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ESTIMATION OF THE PARAMETERS OF ANY FINITE MIXTURE
OF GEOMETRIC DISTRIBUTIONS

The estimation of parameters for a mixture of two distri-
butions has been the subject of numerous pepers originated by
the paper of K. Pearson [1] dealing with mixtures of normal
distributions. The method of moments developed in that paper
led to an eguation of ninth degree, similarly as in [2] for a
mixture of two Laplace distributions. An application of the
method of greatest reliability to the estimation of parameters
of a mixture would lead to a very involved computation. The
first paper [3] dealing with estimating of parameters for a
mixture of more than two distributions concerned Bernoulli
distributions and made use of factorial moments. In papers [4]
and [5] the authors have estimated %the parameters of an
arbitrary finite mixture of random variable distributions of
continuous type.

The method of estimation proposed in the present paper is
applied to a mixture of k distributions of discrete {geome-
tric) type. For any k +this method leads to an algebraic
equation of k-th degree with given number coefficients and
to two systems of linear equations: in this way we obtain
estimators for 2k-1 unknown parameters.

We consider a mixture of an arbitrary finite number
k > 2 of geometric distributions

(1) P(¥=3) = (1-py)py, O0<py <1, 1=1,2,...,k, §=0,1,...

and we assume that

(2) Pq < Py < eve <Dy
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2 K.Erélikowska

The distribution of the mixture is defined by the formula

K
{3) P(X=j) = Zs&i(’l-pi)pg, oy > 0, Z xy =1,
i=1 (=1

-

From a population having the distribution (3) we take
a random sample of n elements

(4) Xq9XsgeeeyXy s

where x; = 0515249050 for 1 = 1,2,56.4,40.
On the basis of this sample we wish to estimate the pars—

meters PqsPpsece P and OAg9Opgeee sy g9 i.e. together
k-1
2k-1 parameters as Xy = 1 -i=Z1‘ Ay e
Let m denote factorial moments of order r, r=1,2,..,
of the random variable with distribution (1). These moments

can be expressed by the formulas
S P\
T
(5) m[r] ='Z(;j pi(']_pi) = r!(,l_—pi) ’
J=

where 3LF1 = 3(3-1)(3-2)... (F-r+1).
Lemna 1. Let

Py
() V1=Tﬁ' i =1,2500e,k,

m
r
(7) w, =01,
is the factorial moment of order r for the

Where m
mixture {3% Then the numbers oqjoysescs,a; are a solution of
equations

(8)  OU4if +olghg + eee Folppup = My r=1,2,...,2k.
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\N

Proof. From formulas (5) and (6) we obtain
(9) ﬁ[r] = 1‘!}1‘}:, Ir = 1,2’0'.
Hence the factorial moments m = of the mixture with distri-
bution (3) can be expressed by the formulas
£ T
(10) B = D yripd, D =1,2,...
i=1

Using (7) we show that G100y« g0} 8re a colution of the
system (8). Observe that in view of (2) and (6) the numbers
pi, i=1,...,k, satisfy +the inequality

(11) 0 <phq Py < oo <y

Lenma 2. The numbers Bqslipsesenily are the roots of
the equation

(12) Pk + aqpk'q oo +B apt+ 8 =0

whose coefficients are the only solution of the system of
equations

(13) aly +ap M g+ e el g+ M = 0, 121,20,k

Proof. Let us multiply first k equations of the
system (8) by the coefficients 8118 _qse+-98,, Tespectively,
and add them side by side. We then obtain

k=1 k-1
anq(ak+ak_1y1+...+a1p1 )+}1212(ak+ak_1yz+...a1p2 Y + ees

k=1
ees o (aprag gl ot agiy ) = a e ay M+ ta .

Hence in view of (12) we obtain the first equation of the
system (13)., Further if we delete the first equation from the
system (8) and consider next k eguations, then applying the
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the above procedure we obtain the second equation of the
system (13). Repeating this k-times we obtain the system of
k 1linear equations (13). Hence the coefficients of eguation
(12) satisfy the system (13). We are going to show that the
coefficients of equation (12) are the only solutions of the
system (13). To this aim it suffices to show that the matrix
M of the system (13) is non-singular. We represent the
matrix M as follows

i 1 1T, T o]
MM, ..M HaHoe o oy o4 0 ... Ty« - Wy
22 2 k=1
M’2M3 ceely 4 PHse « o Py Qoy. e oo o o
M= = .
k k k k-1
MkMk+1"'M2k-1J Hakoe « oy 00 ...og Thyee « <My ]
— . — —J L

Since the determinants of the first and third matrix are the
Vandermonde determinants, in view of (11) we infer that the
determinant of M is not zero.

Lemma 3, The coefficients a; of equation (12) are
rational functions of the ordinary moments my (1=1,2,0.4,1),
of the distributions (1).

Proof. From Lemma 2 and Cramer’s formulas it follows
that the coefficients B aeee g8y are -rational functions of
the factorial moments ﬁ[b] of the mixture (3). In view of
(9) and (10) these coefficients can be expressed rationally
by the factorial moments m[i] of (1). It is known that the
factorial moments of order r for (1) are rational functions
of the ordinary moments my (i=1,244..,r) provided they

exist., Namely, we have the following formula
o0
(14) g = Z k(k=1)s.. (k-r+1)py =
k=0
< r, T r, r-1 r r r
=% (Sok Dy + S,]k Dycte "+Sr-1kpk> = Som’l + S,I]"m2+. . .+Sr_,]m,] ’
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Egtimation of the parameters 5

where Sg =1, s¥, (@(i=1,2,...,0-1), are Stirling numbers
of the first kind. Hence we have shown that 81yeee 8, are
rational functions of the ordinar{ moments Jor ).

Lemma 4, If &g (n) cosdy () gre consistent
estimators of the parameters §1,...,§k, then the solutions
of the equation

E(n)xk + E‘(n) k-1, eee + E,gn)x + Eén) =0

are consistent estimators of the solutions of the equation

k-1

Qkxk + 5, 4% *eee v X+t =0,

Proof. Let us assume the following notation

(n)(x) ﬁ(n)xk +E(n) k=1, +§(n)x +€(n)

k-1

w (x) = kak +§k_1x LIRTTIE D P S S

From the hypothesis that (n) , 1=0,1,...,k, that is
n->0 i *e

/\. 1im P(Ig(n) - §1l> 51) =

£>0 n—+oo

and from Slucki?s theorem [6] it follows that for a fixed x
we have

w®) (x) =Esm (x).

Let X, be a root of the polynomial wk(x). Hence we have
(n)(x )—]lo that is

VoA (P )>e ) <y

£>0 \?>O N>On>N
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Now we are going to show that

(a) A A V wlgn)(xrol) = 0, where I= (xo-Gn,x°+ Gn)
nyN- 6n>0 xon)eI

up to sets of measure O. Suppose that (a) does not hold, i.e.

Vo AA wl({n)<xén)> £0.

n>N 6n>0 xén)e I

This implies ,wén)<xén))l # O. However, this contradicts the
continuity of polynomials. Hence (a) holds.
We must prove yet that
xcEn) P

n —=oo

¥o

that is

(b) A A NN p(EP)ox|>e,) <.

£4>0 7,>0 N,>0 wdN,

Suppose that (b) does not hold, i.e.

v V. AV P(Ixén)-xo|>e1) >9q -

£1>O 7,‘>O N,]>O n)N,l-

This means that with some positive probability we have
x(n) - xo| >E:,I for arbitrarily large n. Hence in the se-~

o)
quence of polynomials wk(n)(x) there exists a polynomial

with an arbitrarily large index n which has no zero in some
neighbourhood (xo - &4y X, + 51). Thus we have

P (lwlﬁn)(x) |>8)>?

- 578 -



Estimation of the parameters 7

which contradicts (a). Since x, 1is arbitrary and the poly-
nomials wkn (x) and -wk(x) have at most k zeros, it
follows that if xin , (i=1,2,...,k), are zeros of wén)(x),

(n)

then X3 (i=1,2,...,k), are stochastically convergent to
the zeros x,, (1=1,2,...,k), of the polynomial w, (x). This
ends the proof. :

Theorem< If we take as estimators for the factorial
moments ﬁ[r] of the mixture of distributions (3) the fac-
torial moments of the sample (4) in the form

5 A e A
(15) m[r] = Z Sl'—i mi ’ (i=1 ’2,." ,2k) ’
R LI |
where m; = o %' x;, and
(16) max (xl) > 2k=-1,
' 1€1<n

then we have:
1° ﬁf = 1 'A[r] are consistent and non-based estimators
of the parameters M, defined by formula (7).
A 2° If in place of the coefficients Mr of the system
(13) we take their estimators M then the estimators
81985900098 being the solutlon of the system (13) are

consistent estimators for the parameters aq,az,..., K*

3 The solutions H1’F?""’Pk of the eguation

(17) pk + 31Hk-1 +oees + ﬁk_111+ ﬁk =0

are consistent estimators for the parameters (6).
4° The estimators

A
(18) Py = M, i=1,2,...,k,
1+ Ry

are consistent estimators for the parameters (2).
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5° The system of equations

(19) a3 =R) o (3 -Rig) - - + o q (g -Bi) =

i=1 ’...,k"l,

=
| aad

3 " Pxo

has as solution the counsistent estimators &1,&2;...,&k_1 of
the parameters L CYR RN

Proof. 1° 1In view of (16) there exists exactly one
N A A
solution NH,Mé,...,Mék of the system of equations

A A

M, = é% ﬁgr]. It is known that the estimators ﬁ[r] are
consistent and non-based estimators of the factorial moments
ﬁ[r , of the mixture of distributions (3). By Slucki'’s theorem
we infer that 1° holds.

20 Usihg lemma 3 and the first point of theorem we
obtain 2°.

30 1r ﬁq,ﬁz,...,pk, are the solutions of equation (17),
then from lemma 4 it follows that they are consistent esti~
mators for the parameters (11). Hence we see that in fact we
are solving the equation (17) by an approximate method. We
cannot claim that the obtained solutions are all positive and
distinct but, in view of (11) taking into account that the
estimators are consistent and the sample (4) is taken from
the mixture (3), we see that the event complementary to

(20) O<ﬁ1<ﬁ2 cer <Ry

becomes practically impossible as n-eoo,

4° From 3° and Slucki’s theorem it follows that the esti-
mators ﬁi defined by (18) are consistent estimators for the
parameters (2) and satisfy the inequalities §1<:§2 <oea ¥ ﬁk‘

k-4
5° Making use of Lemma 1 and the condition Uy =-:S oy
i=1
we obtain the system of linear equations (19). The determinant
of this system is, in view of (20), different from zero. Hence

- 580 -



Estimations of the parameters 9

there exists exactly one solution &1’32""’ak-1 of the
system (19), which we take as estimators of the parameters
Ag 9% pese yX s and the parameter Xy is estimated by
k-1
oy = 1 -lz:ai. From 30 and Slucki’s theorem it follows that
=
they areLconsistent estimators of the parameters oY pOspe oo yApe
It may happen that some &i are negative, equal to O or
even greater than 1, but since the sample (4) is taken from
the population with distribution (3), the event complementary

to
[(o< & < 1)n<.k;1&i< 1>]

L=

is for a large sample practically impossible. In this way we
have obtained estimators for the whole group of 2k parame-
ters

DqaPpyece 9Py 0(1 ,0(2,...,o(k

of the mixture of k geometric distributions, where k is
an arbitrary number.
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