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1_. We s h a l l c o n s i d e r e q u a t i o n s of t h e form 

(E) y ( n ) ( t ) + F ( t , y ( t ( t ) ) , y ' ( f ( t ) > , . . . y ( n ~ 1 } ( r ( t ) ) ) = 0 

and 

( E j y ( n ) ( t ) + g ( t )f ( t ,y ( t ) ,y ( t ( t ) ) = 0 , . 
6 

where g 'belongs t o a f a m i l y of f u n c t i o n s G having some 
p r o p e r t y W. By a s o l u t i o n of e q u a t i o n (E) ( r e s p . (E )) we 

n / 
s h a l l unders tand every f u n c t i o n of c l a s s C s a t i s f y i n g (E) 
( r e s p . (Eg)) f ° r s u f f i c i e n t l y l a r g e t . Let S^ denote t h e 
s e t of s o l u t i o n s of e q u a t i o n (E) , and S-g the s e t of s o l u -S 
t i o n s of (E_). We assume t h a t Sw ^ 0 and S™ £ 0. Let g & & 
Py be a p r o p o s i t i o n a l f u n c t i o n d e f i n e d on S E U Sg and l e t 

S 

- ( t ) df E ( t , y ( T ( t ) ) . y ' ( r ( t ) ) . . y ^ " 1 > ( t ( t ) ) ) 

S t a i c o s and S f i c a s [ 1 ] have fo rmu la t ed t h e f o l l o w i n g 
theorem. 

T h e o r e m 1 . 1 . We have 

VgeG V s j . 5 * 
S 

A =»V , x e l Px. 
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2 U.Sztaba 

The present work is based upon Theorem 1.1. In Section 2 
we give sufficient conditions for the oscillation of all 
solutions of equation (E), in Section 3 sufficient conditions 
for the oscillation of all bounded solutions of equation (E). 
The following theorem ([3], [4], [5]) plays an essential role 
in our considerations. 

T h e o r e m 1.2. If q and f are continuous for 
t > 0 such that q(t)>0, 0 < r ( t ) < t f limt(t)=oo and 

/[^(t^qCtJdt = oo where o( = < 
K 1̂1"*1) for 0 < -y < 1 

n-1-£, 0<£< n-1 for tf = 1 

oo 

or % is non-increasing and / jr(t)]'̂ "''qitjdt = oo f or ̂  > 1 
then every solution of the equation 

y(2n)(t) + q(t)|y(T(t))|* sgn y(t) = 0 

is oscillating. 
In Section 4 we investigate the properties of non-oscil-

lating solutions of some second order differential equation. 
The following theorem is very helpful for this aim. 

T h e o r e m 1.3. ([2] p. 37). If a(t), tQ < t < «*» , 
is a continuous monotonic function and lim a(t) = c > 0, 

t—oo 
then every solution of the equation y"(t) + a(t)y(t) = 0 is 
bounded. 

2. Let F(t,u^,...,un)- be defined and continuous in 
D = |(t ,... ,uQ) :t ̂  tQf -oo < u^<tx> , i = 1...n| such 
that F(tfu,j.. ,uQ) u^ > 0 for u^ ^ 0. Let fit; be de-
fined, non-increasing and continuous for t > tQ such that 
-c(t) < t and lim t(t) =o° . We assume that n is even. t-oo 
For convenience we formulate further assumptions in the form 
of the following hypotheses. 
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Some properties of solutions 3 

H y p o t h e s i s H .̂ There ex is ts a number o( < 1 
such that for every function y ( t ) defined and continuous on 
[ t y , o ° ) , ty ^ tQ with the properties 

( i ) lim y ( t ) t 0 
t—• oo 

( i i ) y ( t ) y " ^ ( t ) < 0 for suf f i c i en t l y large t 

we have 

/ ^ ( t ) l a ( Q - 1 ) J ( t , y ( t ( t ) ) y ^ 1 ) ( t ( t ) ) ) d t = 0 0 . 
' L J lyCtCt))!" sgn y ( t ) 

H y p o t h e s i s H2- There ex is ts t, 0 < e. < n-1, 
such that for every function y ( t ) defined and continuous on 
[ ty joo) , t y > tQf with properties ( i ) , ( i i ) , we have 

/ [ - r ( t ) ] Q - 1 - £ f ( t ' y W t ) V ( ^ i a " l ) W t ) ) ) dt =oo . 

H y p o t h e s i s Hy For every function y ( t ) defined 
and continuous on [ t y , ) with properties ( i ) , ( i i ) we can 
select ji > 1 such that we have 

/ 7 « ( t ) l n - 1 ? ^ t y ( - t ( t ) ) t . y ^ 1 ) ( r ( t ) ) ) = 
J L J y(trC-b)) |̂  sgn y ( t ) 

Now we are going to prove the following theorem. 
T h e o r e m 2.1. If any one of the hypotheses H ,̂ 

H2, Hj holds, then every splution of equation (E) osc i l l a tes . 
P r o o f . We apply Theorem 1.1. Let F mean: y o s c i l l a -

tes . Suppose that Ĥ  holds. Let us denote 

f ( t , y ( t ) , y ( T ( t ) ) ) = (yC-cC-b))!04 sgn y ( t ) , 0 < oc < 1, 

G = j g ( t ) : g ( t ) defined and continuous on ["tg,«>o ), 
oo 

S ( t ) >o,J [ i r ( t ) ] 0 t ( l l - ' , Jg( t )dt =oo j . 
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U.Sztaba 

The validity of the f i r s t term of the predecessor of the 
implication results from Theorem 1.2. Assume that 2 = S-g. 
Observe that i f y ( t ) e S E and y ( t ) does not osci l late, 
then y ( t ) y ^ n ) ( t ) 4 0. Since n is even, this implies 
lim y ( t ) 4 0. From EL it follows that 

t 1 

cr ( t ) - g ( t , y ( r ( t ) ) , . . . , y ( n - 1 ) ( i r ( t ) ) ) 
y |y(T(t))|w sgn y ( t ) 

which ends the proof of Theorem 2.1. in the case where Ĥ  
holds. 

Next assume that H2 holds. We then take 

f ( t , y ( t ) , y ( t ( t ) ) ) = y ( t ( t ) ) 
and 

G = |g : the function g ( t ) is defined and continuous on 
00 

[ > g . ~ > . s ( t ) 3 0 < g < t l _ 1 J [ i r ( t ) ] I 1 - '1 -£g(t )dt =ooJ . 

I f H^ holds, then we take 

f ( t , y ( t ) , y M t ) ) ) = y ( * ( t ) ) f sgn y ( t ) , f i > 1 

and 

G = J g : the function g ( t ) is defined and continuous on 
CO 

g ( t ) > 0 , J [ir(t) r i~1g(t)dt =oo|. 

In both cases we conclude the proof using Theorem 1.2, simi-
lar ly as in the case 0 < o( < 1. 

R e m a r k 2.1. I f we assume that n i s odd, then 
under the same assumptions we obtain that a l l solutions of 
equation (E) oscillate or tend to 0 together with a l l deri -
vatives up to the order (n-1). I f either Ĥ  or H2 holds, 
we do not have to assume that the function % is non-increasing. 
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Some properties of solutions 5 

R e m a r k 2.2. The class of equations to which 
Theorem 2.1. applies is wider than the class considered in 
[l], as the theorems of Staicos and Sficas cannot he applied 
in the case where for any 0 < a ^ 1, we have lim t"ar(t) =0. 

t— oo 
Theorem 2.1 implies Theorem 3.1 of [7] and Theorems 1 and 
2 of [6]. 

3. H y p o t h e s i s H^. For every function y(t) 
defined and continuous on [ty,®«), ty > tQf with properties 
(i), (ii) we have 

o o 

/ [V(t)] n_/|P(t ,y (r (t)),... ,y(n_1) (tf(t)) )dt 

T h e o r e m 3.1. If Hypothesis H^ holds, then 
every hounded solution of equation (E) is oscillating. 

P r o o f . Let 
P" f(t,y(t),y(r(t))) = y(r(t)) sgn y(t), ji > 1 

t p 

G = |s(t) : g(t) defined and continuous on [^tg,oo),g(t):> 0, 
oo 

f [r(t)]Q-1g(t)dt =oo}. 

We define E to be the set of hounded solutions of the equa-
tion (E). Let y(t) e £ and assume that y(t) is not 
oscillating. From H^ it follows that 

rT(t)ln-1 F(tty(r(t)),...,y(ll-1)(r(t))) d t 
L J |y(r(t))|^ sgn y(t) ^ 

OO 

> T / [ r ( t ) ] n ~ 1 ^(tfy(r(t)) y(n"1)(r(t)))dt = oo , 

A = const ^ 0. 
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6 U. Sztaba 

Hence the function E(t>y(r(t))»•••**^ 1)(f(t))) b e l o n g s t o |y(T(t))|P sgny(t) 
G, which was to be proved. 

4. We shall consider the equations 

(E') y"(t) + J(tty(ir1(t))fy'('C2(t))) = 0, 

(Eg) y"(t) + g(t)y(t) = 0. 

We make the following assumptions concerning the functions 
F(t,u,v) and r(t): 
(1) ]?(t,u,v) is defined and continuous in the set 

{(t,u,v) s t > tQ, -co <u,v < too}. 

(2) P(tfu,v) has the property that every solution of equa-
tion (E1) is extendable over the interval [jty, oo ). 
(3) For every function y(t) defined and continuous on 
[ty,oo) which is not bounded and not oscillating we have 

FU.yiv^t)),?' (r2(t))) 
t—oo l i m — • £ = cy > 0 

P(t,y(r1(t))fy'(r2(t))) and y(t) is monotonic for sufficiently 
large t. 
(4) ^(tje C[t0,oo), i = 1,2. 

T h e o r e m 4.1. If assumptions (1) - (4) hold, then 
every non-oscillating solution of equation (E ) is bounded. 

P r o o f . We apply Theorem 1.1 to equations (E1) and 
(Eg). Let Py denotes y is bounded on ["b0,o°). Let 

, . df s f t . y ^ i ^ . y ' (f2
(t))) 

sy = yltl ' 
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Some properties of solutions 7 

G = = | g ( t ) : g ( t ) i s defined, continuous and monotonic on 

Hm g ( t ) = c > o } . 
B t - c « s 

Let 2 denote the set of a l l non-osci l lat ing solutions of 
equation (E ). The val idi ty of the predecessor of the implica-
t ion in Theorem 1.1 resul ts from Theorem 1 . 3 . Let y ( t ) 6 X 
and assume that ~Py. The function Sy('fc) i s continuous for 
s u f f i c i e n t l y large t , hence from (3) i t follows that 
gy( t ) 6 G. 

D e f i n i t i o n 4 . 1 . A function h ( t , u , v ) i s said 
to be almost monotonic in a set D provided that 

t 1 ^ t 2 ' h | < | "2 |» |V1 | > |v21 » u1u2 > 

v1v2 > o, ( t i , u i , v i ) e D , 

i = 1 ,2 => h(t ,u / ] ,v 1 ) < h ( t , u 2 , v 2 ) 

or 

t 1 ^ t 2 ' |ull ^ N ' |vl| > |v2| » u1u2 > 0 • 

v 1v 2 > C, ( t i , u i , v i ) e D , 

i = 1 , 2 , = ^ h C t , ^ ,v 1 ) > h ( t , u 2 , v 2 ) . 

C o r o l l a r y 4 . 1 . I f 
(5) h ( t , u , v ) i s defined, continuous, almost monotonic and 
non-negative in D = j t > t Q , - o o <u,v < , 
(6) uh(t ,u ,v) < AQt + A1|u | + A2|v|, A± = const t 0 , i = 0 , 1 , 2 , 
(7) for every a € R we have 

lim h ( t , u , v ) = hQ > 0, 
t —• a 
|u j-»oo 

v—a 

(8) tr(t) e C[t ,eo), T ( t ) » Ot r ' ( t ) > 0 , lim r ( t ) =oo 
t -*-t>° 

then every non-osci l lat ing solution of the equation 
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8 U. Sztaba 

y " ( t ) + y ( t ) h ( t , y ( t ( t ) ) , y ' W t ) ) ) = 0 

i s bounded. 
P r o o f . The accepted assumptions guarantee the 

existence of the solut ion on the pos i t ive semi-axis . Observe 
that i f y ( t ) i s a nonr-bounded non-osc i l la t ing so lut ion, 
then y ( t ) y ' ( t ) > 0 and y ( t ) y " ( t ) < 0 f o r t > t * > t Q . 
This implies that i f t 2 > t * then 

| y ( f i t , , ) | < |y.("c(t2))| 

and 

y ' i r i ^ ) ) ! > | y ' ( t r ( t 2 ) ) | , h( t ,y (<r ( t ) , y ' ( r ( t ) ) ) 

I I 
i s monotonic f o r t > t * Since lim y ( t ) = oo f from (7) 

t 1 

i t fo l lows that h ( t , y ( r ( t ) ) , y ' ( r ( t ) ) ) = c > 0. 
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