D e f i n i t i o n A f u n c t i o n f e X^ i s s a i d t o 
be Z - i n j e c t i v e i f f 

L 4 ai 
(Z,Q)-computable . 

D e f i n i t i o n 5. A f u n c t i o n f eX^ i s s a i d t o 
be p e r i o d i c wi th r e s p e c t t o t h e v a r i a b l e t (or s imply : 
a p e r i o d i c f u n c t i o n ) of p e r i o d X , v e T^ - { o } i f f 

(10) V [ f ( t + r , x ) = f ( t ,x )~ | . 
( t , x ) e Q J 

L e m m a 8. For any f e and any a , b eTq such 
t h a t b - a e T Q - { o } t h e f o l l o w i n g c o n d i t i o n s a re e q u i v a l l e n t 

<11> W 
(12) f „ i s a p e r i o d i c f u n c t i o n of p e r i o d b - a . 

^a 
P r o o f . Let f e X^, a , b e T^, such t h a t b - aeTQ-{o} 

and f n = f.~ . Given a p o i n t ( t , x ) 6 Q we have 

f ^ t + b - a . x ) = f ( t + b , x ) = f ^ i t . x ) = . f Q ( t , x ) 
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(Z,Q)-machines and (Z,Q)-computations 7 

proving (12) . Conversely, suppose t h a t a , b eTQ, b - aeTq-{o} 
and f s a t i s f y Condit ion (12) . Then, f o r any ( t , x ) e Q we 
ge t 

f Q ( t , y ) = f ^ ( t + b - a , x ) = f ( t + b , x ) = i ^ t » * ) 

v e r i f y i n g t h a t f Q = • 

C o r o l l a r y 1. I f t he se t Tn i s c losed under 
s u b t r a c t i o n , t hen f o r any f e X^ and a ,b 6T^ , a < b , the 
fo l l owing c o n d i t i o n s are e q u i v a l l e n t 

m ' ) = v 

( 1 2 ' ) f Q i s a p e r i o d i c f u n c t i o n of pe r iod b - a . 

T h e o r e m 9. I f f e X^ i s (Z,Q)-computable, then 
e x a c t l y one of t h e f o l l o w i n g cond i t i ons i s s a t i s f i e d 

(13) f i s Z - i n j e c t i v e 

(14-) t h e r e e x i s t a , j 3 6 TQ, cx < ft , such t h a t 

f Z A
 = fZj3 a n d f o r a n y a , b £ TQ such t h a t b - a e TQ - - [o j , 

f v = f 7 impl ies t h a t f n i s a p e r i o d i c f u n c t i o n of 
a Zb- Sa 

pe r iod b - a . 
The proof i s obvious by D e f i n i t i o n Theorem 7 and 

Lemma 8. 
C o r o l l a r y 2. I f t he s e t T„ i s c losed under 

s u b t r a c t i o n , t hen a f u n c t i o n f e X^ i s (Z,Q)-computable i f f 
e x a c t l y one of the fo l l owing cond i t i ons i s s a t i s f i e d 

( 1 3 ' ) f i s Z - i n j e c t i v e 

(14' ) t h e r e e x i s t oc,jî e T^, oc < fi, such t h a t 

f 7 = f7 and f o r any a , b e Tn such t h a t a < b Ir, = fn Zcx Z J J Q Za Zb 

imp l i e s t h a t f ^ i s a p e r i o d i c f u n c t i o n of per iod b - a . 

T h e o r e m 10. I f I > 2 , then f o r every s e t Z ^ Q 
t h e r e e x i s t s a f u n c t i o n f e X^, which i s not (Z,Q)-computable. 

Q 
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8 E . S t a n k i e w i c z 

P r o o f . S i n c e X > 2 , t h e r e e x i s t y / | , y 2 e X s u c t l 

t h a t y 1 4 V 2 i L e t ( t 0 » x o ^ £ Q ~ Z * I f t o ^ l e t a 

f u n c t i o n f he d e f i n e d a s f o l l o w s 

f ( t , x ) = -

y 1 f o r ( t , x ) e Q - { ( t 0 , x 0 ) , ( 2 t 0 , x 0 ) | 

y 2 f o r ( t , x ) e | ( t Q , x Q ) , ( 2 t Q , x Q ) 

I t c a n he e a s y v e r i f i e d t h a t f „ = f „ . On t h e o t h e r hand 

\ ^ o 

\ ( t o ' x o ) = f = y 2 * y i = f ( 3 t 0 , x 0 ) = f ^ ( t 0 , x 0 ) 
^ 2 t 

and £ n £ £ n , p r o v i n g t h a t f i s n o t ( Z , Q ) - c o m p u t a b l e . 

O 0 
F o r t Q = 0 a f u n c t i o n f i s d e f i n e d b y t h e f o l l o w i n g f o r -

m u l a 

f ( t , x ) = < 

y 1 f o r ( t , x ) = ( 0 , x 0 ) 

y2 for ( t f * ) £ Q - ' { ( O f i 0 ) j . 

L e t a e TQ - { 0 } . T h u s , s i n c e f z = f z and f 4 f ^ , f 

i s n o t ( Z , Q ) - c o m p u t a b l e . 

T h e o r e m 1 1 . . I f X ^ - 2 , t h e n t h e r e e x i s t s a 

f u n c t i o n f e X ^ w h i c h i s n o t ( Z , Q ) - c o m p u t a b l e f o r any s e t 

Z eZ={z s Z = ( 0 ; c o ) x R n - 1 ) ^ Q A W G 

P r o o f . L e t y^ , y 2 € X s u c h t h a t y ^ t y 2 , aeT^-{o} 
and ( a , x 0 ) , ( 0 f x Q ) 6 Q. C o n s i d e r t h e f u n c t i o n 

f ( t , x ) = 
, f o r ( t , x ) = ( r a f x 0 ) kecJY 

y 2 f o r ( t , x ) 6 Q - ^ { ( k 2 a , x Q ) } . 

L e t Z t Z and to s u c h t h a t Z = ( { o ; o ) ) * ) ^ Q . We 

must c h e c k two c a s e s 
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(Z,Q)-machines and (Z,Q)-computations 9 

1) 0 ^ w < a . Then f 7 = f 7 and f ji f f l . Z 2a Q2a 
2) co > a . There e x i s t s a n a t u r a l number n such t h a t 

p P n a < oj < (n+1) a . Then we conclude 

f Z = f Z ?
 a n d f Q ? * f Q 2 ' w h e r e V V 

kga k^a k^a k^a 

I t f o l l o w s , from (1) - (2 ) , t h a t f i s not (Z,Q)-computable. 
L e m m a 12. [6] I f f e X^ i s (Z,Q)-computable, t hen 

f o r every s e t G such t h a t Z e a ^ Q , f i s (G,Q)-computable. 
These l a s t two r e s u l t s have an important c o r o l l a r y 

C o r o l l a r y 3. I f X > 2 , then t h e r e e x i s t s 
a f u n c t i o n f e X ^ which i s not (Z,Q)-computable f o r any 
ZEQ such t h a t |Z|-a,< + ° ° . 

In t he next p a r t we s h a l l give a few r e s u l t s concerning 
dependence of (Z,Q)-computabi l i ty upon (Z a ,Q) -computab i l i ty 
of f u n c t i o n f e r , a e TQ - {o} . 

T h e o r e m 13. I f Tn i s c losed under s u b t r a c t i o n , 
then every (Z,Q)-computable f u n c t i o n of per iod x,t>0, i s 
(Z„,Q)-computable f o r any a e Tn . 

P r o o f . Let f be a (Z,Q)-computable p e r i o d i c f u n c -
t i o n of pe r iod t r f i r > 0 and a e TQ - {o}. There e x i s t s a 
n a t u r a l number k such t h a t k r > a and by assumptions, 
kT - a e T q . Suppose ) = f ( z ) f o r c e j r t a i n " ^ c e T ^ . 

a ' b x a ' c 
, s ince 

i+c 
Let ( t , x ) e Q , then t + k f - a e T Q and we o b t a i n 

This impl ies f Q = f Q , s ince f i s (Z,Q)-computabi^. 

Q 

f „ ( t , x ) = f ( t + b , x ) = f ( t + k r - a + b + a , x ) = 

- = f Q ( t + k r - a , x ) = f Q ( t + k r - a , x ) = f ( t + c , x ) = f Q ( t , x ) . 
^a+b ^a+c ^c 

This completes t he p r o o f , provided t h a t f n = f n . 

I t i s easy t o show t h a t not every .(Z,Q)-computable f u n c -
t i o n i s (Z a ,Q)-computable f o r a C T ^ - j o } . 
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T h e o r e m If f 'eX^ is Z-injective, then it 
i s Z - infective for every a e Tn. 

a H 
The proof is immediate from Definition 4 and Theorem 
Of course, i f f e X^ is Z-injective, then f is 

(Za,Q)-computable for every aeTg . 
T h e o r e m 15. I f Tn is closed under subtraction 

am, j. t A is (Z,Q)-computable and Za~injective for certain 
aeT^, then f is Z-injective. 

P r o o f . Assume that f is Z - in j ec t i ve for certain tX 
a6TQ . Thus f Q is Z-iujective. Suppose that f 7 = f„ 

4 ^ c 
for b,c 6 TQ, b < c . By Corollary 3 f ^ i s a periodic 
function of period c-b. It is impossible, since the formula 

Consequently, f™ 4 f z for b / c. 
D C _ 

E x a m p l e 3. Let n = 1, X > 2, Z = <0;-t) r. Q, 
tr e TQ - { 0 } and Tz - {o} ¡i 0. Le.t y1 ,y2 e X such that 
ŷ l ^ y2- We define a function f as follows 

f ( t ) = 
y1 for u T < t t e l ^ , n e J f - { l } 

y2 for 0 ^ t < 2T v(n + - ^ j - ) i r < t < (n+1 

t e Q» neJV - { l } 

f is Z2r-indective. It is not (Z,Q)-computable, since 
f z = f z r

 a Q d 

This example shows that f may be Z-injective for certain 
a C T ^ - j o } and not (ZtQ)-computable at the same time. 

In the last part we shall give few properties of (Z,Q)-
-computable functions which are generalizations of adequate 
results obtained previously for Z-computable functions [ 5 ] . 

T h e o r e m 16. If f e X^, ( t 0 , x Q ) e Z and X >»£', 
then there exists' a (Z,Q)-computable function g such that 
g ( t , x ) = f ( t , x ) for any ( t , x ) e Q - A/+ _ where 
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( W = { ( t ' x ) e Q 5 x = x o A t e < V 

P r o o f . I t fo l lows, from the def in i t ion of A/̂ . 
1 o* o ; 

that A/+ _ s = T. and A/+ „ Then there 

e x i s t s a subset Y^X such that A/+ % = Y. Consequently, 
v o* o ' 

there e x i s t s an one-to-one mapping h : A/+. \ — Y . Define 
v o» o ; 

a function g as follows 

' f ( t , x ) for ( t , x ) e Q - A ( t x j 

h ( t , x ) for ( t , x ) e A^t j g ( t , x ) = < 

g i s Z- in ject ive , so i t i s (Z,Q)—computable. 
C o r o l l a r y 4. I f f e X ^ and H^-J?, then f o r 

every Z£Q there e x i s t s a (Z,Q)-computable function g , 
whose values d i f f e r from values of f at most in a set 
A/* -y where (t r t ,x ) i s an arbi trary point of Z. 

v o' o ; 

T h e o r e m 17. I f X i s a metric space, ("fc0»x0) £ Z» 
f eX^ i s continuous'on a set A/+ „ > and X ^-oC. then 

^ o ' V 

there e x i s t s a (Z,Q)-computable function g such that 

f ( t , x ) = g ( t , x ) for any ( t , x ) e Q - * 
and 

f ( t , x ) = lim g ( t , u ) for any ( t , x ) e A / + __ . 
( t . u H t . x ) ^ o ' V 

P r o o f . Denote by g - a function defined in the 
proof of Theorem 16. I t i s (^,Q)-computable. Sice f i s con-
tinuous on A/> v then for any ( t , x ) e A / 4 . _ > we have 

^ o » x o ; ( t o , x o j 

f ( t , x ) = lim f ( t , u ) = lim g ( t , u ) 
( t , u ) - ( t , x ) ( t , u M t , x ) 
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12 E.Stankiewicz 

and 

f(t,x) = g(t,x) for (t,x) e Q - A,. v 

C o r o l l a r y 5. If X is a metric space, f eX^ 
is a function continuous on Q, n > 2 and X >0/̂ » then for 
every Z £ Q there exists a (Z,Q)-computable function g 
such that 

lim g(t,u) = f (t,x) for (t,x)eQ. 
(t,u)-Kt,x) 
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