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THE EXISTENCE OF SOLUTIONS OF HEREDITARY SYSTEMS
OF HYPERBOLIC TYPE

1. Introduction

In this paper we present the existence theorem for
hereditary systems of hyperbolic type. A hereditary system is
a system whose present state is in some way determined Ty its
past history. Our result generalize, among others, the
existence theorem given in J.K. Hale, M.A. Cruz (1.

2., Definitions and conventions
Before we pass to the basic problem of this paper, we
introduce a notations to be used in the sequel. Denote by R

the real line and by RP & p-dimentional linear vector space
p

defined by |x| = 25'|xk} for

k=1
X = (xq,...,x ) Let D be a compact subset of R and let
us denote by C, (D) and Cl(D) the spaces of all functions
mapping D into Rn, respectively, continuous or continuous
togethér with their first partial derivatives. We introduce
in Cn(D) and Cl(D) norms respectively in the following
way:

with the norm

2

"z”D = S;P lZ(X,Y)I for =z ECn(D)

and

Iwlp = sgp l‘”(xfn'xz)l t A8pP |W£1(3‘1'x2)| + sup |W§2<X1,xg)|
for we CZ(D).
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2 M,Kisielewicz, K.Grytczuk

We shall write C(D) and C'(D) dinstead of C,(D) and
C:]l (D) respectively.

Denote by E,], E‘2 open intervals of R and suppose
Ay = [-ri, 0] (i=1,2), where r; > O. Wwe shall consider
functions oy 3 EixAi_' R satisfying following conditions

2)0(1 ao(i
(a) oy a—]q € C(EiXAi) and 5"_1 E1”A1< 1 (1 =1,2),

(v) o(i(x, A) are compact subsets of R for every fixed
x; €B;  (1=1,2),
(c) oy (xyy ©5) < x5 for every x;€E;, 0564, (1=1,2),
(a) o(i(xi, 51) < o(i(xi, @i) for every x,eE, 51, §ie Ay
such that 6, < 8, (i=1,2),
(e) e(i(x-i, 0) = 0 for every Xy € By (i=1,2).
Let us denote by ¥ the set of all continuous functions
BjxB, — R°, where B, =q,(E;xAy) (i=1,2). Let
E1xE2 and A = A/l"Az.
Definition 1. The system (A,oq,c5,H), where
oy (i=1,2) satisfy (a) - (e) and H : Ex ‘I’—-,Cn(A) is
defined by

z
E

(1) (Hx1xzz)(®1'92) = 2(0q (37584),05(%,8,))

for ze¢¥, x,€6E, and ©,¢d, (i=1,2), will be called a
i i i i ’
hereditary structure.
Let A = [—r,l ,O]X[—r2,0] and let (A,a,y00,H) be a
hereditary structure.
_ _D efinition 2. The hereditary structure
(A,oz,l,g(z,H) such that 1 = [-F,,0] [-F,,0], =y |B * [F4,0]
and (Hx1x22)(®1,®2) = z(at, (x4,8,4), S,(x,,8,)), where
Ty<ry, x5€E;, 8,€h; (i=1,2) we shall call a substruc-
tul'e of (A’d/l ,dz’H).
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The existence of solutions 3

It will be convenient to write in the sequel x and Yy
instead of X, ard X5 respectively.

Suppose (A,aq,az,H) is a hereditary structure and let f
and g be continunous functions mapping Excn(A)XCn(A)xcn(A)
and EXCn(A) respectively into RZ, where E = E,*E, and
A = A;xhy. Tet HiC (4) —C_(E) be defined by

(2) (#P) (x,y) = ¢(0,0) - g(x,y,9)

for d)eCn(A) and (x,y)€E.
In this paper we condider a hereditary systen

22ﬂGI z) H__z aHiyz

(3) ‘—ﬁ'a—yxl—= f<x’)"nyzv a}g ' T3y )0.

Let us consider some special cases of (3). For g =0,
from (3) we obtain

2 H,_ =z

2H__ 2z
272
(4) KE A f("vy'nyz'—a%’—ﬁL)'

Taking in (4) o4(x,0,) = g+ 8y ay(yy85) =y + 6, for
8;€ Ay (i=1,2) we get

2
(5) Lk = 2(x,y,n(), 2240, 22C0),

where z(-) = z(x4-®1,y+-®2).
If this simpler notation is again employed, we see that
(3) includes the system of the form

W (H,_2) : O 2a(
(6) = f(X.y.z(-). az; ’ —"’zag )>'
If £ =0, system (6) includes the difference equation
(7) 2(x,7) - 8(x,5y2(X=0q49=71 ) ge e ey 2(x-wy,5-7.)) = h(x,y),

where m,],...,wk>0, 'c,],...,'rk>O and h : E—=R? is a
given function.
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4 M,Kisielewicz, K, Grytczuk

In a similar way as in J.K. Hale, M.A. Cruz [1] we can see
that (3) includes also Volterra integral equations of the form

Xy
(8) z(x,y) = a(x,y) +/ b(x,y,u,v,z(u,v))dudv,
00
where a and b are given functions.
Let (A,o(,l,otz,H) be a hereditary structure and let
(6,v)e E,*E,, where E; (1=1,2) are open intervals of R.
Let us denote by Es‘c the set of the form

U [(ccm1 (%,89) 1 (=0, 61) U, ]

\V \V

x[c_oﬁx_ma (7,45)0 (-w,t]}U LJG [conv:x,] (xy44) N (= ooy 6“]] x By,

where conv(G) denotes the closed convex hull of G<RE.
Suppose ¢ € C;]l(EM).

Definition 3. A function z = z(6,v,P) is
called the solution of (3) with initial function ¢ at (6,v)

if there exist numbers y; > O (i=1,2) such that

/] ) 3
2 €Cp(Eg.UlY %)y, 2 =0, 2, =¢, zs, =<b'y on E,.,
H(H,2) € cjl(%1 v,

2
27 2) 2%%(H__2)
H
= f<x,y H —-a—)gi iﬁ—)

for (x,¥y)e A—Z/ﬂa, where A'z,l-xa = [6', 6+7(,|] x['c T+ 32].

It is easy to see that (3) with initial function ¢ at
(6,T)€E 1is equivalent to the following integral equation
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The existence of solutions 5

[ &(x,y) for (x,y)e E
¢(x"‘) +¢(6’Y) -¢(6','C') + g(xﬁy’Hn
- g(x,T,H, 2) - g(é‘,y,Hsyz)-i-g(G','t,Hﬂz) +
"y 9H =z 92H =z
uv uv
+!ff(u,v,Hqu, 3% ' T3y )dudv
T

for (x,y) eA75132.

z2) -

(8) Z(x,)’) =4

3. Some fundamental lemmas

Let X Dbve a Banach space and let I° be a non-empty subset
of X.

An operator S ¢ I' — X 1s said to be compact if it is
continuous and maps bounded sets into precompact sets. We
shall use the following slight generalisation of Schauder
fixed point theorem due to Krasnoselskii [2] (see also
J.K. Hale, M.A. Cruz [1]).

Lemma 1. Suppose that [ is a closed, bounded and
convex subset of a Banach space X. If T :[ — X 1s a
contraction S : T — X 4is compact, T(I') + S(I') ={z =
=Tx + Sy 3 x,yer‘}cr‘ then T + S has a fixed poiat in I.

Let (A,d,],e(a,H) be a nereditary structure and let

L(Cz, R®) denote the Banach space of all linear operators
from C:(A) to R® with the norm |- l. Deuote vy B (Excg(A))
the set of all functions g : EXCZ(A) — R®  continuous and

. . X 2¢ g
bounded together with their partial derivatives 7% Iy and
such that the mapping EXC1 (4) 3 (x,5,y) —~ (a,8) (x,7,y)e

€ L(CA,R )y where d.g denotes the Frécheti derivative of
g(x,y,y) with respect to ye ¢} o(4)y 1is continuous and

(x,74y)e

bounded on ExC) n(8). Let Ag = sup{ Il(dwg)(x,y,

¢ ExC (A)} For given pos1t1ve number v < g— let us denote
by $2, the set of all functions geﬁ&(mC'1 (4)) such that

Mg+ 29 <1y g (6,3, @) - eyl y, [ e -w ], ey (x,y,9) ¢
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6 M. Kisielewicz, K. Grytczuk

- gs,(x,y,W)K'Q "¢-w“A and |l(d\'v8)(x’y’¢)-(d\yg)(x!yQW)
<x)"<b-wHA for eveyry ge_Qv and ¢.W801(A). For given

¢€Cn(A), (6,2) €E and ¥4, 35> O by ® we shall mean
the function defined on EG"EUAZ»]'Z!Z by

N d(xyy) for (x,7)€E g
(9) d>(x)y) =
O(x,7) +d(6,7) - ¢(5,7) for (x,¥)ely 4
102

Let us denote by F the set of continuous and bounded
functions f : ExC, (4)xC (4)xC (A) —R and let |f [1
= bup{[f(x,y,%,wa,%)l (x,y)en Wlec (A)9 i=1,2 3}
Lemma 2, Let (A4,0,05,H) be a hereditary structure
v e (0, —g—), fed, geQ\) and ¢e¢ C:l(A). Suppose that
o<1 - }\g - 29. Then for every (6,T)€E there are posi-
tive numbers ¥qs ¥ and a hereditary substructure
(EyO_(q ,&2,?1) of (A,a4s05,H) such that

lg(XQy ¢) - g(b“,y. ¢)l
(i) 7
Ig(X,’U,Hth}) - S(G',Y,Ho-ycb)l < K,

RS2

)

,8;((X1y,ﬁxy g;{<x’yvﬁxr¢)l fK

(i1)

|55 (a7 By @) - g (6,5, Hgy®)| < &,

[ (ay8) a3 By ®) = (a,8) (603, ) | < &

(iii) y
| (aye) e By ®) = (a,8) (xy7, B ) | < 5,
28 ¢ 9, 3 25, 9 oH, &

for every (x,;}')EAsz %, where

k=g |3 (=229 - [0])° - ] s+ et 132)]

and 5 is defined by (9).
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The existence of solutions 7

Proof. Let A =[-s,0]x[-t,0], where s,t > O. Since
(6,7)eE and E = E;*E, is open in R, we can choose

positive numbers 7,,y, Such that Aiﬁec E,xE, and so that

(1 =2, =29= |02 - afe] (3, + T, + Fq7) > 0. For
(°<1 (1,91), otz(y,®2))€A3132 we have

2H. & A0(a, (x,6,),%,(7,08,)) [ 3
<‘%‘)(91’92) = ;dq"% 2 '<ij>(x'e1)'

~

r): K 3d(at, (x,68,),0,(1,6,)) 2
x}t{ >(®1’®2) = 1 91“1q2 2 . ( a:‘:) (x,91) ’
dE_$ 20(a, (x,0,),a,(7,8,)) [ o
<—7’%—>(91.®2) s ;dzqz 2 ( af)(y,@z),
and
28, & 2 d(x, (6,0),05(7,8,)) /2
(—%)(01,92) Bl adza 2 .<9y2)(y,®2).

29 29

By continuity of E’ a—dg' oy and oy it follows that there

exist y¥,€(0,%), ¥,€¢(0,3,), t >0 and 5> 0 such that

anycb ) H, b
2x X

@ g, @

<K 3y 2y

K\

ESH

for (x’y)GA'ZLI?fz’ where A = [-5,0] [—E,O].
Similarly, takiog 31632,5 and t sufficiently small,
for (o (x,04)y a5(y,8,)) € .5, and (x,y)EAmﬂa we obtain

Xv

aﬁxy$ L ¢
X X

_ <3
b 3 | K.

A
N

S5
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8 M.Kisielewicz, K.Grytczuk

Let .us observe that for a fixed e Cn(EsrUA'J,]'U,) the set

)
Ay= U {xecya) 1 x(85,85) = Egw)( 04,85
(x.y)€edyg,
is a compact subset of Cn(A). Then, taking above ¥11%2+8
and % sufficiently small, we have |g(x,y,ny¢) +
- g(G,y,HGy¢)| < K for (x,y)eA.a,ﬂa and (0,,8,) € A.

In similar way we see that (i) - (iv) hold. This com-
pletes the proof.

4, Existence Theorem
Let W denote a non-empty subset of Cn(Eb‘rUAZ,"XZ)’

where Y1092 > O and let

Np= U dxecy)ix - nyw}
(xyedya, .
yew

It is easy to see that A, is a compact subset of Cn(A)
whenever W is compact in C_(E. UA ).
n T ST,

For a given geQ, and d§>0 let
“’8(6) = Sup{ls(x.yow)-s(iﬁ.ﬁ)l H (x’y), (J_{QS')GA'J ¥, !
1°2
vieA,: (x-2 1< 8, |37/ <6, |v-9|,<6}.
It is clear that if "W 1s a compact subset of
Cn(Eo‘rU A.b,q-xz), then wg(tS) is a continuous and non-de-
creasing function of 6 > O such that wg(o) = 0.

In a similar way we can define the functions wg. (8),
X

“’g..'),(d)’ wds(ﬁ), wd1(6) and “0(2(6) corresponding to %,

g daq dolp
45 48, —x and 3 respectively. Similarly, for £ ¢ F

and 6 >0 we define the function wf(d) by
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The existence of solutions 9

wf(d) = sup {lf(xo:)'s\l’»] ’W2,W5) - f(i,S’.Wq ’EE’EB)I

(x,y) (X’y)eAfx-a ,wi,wle./\. IX—XI(d‘

ly=y|< 6

Wy - ﬁi“A< 63 i= 1o2’3}

Let (A’°‘1'°‘2’H) be a hereditary structure and let fe¢ 7.
Suppose that there exists a positive number Lg sauch that

(10) If(x,y.w1 o’PgﬂP;) - f(X,YﬂPI] @2@3)! <

Se(fvp = F2fu + Jvs = ¥5]a)

for every (x,y)¢ E and Wi1W eCn(A) (1=1,2,3).

For a given fe & satisfying (10), geQ,, (6,7)eX,
‘bGCn(EM), 3q¥32 > O and a hereditary structure (A,a,] ,oc2,i~'.)
let P.(d)y, Qu(d), U,(6) and V_(§) be defined by
(11) Pp(8) =g () + [3201 4z 0]y +]| 2] ]

+39(1 +r + Id)lEﬁ)wcp(d) + ;{gwgf((d)"' (r+|¢IEM)wdg(6> )

(12) Qr(d) =wg:,)’((5) + [91‘(’1 + T+ |<IJ|E6 + ||f||3,]5+
T

+9 (1 +r+|¢|ﬂ )w¢(6)+lw;(6)+(r+|¢| )wdg(d,,

(13) U(d‘) 1w1(6)+\)r(’l+r+|¢| S+

+[0(2+r+|¢|EF)+AgI¢IE ] () + =5 f742 (5)+

+[Ag(/‘+l¢|Est)+Lf(r+|¢IEﬁ ] (6‘)+(r+2|¢|,- (8 +

Yo
“ag
+ (& +Lf752)w.(6)+L '52a)¢y(d') +7‘2wf(max[d‘,(r + |¢|b )6])
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10 . M.Kisielewicz, K.Grytczuk

and

(14) v.(d) =2 wg&(d) +9r(1 + ¢+ |¢|E")d‘+

Le¥y
+ [\) (2 + I + Id)lEs'.v) + )'S l¢|E6’f]w¢(d) + T_——rg Pr(a) +

+ [ag(1+ 01, )+ Te(x+ 10l (6)+ (x4 210ly_) wyg(8) +

o'r)]w“Z
+ (gt 1?11)%3'(6)4.1?-51&)4’.}:(6) + 94 wf(max[d.(r + |¢|E6,T)6']

for every r >0 and §d >o.
Wow, let ' be a set of all functions =z eC;ll(EﬁU A3 ¥ )
172

such that

(a) =z(x,y) =0 for (x,5)€Eg, IZ|E6,7UA'X,,X2 s

P (|37

) |@By) - BB gf,_'_%,
| (1x-% )

© [ - G| < HTT

U, (|x-x1) L
(@) |32 (x,y) & =) (%,¥) sﬁ—yci{r'e@[ fs - 7)]

v, (ly=¥ L
() |(F) ) - G (xT) <—§—l§1—”-exp[,,—_§—g(x-s)]

- 1
for (X (x,y) €A where r = [’1 - A, =29+ ].
'3 ) »J '51"20 = g I¢|E6’l’
It is not difficult to verify that I is a compact convex
subset of Cl(EnUA'z -32). Now, let us consider mappings

7,5 : T _’C;(EMUA'U,IXZ) " defined by
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The existence of sclutions 11

[0 for (x,y)eEq

(T2) (x5, =< &(x,y,H (2+¢)-s(6'.y,Hgy¢)+s\6” 1, 9) -

‘ -g(x,'r:,Hx,t,¢) for (x,y)e A'mz
and
) for (x,y)€ Eg,
<y . M. (z+$) 2i__ (z+0)
(8z)(x,y) = 4-//f(u,v,Huv(z+¢), ugx ) u%/y )dudv
6T
f (x,y)e A
or (x,y) 2{1 %,

We shall prove the main result of our paper.

Theore m 3., ILet (A yo 90 ,H) be a hereditary
structure, CbeC (A) g€Q, and feTF. Suppose that
|d>|A <1 - A - 20 and f satisfies (10). Then there exist
a hereditary substructure, say (A,o(,],ola,H) of (A,o(,l,o(Z,H),
and positive numbers Y1272 such that (3) corresponding to
(K,&1 ,EZ,H), with the initigl function ¢ at (6,tv)€E has
at least one solution z%¢ Cp(Eg U A3112) .

Proof., By Lemma 2 there is a substructure (.7\.,&1 1% 1 H)
and positive numbers 7,,¥, such that (1) - (iii) of this
Lemma hold. Let us observe that (3) with initial function ¢
at (6,t) 1is equivalent to the equation 2z = (T+5S)(z) for
z €. Therefore it suffices to prove that T and S satisfy
the assumptions of Lemnma 1.

For z,wel and (x,y)eAX y.. We have

12

| (72) (x,3) = (0) (x,3)|<

<|exyy Hy (24 8)) - 8(x,7,H,, 0+ §))|<

< ls“H z - H w“ 8Iz - WIA%W2
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In a similar way we obtain

3 1

<Ag "z - “;A% % +V

and

<3z-w],

|[(T2), (x,5) - (Tw) (x,7)] <

< el (6072 Hyy (248)) = gy (2,7, Hyy (w4 9))] +

‘ . oH, (2+9)

o ] a8 (g i () T
(w+)

- (8,8) (x,7,H (w+¢>>———(’\

(2+5)
|2 - W"Az . Jtage) ey i (o)) S 2

(w+®)

- (dq)g)<xsy’ Z+¢))_—}Q’——‘ +

(ns
¢ a0 Gty (2rfy Lyt

(wed)
- (a8 (e iy (o) g |

2z

2z _ 3w
X 2

X A?sz"'Q (f+|¢|K||Z*W||A»4112

| (22, xyy) = (T (30|

+ 2&..%ﬂ +9(r+|¢| h ‘W“A ’
“ W - % “ Amz A 11,
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The existence of solutions 13

where r'= % {’l - Ag - 23 - |¢|A]. Therefore
“‘I‘z - Tw'ldquzé (1 -|¢|A)uz - wll‘/'lg,]?/z.

Since |<1>|A €(0,1) we infer that T is a contraction.
Now let us observe that if for every =z ¢ the function
2 & S
ny(z+¢) 3H}ry(z+<l>, >
ax 4 2y

f(x,y,ny(z+$) .

is defined on the set A'X ¥ x_/\_z then for every =z el it
1902

is uniformly continuous on this set. Hence it is easy to see
that S 4is continuous on ", Let w =Sz for zel. For

(x,5), (i’y)eAlqﬁg we have

EICRIIN < 3zt g I(T)(x’y)l ey I
|G o) | <yl [ED &) - B @) < [2]glo-5],
1G5 (xyy) - BB E9)| < 257,
|65 (£,7) ~ 32 (x,3)] < poup ()25 5) [x-E]) +
+ Tgpy (7, [x%] ) + Loy (Jx=%]) + I (r+|¢|A)w°;1(lx-i|) +
+ Lf[x(]x-:‘c |)+w¢y(|x-i|)] .
and

|( ) (x,5)- <,y><x,y>|<;1wf<<1+a1||f|g>|y-y|)+ Lo, (%, [y-7 |) +

+wa¢.y( |75 |)+Lg (2+ |¢|A)wd2 (|7-7 )+Lg [v( lv-7 1 May (|77 )]
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14 M.Kislelewicz, K.Grytczuk

where
U, (6) Ly Q,(6)
(15) K, (v,6) —1—)(;' exPI}]—XS‘ (y-’t‘)] x(6) = 1—7‘;

P, (6) v.(6) Le
(1e) ‘U'((S) -;l—T’ pa(x 6) -T—Ig. exp [,] 2 (x—6)
g

Therefore S 1s compact.

It remains to show that T(I') + S(M)cl. Let z,w e[ and
u="Tw + Sz. It is clear that u(x,y) =0 for (x,y)€ Egye
For (x,y)e€ we have

’ A5132

Julx,3)| < |80x,¥,Hy (m8) - g(x,5,H,,8)| +
+ |87, H ) - 8(6,7,Hg ) | + |a(x,m,H 8) - 8(x,7,HH)| +

+ Hf“g'lf*]'lfgIWIAz + 2K + "fug'lrﬂg ’
1%2

where X 1is defined in Lemma 2. In a similar way we get

l( )(x,y)l <9 “W|A i + “W"A?ﬂ 2( A7 " " “ )

el e i,

LZLF:

Een| <oty e by (51,  13$h)

7132

2w
*'Ag n—.‘,—yi + 3K + If|3_31.
MY
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The existence of solutions 15

Hence it follows that

IulA?!q"dg <[l y (|W|A

IwﬂA +]®],) + 8K +
T2 L) 1%

'2°|W|A?{ . + Iflg('lq + Yo + Uq72) -
1°2

Putting K = o [:’] (’I-A -29- |¢|A) - "f"g(?{q+‘82+’617{2)]
and taking into account that fwly, < 2 (1-2 -29-|¢|A)
iz

g

we obtain IulA?{ &r, where r = E 1 - Ag - 29 - |6],).
1%2

Let (x,¥), (i’i)eAlﬂg and let u =Tw + Sz for

wez €,
We have
|( )&,y - (r)(x,y)|<
|3 (x5 iy (04 8)) = (B8) Ry, (we )] +
I(%%)(i’y, (w+¢)) - ( g)(xtyoH}_(y(W+$))| +
& . H (wed
! [<dwg)(x'y'H’Q’(w+¢)) - (dwg)(iﬂ,Hs‘;y(WW))] _J%};i_) +
$ o Ho (w+d
l[(dws)(:'ny,ny(md))) - (d\pg)(]—{,y'H}_q(w+¢))} JQL);: .

+ |G® mi$) - G
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16 M.Kisielewicz, K.Grytczuk

+ | (G8) @yv iy, §) - GE)(R,v,H D) +

. e8¢ om @
wg)(x’T’th’q))l:bxm - 3;1: ]

+

_ o _ 7 g §
[(%g)(x’T’HX'Ud)) - (du)g)(x,’U’H}—th))] T +
~- OH_ 5
wg)(i"”ﬁi&)}ax—m? *

y ~ ~
' ~ 9

+'/lf(x’t )th(z"'q))Q aHx%iz+¢), ng(yz-'-q)))'i‘ .

v

2H_, (z+0 -
ngiz+¢), aHx%;z+$) >‘ i <

- f(i’t’Hit (z+9),

: y
SU(F=x]) + Agpq 3, [xK [) = Tp fuq (5, |x-F[)as ,

T

where  U(d) and Hq (y,6) are defined by (13) and (15) res-
pectively. Hence we obtain

39) (x,5) - D&,y | < pq 7, [xED)

for (x,y)ea '3132 .

In a similar way for (x,y)e€ Ay 5 we get
172

|3 - A7) < o771,

|38 Ge) = (B0, < pplx, 571
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and
B,y - GEE| < x(xF]),

where V', u, and ) are defined by (15) and (16) respecti-
vely.

Hence we obtain Tw + Szc< ' for every w,z €', This
completes the proof.
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