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(Z, Q-MACHINES AND (Z, Q-COMPUTATIONS

Introduction

The notions of a (Z,Q)-machine and a (Z,Q)-computable
function are introduced in [6]. The notion of a (%Z,Q)-machine
is a gensralization of the notions of Pawlak's machine [1],
of a k-machine [2], of a simple continuous machine [3,4] and
of a continuous simple Z-machine [5]. In this paper some
basic properties of (Z,Q)-machines and (Z,Q)-computable func-
tions are examined. In the second part dependence of (Z,Q)-
-computability upon (Zgz,Q)-computability of a function f,
fe XQ, ae€ TQ, are investigated.

1. Basic notations and definitions

Let ‘R be the set of all real numbers, and (R+ - the set
of all non-negative real numbers., Let us denote the set of
all non—negativev integers by dY'o and the empty set by @.

Let n be an arbitrary, but fixed, positive integer. By
(t,x) we denote the point (t,%5,...,% )€ R® if n 22, and

the point (t)eR if n =1. A subset &  of RD we define
as follows: 'Qn = {(t,x): t e R xeRn-’l} if n>2 and
Q,] = RY,

¥, denotes the set {(t,x)e Qn : (t-a,x)e U} for any
a€R" and PA£US Q.. If SESQ, then by Ty we denmote

the set {tefR"’: E (t,x)es} for n»2, and S for
xeR 01
n = 1.
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2 E.Stankiewicz

Denote by Q an arbltrary subset of S?n which satisfies
the following

(1) 0 € Ty
(2) TQ-{O};HZ
(3) QS Q for any a € Tp.

The set Q which satisfies the following condition

V [(t,x) e Q= (0,x) ¢ Q]

(tyx) E.Qn

is called a TQrsteady set. We say that the set TQ 1s closed
under subtraction if b-a € TQ for any a,bé€ TQ such that
a <b.

Let 2 be an arbitrary non-empty subset of Q and X
denotes arbitrary but fixed non-empty set. By JIZ Q we denote
a set of all operators such that @ # DAS X% and RASXQ,
Assign to every mapping £ : /A X, where ace¢ Tq, the
mapping % 1 2 —X such that £%(4,x) = f(t+a,x) for any
(t,x)€e Z. We shall use the following notations: fzazz(flza)*
and on = fZ.

Definitiomn 1. An operator M E‘AZ is

2,

called a n-dimensional (Z,Q)-machine iff

() YV [we)z = 2]

f e DM

and

(5) vV VYV [er RM].
f e RM a.eTQ a

The set of all n-dimensional (Z,Q)-machines is denoted
by WMZ,Q. It Me;WﬁZ’Q, then the elements of the set Dil
are called initial functions of the machine M, and the ele-
rents of the set RM -~ the computations of this machine.
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(2,Q)-machines and (Z,Q)-computations 3

Example. Let n=1. For an arbitrary positive
integer m and aeR¥ - {0} we define the following finite
sequences {Ak}, {Bk} of subsets of R?t.

7 for k

]
-S>

Ak=

<ka +-%} ka +-%?), for kK = 24440

5;; ka +-%), for k¥ = 1,...,m

Bk=(ka+

The family of these subsets satisfies the following condition

\V/ \V/ i+j¢qm=(4; vB;), S 4, .|V
1K1, jsm sJeAjqu {[ J i7 74 85 i+31

Vv [i+;j>m=>(AiuBi)s_5<a(m+’l)i *“)]} .
‘ J

Hence, the set Q defined as follows

2m
Q ={O}U kL=)"l 8 vu<a(mel); +o°),
where

Ak+'l

2

for k =21-1, 1 = 1,4.s,

S, =
k an arbitrary finite subset of the set Bk’ for k=21,
lzq,n'o’m. 2
satisfies the conditions (1) - (3).
Thus, the (Z,Q)-machine we may mean as an abstract model

of a bhybrid machine.

2. Some properties of n-dimensional (Z,Q)-machine

A% the beginning we shall quote some results from [6].

Lemma 1. [6] Any machine IWeng 9 is a bijection.
1]
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4 E.Stankiewicz

Theorem 2, [6] If Me®™, ., then f, € DM and
: Z,Q 4g
M(f =T hif fekR TA
(Za) % or any €RM, a € Q
Lemma 3, [6] If Mem

a = hzb, then an = th.

Definition 2, Let Z be an arbitrary non-
—-empty subset of Q. By a diametr of the set TZ in the set
'.’L‘Q (in symbols IZIT) we mean a number

2,Q f,h € RM, a,beTQ and

.
I

lZ|T=sup t - inf +.
tel, tely

Lemma 4 If MeW, , and |2|p =weTy, then
f. = (MEZ ) for any feRM and for any t € Rt such
Q't t-w Qu

Proof. Observe, that for any t¢ Rt such that
t-weT,. we have t = w+ (t-w)eT.. Let (to,xo) be an
arbitrary point of Q. Since toe ‘I‘Q, then to+w eTq,
t°+t€ Tq. By Theorem 2 we ge%t
(M

(t50x,)) = £ (to+w,x°) = £(t+t,,%,) = £ (to,xo)

Zt-w)Qw Qt—w

proving that (Mfzt_m)Qm = th.

Lemma 5. If Q is a '.'L‘Q-steady set, |Z|T =wE TQ
and Me’m 2,q’ then the value f(t ,X) 1is uniquely determin-
ed by values of function £ withln set Zt w for any fe RM
and for any point (to,x) € Q such that t ~we TQ.

Proof. Let us choose (to,xo) such that to-weTQ’.
Note that (0,x)eQ and (w,x)€ Q. 3By Lemma 4 we obtain

$_,%) = %) = (ME 0,x) =
(%) fQ'to(o x) (Zto-w)Qw( x) (Mfzto_w)(w,x)

vhis completes the proof.
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Example 2, let n=1, X=8" qg={0,1}v<2;+00),
Z = {O,’l} and set f(t) =t for any te TQ: An operator M
defined by the formula

DM ={fza tac TQ}, M(fza) = %o

is (Z,Q)-machine. Since |ZI‘T =w =1, then for t ='-% we
get t-w= %, 50 t—wﬂTQ. Moreover f(g) = % and
f(-g—)g’RfQt for any telg, t < 2.

Theorem 6. For any machines I,;,M,¢€ mZ Q the
following conditions are equivallent ’

(6) feDM\:f:DMz [, (£) = uy ()
(7) f,:mu%[fz =gy =°f =g

Proof. Let M’I’M2€mZ,Q and assume Condition (6)
is satisfied, ILet <£f,g¢€ RM1URM2 and fZ = 8y» If both £
and g Dbelong to the same set RM,| or RMZ’ thgy must be
equal, since they are computations of some machine. Suppose
now, fe RM,] - RM2 and ge RM2 - RM,1 and fZ = 8ge Then
g7 € DM; " DM, and Condition (6) implies g = f, contrary to
the equality (RM2 - RM,l)n (RM,] - RM2) = d.

For the converse, let (7) holds for MM, and let
fe DM1f\ DMQ. There exist geRM; and he RM2 such that
gy = £ = hy. Consequently, by (7), & = h. On the other
hand

g = M,l(gz) = M,lf = M2(hz) = sz = h

proviag (6).
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3. (Z,Q)-computable functions .

Definition 3. [6]A function feX¥ is said
to be (Z,Q)-computable iff there exists MieZNZ’Q such that
£ € RM.

Theorenmn 7. [6] A necessary and sufficient condi=-
tion for a function f€ZXQ to be (Z,Q)-computable is

(8 Vf=f=)f=f
) a,beTQ[ Zg 2y R

Definition 4. A function f£eX2 is said to
be Z-injective iff

(9) \vd [a b =32y £ :L’Zb].

a,beTQ

By Definition 4 any Z-injective function fe€ XQ is
(Z,Q)-computable.

Definition 5. Afunction feX® is said to
be periodic with respect to the variable t (or simply:
a periodic function) of period T, T € Ty - {o} ife

Vo e ]
(10) (t'x)eq[ (b+7,x) = £(t,x)].

Lemma 8, For any fGIXQ and any a,b eTQ such
that b-a.eTQ - {O} the following conditions are equivallent

1 £, =T, ,

(12) £ is a periodic function of period b-a.

QQ
Proof. Let feXV, a,beT. such that b-aeTQ-{O}
and £, =f. . Given a point (t,x)€Q we have
5 Qa Q’b ]

(t+b-a,x) = f£(t+b,x) = be(t,x) =.an(t,x)

o
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proving (12). Conversely, suppose that a,beT,, b-aeTQ—{o}
and f satisfy Condition (12). Then, for any (t,x) € Q we
get

an(t,r) = £, (t+b-a,x) = £(t+b,x) = be(t,x)

%

verifying that an = be.

Corollary 1. If the set T is closed under
subtraction, then for any f € X® and a,_beTq, a < b, the
following conditions are equivallent

(,I']I) an=be)

(12") an is a periodic function of period b-a.

Theorem 9. If fe x® is (z,Q)-computable, then
exactly one of the following conditicns is satisfied

(13) f is Z-injective
(14) there exist o,p € TQ, o <f, such that
2, = fZJ3 and for any a,beTy such that b-aeTg - {o},

b =f implies that £ is a periodic function of
Zy = "2, %

period b-a.

The proof is obvious by Definition 4, Theorem 7 and
Lemma 8.

Corollary 2. If the set T, is closed under
subtraction, then a function fE€ ¥ is %Z,Q)—computable iff
exactly one of the following conditions is satisfied
(13') f is Z-injective
(14") there exist o,f € TQ,O( < f3, such that
fzd = fzﬁ and for any a,b GTQ such that a < b fZa = fzb
implies that an is a periodic function of period b-a.

Theorem 10. If X »2, then for every set Z SQ
there exists a function feXQ, which is not (Z,Q)-computable.
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Proof. Since X >2, there exist J1s7,€ X such
that ¥, £350 let (t yx)eQ-2. If t  #0, leta
function f be defined as follows

y, for (tyx)eQ - {(to,xo),(Zto,xo)}
ft,x) = '
* y, for (tyx)e {(to,xo),(2to,xo)}.

It can be easy verified that fZ = fZ « On the other hand
2%

tO o]

th (to,xo) = £(26,,%)) =y, #74 = f(3t°,xo) = ert (to,xo)
o] (o}

and f, #£f , proving that f 4is not (Z,Q)-computable.
%, et

For to = 0 a function f 1is defined byvthe following for-
mula

y, for (t,x) = (0,x,)
£{t,x) =
’ y, for (t,%x)€Q -‘{(O,xo)}.

Let a€Ty - {0}. mhus, since £, = £, wnd €Ay, f

is not (Z,Q)-computable. .
Theorem 41. JIf X >2, then there exists a
function fe¢ XQ which is not (Z,Q)-computable for any set

Z E'Z:{Z t 72 = (O;w)x:Rn-q)"\Q/\(‘OE:R-F}-

Proof. Let y,,7,€X such that 3, £ 3y, aeTQ-{o}
and (a,xo),(O,xo)GiQ. Consider the function

7, for (t,x) = (ka,x,) kedV

f(t,x) = 2
¥, for (t,x)eq- é?%{(k a,xo)}.

Let ZeX and weR* such that 2 = ({0;)xR®T)nQ. We
must check two cases
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1) O<w<a. Then fzzf and f £ f

Zog Q2a'
2)  »a. There exists a natural number n such that
n°a < w < (¢ )2a. Then we conclude

£ =f and fQ # fQ 5 where k,],k‘2 > L‘yl, k,|;£k2

Zkga Zk%a kga k,la
It follows, from (1) - (2), that f 4is not (Z,Q)-computable.

Lemma 12, [6] If fex? is (z,Q)-computable, then
for every set G such that 2SGSQ, f 1is (G,Q)-computable.
These last two results have an important corollary

Corollary 3 If X »2, then there exists
a function f£e€X® which 1s not (2,Q)-computable for any
Z<=Q such that IZI-,L<+°° .

In the next part we shall give a few results concerning
dependence of (Z,Q)-computability upon (Za,Q)-computability
of function f£€X%, ‘aeTy - {o}.

Theorem 13, If T, is closed under subtraction,
then every (Z,Q)-computable function of period =,t> 0, is
(Za,Q)-computa‘ole for any a€T..

Proof. Let f be a (Z,Q)-computable periodic func-
tion of period T, >0 and ac¢ TQ - {O}. There exists a
natural number k such that kv¥>a and by assumptions,
kT - a€To. Suppose f(za)b = f(za)c for certain b,c eTQ.

This implies £ =T since
Q&+b Q'a+c’ : . :
Let (t,x)eQ, then t+kr-ac¢ 'I‘Q and we obtain

£ is (Z,Q)-computab.i..

(t,x) = £(t+b,x) = f(t+kt-a+b+a,x) =

“ap
- an+b Qa+c

This completes the proof, provided that £

(t+kT-a,x) = £ (t+kt=a,x) = f(t+c,x) = £q (t,x).
c

= f .
% R

It is easy to show that not every U(Z,Q)—computable func-~
tion is (Za,Q)—computable for a eTQ - {O}
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Theorem 14 If £eX¥ is Z-injective, then it
is Za-in:jective for every a€fT..

The proof is immediate from Definition 4 and Theorem 7.

Of course, i1f fe¢ X% 1is Z-injective, thea f is
(Za,Q)-compu't:able for every ac TQ.

Theorem 15. If T, is closed under subtraction
and feX® is (z,Q)-computable and Z,~injective for certain
a€ TQ’ then £ 1s Z-injective.

Proof. Assume that £ 1is 2Z -in.jective for certain
a€ Tq. Thus an is Z~injectlve. Suppose that be f
for b,ce€ TQ, b<c. By Corollary 3 be is a periodic

c

function of period c-b., It is impossible, since the formula.

[f(Q’a)b-a = f%]v[f(%)a_b = an] is true for any b,aeTp.

Consequently, be £ f, for b # c.
. c =
Example 3 Let n=1, X222, Z=<0;%)nQ,

TE TQ - {O} and T, - {0} #@. Let y,,J,€X such that
J1 £ Jo- We define a function f as follows

¥4 for ntt <(n+ :]-’I)'U' telTy, nle—{']}
£(t) =
¥, for 0Lt <2t Vv(n+ )'17 t < (n#+1)7,

teQ n(—:JY‘-{'I}

f is Zy.-injective. It is not (Z,Q)-computable, since
£, = fz'r and f:# fQ'v'

This example shows that f may be Z-injective for certain
ae ‘I‘Q -{O} and not (Z,Q)-computable at the same time.

In the last part we shall give few properties of (2,Q)-
-computable functions which are generalizations of adequate
results obtained previously for Z-computable functions [5].

Theorem 16, If feX, (t sX,) € Z and X >of,
then there exists a (Z,Q)-computable :function g such that
g(t,x) = £(t,x) for any (t,x)eq - A(to’xo), where
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A(to’xo) ={(t,x)eQ P X = X Ate<t 3 + 0o )ATQ}.

Proof. It follows, from the definition of A(t x )*
. oo

and A(to’xo) £’ Then there

that A(t x ) = TA
oo (to,xo)

exists a subset Y<=X such that A(t X)) = Y. Consequently,
‘ o'o

there exlsts an one-to-one mapping h : A(t — Y, Define

o’xo)
a function g as follows

f£(t,x) for (% x)eQ-A(t 'X,)
B(t,X) =<p(4,x) for (4 x)eA(t x,)

g is Z-injective, so it is (Z,Q)-computable.
Corollary 4. If feX% and X>.L then for
every Z<Q there exists a (Z2,Q)-computable function g,
whose values differ from values of f at most in a set
A(to’xo)' where (to,xo) is an arbitrary point of Z.

Theorem 17. If X 1is a metric space, (t49%,) € Z,

feX® is continuous on a set ‘A‘(t and X >l then

o’xo)
there exists a (Z,Q)=computable function g such that

f 't;, = ‘b,‘ f t! - A
(tyx) = g(t,x) for any (t,x)e Q (tge%,)
and
) () ST 4

Proof, Denote by g - a function defined in the
proof of Theorem 16. It is (.,,Q)-computable. Sice f 1is con-

ti then 1
inuous on A(to'xo)’ n for any (t'X)€A<to'xo) we have
£(t,x) = 1lim f(t,u) = lim g(t,u)
(t,u)~(t,x) (tyu)=(t,x)
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12 E.Stanklewicz

and

£(t,x) = g(t,x) for (t,x)eQq - A(to’xo>'

Corollary 5. ‘If X is a metric space, f(iXQ
is a function continuous on Q, n >2 and X >J% then for
every % S Q there exists a (Z,Q)-computable function g
such that

(t,t%ﬁ(t,x)g(t,u) = f(t,x) for (t,x)eq.
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