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ESTIMATION OF THE PARAMETERS OF ANY FINITE MIXTURE 

The e s t i m a t i o n of p a r a m e t e r s f o r a mix ture of two d i s t r i -
b u t i o n s has "been t h e s u b j e c t of numerous pape r s o r i g i n a t e d by 
t h e paper of K. Pearson ["1] d e a l i n g wi th m i x t u r e s of normal 
d i s t r i b u t i o n s . The method of moments developed i n t h a t paper 
l ed t o an e q u a t i o n of n i n t h d e g r e e , s i m i l a r l y a s i n [ 2 ] f o r a 
mix ture of two Laplace d i s t r i b u t i o n s . An a p p l i c a t i o n of t h e 
method of g r e a t e s t r e l i a b i l i t y t o t h e e s t i m a t i o n of parameters 
of a mix ture would l ead t o a ve ry involved computa t ion . The 
f i r s t paper [ 3 ] d e a l i n g wi th e s t i m a t i n g of pa rame te r s f o r a 
mix ture of more t h a n two d i s t r i b u t i o n s concerned B e r n o u l l i 
d i s t r i b u t i o n s and made use of f a c t o r i a l moments. I n pape r s [4] 
and [5] t h e a u t h o r s have e s t i m a t e d t h e pa r ame te r s of an 
a r b i t r a r y f i n i t e mix ture of random v a r i a b l e d i s t r i b u t i o n s of 
con t inuous t y p e . 

The method of e s t i m a t i o n proposed i n t h e p r e s e n t pape r i s 
a p p l i e d t o a mix ture of k d i s t r i b u t i o n s of d i s c r e t e (geome-
t r i c ) t y p e . For any k t h i s method l e a d s t o an a l g e b r a i c 
e q u a t i o n of k - t h degree wi th g iven number c o e f f i c i e n t s and 
t o two systems of l i n e a r e q u a t i o n s : i n t h i s way we o b t a i n 
e s t i m a t o r s f o r 2k-1 unknown p a r a m e t e r s . 

We c o n s i d e r a mix ture of an a r b i t r a r y f i n i t e number 
k > 2 of geomet r ic d i s t r i b u t i o n s 

OF GEOMETRIC DISTRIBUTIONS 

,..., k , ò = 0 , 1 , . . . 

P 1 < P 2 < < P k • 
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2 K . K r o l i k o w s k a 

The d i s t r i b u t i o n of the mixture i s d e f i n e d by the formula 

k k 
13) P(X=d) = > 0, 2 « i = 1 . 

i=1 i=1 

From a p o p u l a t i o n having the d i s t r i b u t i o n (3) we take 
a random sample of n elements 

(4) X/j »X2» • • • , x Q , 

where x^ = 0 , 1 , 2 , . . . f o r 1 = 1 , 2 , . . . , n . 

On the b a s i s of t h i s sample we wish to e s t i m a t e the p a r a -
meters P/| ,P2»• • • »Pjj. and ot̂  »o^,» • • »ct^^ , i . e . together 

2 k - 1 parameters a s = 1 - ^ 7 oĉ  . 
i=1 

Let m j-̂ -j denote f a c t o r i a l moments of order r , r = 1 , 2 , . . . , 
o f the random v a r i a b l e w i t h d i s t r i b u t i o n ( 1 ) . These moments 
can be expressed by the f o r m u l a s 

(5) 

where jM = j ( 3 - 1 ) ( j - 2 ) . . . ( j - r + 1 ) . 

L e m m a 1 . Let 

(6) ^ = i = 1 , 2 , . . . , k , 

(7) Mp = ' 

where i r 1 i s the f a c t o r i a l moment of order r f o r the 
mixture ( 3 ) . Then the numbers oi1 , a 2 » • o. ,ay. are a s o l u t i o n of 
e q u a t i o n s 

(8) + . . . = Mp, r = 1 , 2 , . . . , 2 k . 
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Estimation of the parameters 

P r o o f . From formulas (5) and (6) we obtain 

(9) rnjyj = rljLiJ , r = 1 , 2 , . . . 

Hence the fac tor i a l moments m j-r-j of the mixture with d i s t r i -
bution (3) can be expressed "by the formulas 

k 
(10) 5 [ r ] = Z ^ ^ ï » r = 1 » 2 , . . . 

i=1 

Using (7) we show that c^ ,«2» • • • >c<k are a solution of the 
system (8). Observe that in view of (2) and (6) the numbers 
Mi» i = 1 , . . . , k , s a t i s f y the inequality 

(11) 0 < p1 < \i2 < . . . < fxk. 

L e m m a 2. The numbers p̂  . ^ t • • »̂Ht a1® "the roots of 
the equation 

(12) p.k + a1fxk"1 + . . . + ak_1p.+ &k = 0 

whose coeff ic ients are the only solution of the system of 
equations 

(13) a ^ + a ^ M ^ + . . . + a ^ ^ , , + M ^ = 0, i=1,2, . . . ,k. 

P r o o f . Let us multiply f i r s t k equations of the 
system (8) by the coeff ic ients a^»8^.-) »• • • »a^ , respectively, 
and add them side by side. We then obtain 

p^a^ (ak+ak_1p1+.. )+jU2c(2(ak+ak_/l|U2+.. .a^fj.1"1 ) + . . . 

••* + ,*kl Jk (ak + ak-lMk+ alMk~1) = a ^ t a ^ M ^ . . ^ ! ^ . 

Hence in view of (12) we obtain the f i r s t equation of the 
system (13). Further i f we delete the f i r s t equation from the 
system (8) and consider next k equations, then applying the 
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4 K. Królikowska 

the above procedure we obtain the second equation of the 
system (13). Repeating th i s k-times we obtain the system of 
k l inear equations (13). Hence the coeff ic ients of equation 
(12) s a t i s f y the system (13). We are going to show that the 
coeff ic ients of equation (12) are the only solutions of the 
system (13). To th i s aim i t suff ices to show that the matrix 
M of the system (13) i s non-singular. We represent the 
matrix M as follows 

M = 

•Mk 

'Mk+1 

V k + V ^ k - I 

^1^2* * * ̂ k 
2 2 

•RÍ 

OĈ  0 

0 ex. 

0 0 

, k-1 1k,- • • h 
k-1 

• 'f*2 

.k-1 
••Kk 

Since the determinants of the f i r s t and third matrix are the 
Vandermonde determinants, in view of (11) we infer that the 
determinant of M i s not zero. 

L e m m a 3. The coeff ic ients a^ of equation (12) are 
rat ional functions of the ordinary moments m̂  ( i = 1 , 2 , . . . , r ) , 
of the distr ibutions (1). 

P r o o f . From Lemma 2 and Cramer's formulas i t follows 
that the coeff ic ients a , j , . . . , a k are rat ional functions of 
the f ac tor i a l moments mixture (3). In view of 
(9) and (10) these coeff ic ients can be expressed rat ional ly 
by the f ac to r i a l moments mjY] (1)• ^ i s known that the 
f ac tor i a l moments of order 
of the ordinary moments m̂  
ex i s t . Namely, we have the following formula 

(14) 

r for (1) are rat ional functions 
( i = 1 , 2 , . . . , r ) provided they 

m = £ k(k-1) . . . (k-r+1)pk 

k=0 

>Z 
k=Q 

s y P k + s ik ^k r - 1pk+.. .+sj_1kpk J = sjm,,+ S^m2+...+S^_1m1 , 
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Estimation of the parameters 5 

where = 1 , S*, ( i = 1 , 2 , . . . , r - 1 ) , are S t i r l i n g numbers 
of the f i r s t kind. Hence we have shown tha t a ^ , . . . t a j £ are 
r a t i o n a l func t ions of the ordinary moments f o r (1). 

L e m m a If . . are consis tent 
es t imators of the parameters then the so lu t ions 
of the equation 

^ • • - • • t<»> - 0 

are cons is ten t es t imators of the so lu t ions of the equation 

+ + + + ^o = 

P r o o f . Let us assume the following no ta t ion 

* £ » ( * ) = + + . . . + | ( » ) x 

wk(x) = + ^ x * " 1 + . . . + ^ x + 

From the hypothesis t ha t ^ i*^ i = 0 » 1 . . . . , k , t h a t i s 

and from S l u c k i ' s theorem [6] i t fo l lows t h a t f o r a f i xed x 
we have 

Let xQ be a root of the polynomial w^Cx). Hence we have 

w£ n ) (x 0 ) t h a t i s 

A A V A p ( L £ n ) ( 0 | > e ) < V . 

£>0 y>0 N > 0 n >N V  K  0  ! ' ' 
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K.Krolikowska 

Now we are going to show that 

(a) A A V w£n>(x£) = 0, where I = + <SQ) 
n>N Sn>0 x^el 

up to sets of measure 0. Suppose that (a) does not hold, i.e. 

V A A 
n > N i >0 z i H l V ' 

i 0. However, this contradicts the This implies 
continuity of polynomials. Hence (a) holds. 

We must prove yet that 

4 n ) 
o o n -*00 

that is 

(b) A A V A 

e ^ O y ^ O N ^ O n>N>, 0 

Suppose that (b) does not hold, i.e. 

> £ i ) <V1 

V V A V P/| 
^>0 ^ > 0 N ^ O n»^- V' O 0 > > 71 

This means that with some positive probability we have 
- xQ j > E-̂j for arbitrarily large n. Hence in the se-

quence of polynomials there exists a polynomial 

with an arbitrarily large index n which has no zero in some 

neighbourhood (xQ - xQ + e^). Thus we have 

p(|w^n)(x)|>&)>7 
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Est imat ion of t h e parameters 7 

which c o n t r a d i c t s ( a ) . Since xQ i s a r b i t r a r y and the p o l y -
nomials w^.a^(x) and w^Cx) have a t most k ze ros , i t 
f o l l ows t h a t i f ( i = 1 f 2 , . . . , k ) , are zeros of 

t h e n ( i = 1 , 2 , . . . , k ) , a re s t o c h a s t i c a l l y convergent t o 
the zeros x^ , ( i = 1 , 2 , . . . ,k)i, of the polynomial w^Cx). This 
ends the p roo f . 

T h e o r e m . I f we t ake as e s t i m a t o r s f o r the f a c t o r i a l 
moments o f "biie mixture of d i s t r i b u t i o n s (3) the f a c -
t o r i a l moments of t he sample (4) i n the form 

0 5 ) S [ r - | = £ s j ^ , (1=1,2 2k) , 
i=1 

where m^ = — £ x^ , and 
1=1 

(16) max ( x , ) > 2k-1 , 
1<I<n 1 

t hen we have: 
0 ^ 1 — ^ ^ r = rT m [ r ] a r e c o n s i s ' t e Q ' t an (3 non-based e s t i m a t o r s 

of the parameters Mj, de f ined by formula (7) . 
2° I f in p l ace of the c o e f f i c i e n t s M_ of the system . a r 

(13) we take t h e i r e s t i m a t o r s Mr, t hen the e s t i m a t o r s 
a 1 ia2»* • • i 3 ^ being the s o l u t i o n of t he system (13) are 
c o n s i s t e n t e s t i m a t o r s f o r the parameters a ^ » a g , . . . . a ^ . 

3° The s o l u t i o n s ji^ , p^, . . . ,p-^. of the equa t ion 

/._« k A k—1 a 
(17) fi- + a^ii + . . . + a ^ a k = 0 

are c o n s i s t e n t e s t i m a t o r s f o r the parameters (6) . 
The e s t i m a t o r s 

(18) Pj, = K A , i = 1 , 2 , . . . , k , 
1 + H 

are c o n s i s t e n t e s t i m a t o r s f o r the parameters (2) . 
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8 K.Krolikowska 

5° The system of equations 

(19) + 

i 1 • • • 1 1 f 

has as so lu t ion the consis tent es t imators <5,| »c^»* • • 
the parameters o^ .o^, • • • »«^-j • 

P r o o f . 1° In view of (16) there e x i s t s exact ly one 
A A A 

so lu t ion KL| . . i^ j j . of the system of equations 
A 1 — — 
Mj, = ^ mrr"]* k n o w r i "that the es t imators m j y ] sure 
cons i s t en t and non-based es t imators of the f a c t o r i a l moments 
m M m * x 1 ; u r e d i s t r i b u t i o n s (3). 3y S l u c k i ' s theorem 
we i n f e r t h a t 1° holds. 

2° Using lemma 3 and the f i r s t point of theorem we 
obta in 2°. 

3° I f »M-2'* * * *Pk a r e so^^i-0 1 1 3 equation (17), 
then from lemma 4 i t fol lows tha t they are consis tent e s t i -
mators f o r the parameters (11). Hence we see tha t i n f a c t we 
are solving the equation (17) by an approximate method. We 
cannot claim tha t the obtained so lu t ions are a l l pos i t ive and 
d i s t i n c t b u t , in view of (11) taking in to account t ha t the 
es t imators are cons is ten t and the sample (4) i s taken from 
the mixture (3) , we see t h a t the event complementary to 

(20) 0 < < . . . < 

becomes p r a c t i c a l l y impossible as n-»oo. 
From 3° and S l u c k i , s theorem i t fo l lows tha t the e s t i -

mators p^ defined by (18) are cons is ten t es t imators f o r the 
parameters (2) and s a t i s f y the i n e q u a l i t i e s p^ < < . . . < p^. 

k-1 
5 Making use of Lemma 1 and the condit ion c ^ = - T̂* oĉ  

t=i 
we obta in the system of l i nea r equations (19). The determinant 
of t h i s system i s , in view of (20), d i f f e r e n t from zero. Hence 
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Estimations of the parameters 9 

there exists exactly one solution ,«2,... »̂ .„-j of the 
system (19)» which we take as estimators of the parameters 
,0<1 ,<x2. • * " ,ock-1' an<^ Parame'ter 01 ̂  is estimated by 

k-1 
= 1 ~ From 3 and Slucki's theorem it follows that 

¿ = 1 
they are consistent estimators of the parameters 

It may happen that some ot̂  are negative, equal to 0 or 
even greater than 1, but since the sample (4-) is taken from 
the population with distribution (3), the event complementary 
to 

_ ( ° < < 5 i < l > ( i ? « i < 1)_ 

is for a large sample practically impossible. In this way we 
have obtained estimators for the whole group of 2k parame-
ters 

P̂l »P2»• • • »Pjj» »'" * »^k 

of the mixture of k geometric distributions, where k is 
an arbitrary number. 
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