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1. Introduction 
In t h i s paper we present the existence theorem f o r 

hereditary systems of hyperbolic type. A hereditary system i s 
a system whose presetit s t a te i s in some way determined by i t s 
pas t h i s tory . Our r e su l t genera l i ze , among others , the 
existence theorem given in J .K . Hale, M.A. Cruz [1] , 

2. Def ini t ions and conventions 
Before we pass to the ba s i c problem of t h i s paper, we 

introduce a notations to be used in the sequel . Denote by E 
the r e a l l ine ana by Rp a p-dimentional l inear vector space 

p 
with the norm |«| defined by | x | = V" I x v I f o r 

k=1 p 
x = ( x ^ , , . . . , x ). Let D be a compact subset of R and l e t i P 
us denote by Cn(D) and Cn(D) the spaces of a l l funct ions 
mapping D into R n , r e spec t ive ly , continuous or continuous 
together with the i r f i r s t p a r t i a l der iva t ives . We introduce <«i 

in Cq(D) and C (D) norms respect ive ly in the following 
way: 

||Z|!d = sup | z (x ,y ) | f o r z e C n ( D ) 

and 

IMID = S £ P ix2 ) | + S£P | w ^ ( X l , x 2 ) | + sup | w ^ ( x 1 , x 2 ) | 

f o r we C^(D). 
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We s h a l l w r i t e C(D) and C 1(D) i n s t e a d of C,,(D) and 
¿ j ( D ) r e s p e c t i v e l y . 

Denote by E^, E 2 open i n t e r v a l s of E and suppose 
A^ = [ - r i t 0 ] ( 1 = 1 , 2 ) , where r ^ > 0 . uile s h a l l c o n s i d e r 
f u n c t i o n s oi^ : — B s a t i s f y i n g f o l l o w i n g c o n d i t i o n s 

^ « i » ^ € C ( E i x A i ) a n d | | ^ | | E i X A i
< 1 ( i = 1 ' 2 > ' 

(b ) A) a r e compact s u b s e t s of E f o r e v e r y f i x e d 
a ^ e ^ ( 1 = 1 , 2 ) , 

( 0 ) 0 ^ ( 3 ^ , ©j^) < f o r e v e r y x ^ E j , ( 1 = 1 , 2 ) , 

(d ) o t ^ x ^ 6 ^ ) 4 o ^ i x ^ ©j ) f o r e v e r y x ^ E , 8 i f ^ e A± 

such -lihat S j 4 ^ ( 1 = 1 , 2 ) , 

( e ) c ^ i x ^ 0 ) = 0 f o r e v e r y x ^ E j ( 1 = 1 , 2 ) . 

Le t u s d e n o t e by V t h e s e t of a l l c o n t i n u o u s f u n c t i o n s 
z : B 1 x B 2 - * - E n , where B± = « i ( E i

x A i ) ( 1 = 1 , 2 ) . Le t 
E = E^xE2 and A = A ^ A g . 

D e f i n i t i o n 1 . The sys tem (A,«^ ,<x2 ,H), where 
oi1 ( 1=1 ,2 ) s a t i s f y ( a ) - ( e ) and H : E * ¥ — - . C n ( A ) i s 
d e f i n e d by 

(1 ) = z ( « 1 ( x 1 , e i ) , a 2 ( x 2 , e 2 ) ) 

f o r z e W , x ^ E i and e k ± ( 1 = 1 , 2 ) , w i l l be c a l l e d a 
h e r e d i t a r y s t r u c t u r e . 

L e t A = [ - r ^ , 0 ] x [ - r 2 , 0 ] and l e t ( A , ^ ,<x2,H) t>e a 

h e r e d i t a r y s t r u c t u r e . 

D e f i n i t i o n 2 . The h e r e d i t a r y s t r u c t u r e 
( A , ^ , « 2 , H ) such t h a t A = [ - r 1 f 0 ] [ - r 2 , o ] , S ^ J e * [ - ^ , 0 ] 
and ( H x ^ x ^ z ) ( © 1 , e 2 ) = z ( < x , , ( x 1 ) , « 2 ( x 2 , 6 2 ) ) , where 

x i e E i , ©¿eAj^ (1=1 ,2 ) we s h a l l c a l l a s u b s t r u c -
t u r e of ( A , « ^ , « p , H ) . 
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The existence of solutions 3 

It will "be convenient to write in the sequel x and y 
instead of x^ and x2 respectively. 

Suppose (A,«^f«2,H) is a hereditary structure and let f 
and g be continunous functions mapping E*Cn(A)*Cn(A)*Ca(A) 
and EXC Q(A) respectively into R N , where E = E^XE 2 ana 
A = A I*A 2. Let C (A) — C (E) be defined by 

(2) W > ) (x,y) = 4)(0,0) - g(x,y,<t>) 

for 4>eCn(A) and (x,y)eE. 
In this paper we condider a hereditary system 

(3) 
a2*(Hxy!i _ f( x y h 2 y " t^x»y»Hxy2' 3x » 3y )' 3 x3y 

Let us consider some special cases of (3). For g = 0, 
from (3) we obtain 

d2z ( 9 Hxy z 9Hxyz\ 
TxSy = » ~STy 

Taking in (4) cx̂ Cx,®,,) = x^ + c*2(y,e2) = y + ©2 for 
©¿6 Aj (i=1,2) we get 

32z , , 3z(. ) 3z(• f x , y t z ( - S a-' ' w -35T.—ay-

where z(-) = z(x+©^ ,y+®2). 
If this simpler notation is again employed, we see that 

(3) includes the system of the form 

If f = 0, system (6) includes the difference equation 

(7) z(x,y) - gfx.y.zCx-o^y-^),... ̂ Cx-cu^y-x^)) = h(x,y), 

where a^ .. 0, .. ,tk>0 and h s E — i s a 
given function. 

- 5^7 -



M.Kisielewicz, K. Grytczuk 

In a similar way as in J.K. Kale, M.A. Cruz [1] we can see 
that (3) includes also Volterra integral equations of the form 

x y 

(8) z(x,y) = a(x,y) +JJb(x,y,u,v,z(u,v))dudv , 
0 0 

where a and b are given functions. 
Let (A,«^ joigiH) be a hereditary structure and let 

(6",t)e E^Eg , where E^ (i=1,2) are open intervals of B. 
Let us denote by Eg.̂  the set of the form 

y 

convoy (y,A2) ft (-oo,rfju IJ ¡̂ convô  (x,A1) 0 (- 6"]] * E2 , 

where conv(G) denotes the closed convex hull of Gc=Rn. 
Suppose <t> 6 C^E^). 

D e f i n i t i o n 3. A function z = z(6",f,<l>) is 
called the solution of (3) with initial function 4> at (6",t) 
if there exist numbers tf^ > 0 (i=1,2) such that 
Z6cJ(ESTUAi^2), Z =<t>, Zy=<t>y E fl-r. 

X ^ z ) e C ^ A ^ ) 

d2%( H z) z) 
axaf 6 a n d 3x3^ = 

/ 3H z 3H z 
^ ( x . y . H ^ z , - ^ , - ^ -

for (x,y)eA^ 2, where A^^^ = [6", 6+^] x [t ,t+ 2f2]-
It is easy to see that (3) with initial function <|> at 

(6",r) e E is equivalent to the following integral equation 
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(8) z(x,y) = < 

' <Kx,y) f o r (x,y)eE 
<J>(x,t) + <J>(<5\y) -<|>(<r,*) + gix.y.H^z) -
- g(x,x,Exxz) - g(6',y,H6-yz) + g(6-,x-,Hrtz) + 

t j ( 3Huvz 2Huvz\ 
6' r 

for (x,y) eÀ-y -y . 
1 2 

3. Some fundamental lemmas 
Let X be a Banach space and let r be a non-empty subset 

of X. 
An operator S : T X is said to be compact if it is 

continuous and maps bounded sets into precompact sets. We 
shall use the following slight generalisation of Schauder 
fixed point theorem due to Krasnoselskii [2] (see also 
J.K. Hale, M.A. Cruz [1]). 

L e m m a 1. Suppose that P is a closed, bounded and 
convex subset of a Banach space X. If T : T — X is a 
contraction S s T —- X is compact, T(r) + S(r) =[z = 
= Tx + Sy i x,yer}cr then T * S has a fixed point in P. 

Let (A ,ck|,o(2,H) be a nereditary structure and let 
L(C^, R ) denote the Banach space of all linear operators 
from C £ ( A ) to Rn with the norm j-f. Denote by $ (ExC^(A)) 

yl n 

the set of all functions g : ExCn(A) —- R continuous and 
bounded together with their partial derivatives ^ , and «»I such that the mapping ExCu(A) 3 (x,y,y)->- (d^g) ( x , y e 
6L(c2,Rn), 

where d^g denotes the Frechet derivative of 
g(x,y,ij;) with respect to y e C^(A), is continuous and bounded on E*C£(A). Let = sup[ ¡(d^g)(x,y,y) || : (x,y,yj)e 
6 E*Ĉ (A)j- . For given positive number S) < ^ let us denote 
by the set of all functions ge such that 
A g+20 <1, |ĝ (x,y,<|)) - 9 , | Sy(x,y,<|>) + 
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- B y ( * » y i V ) | < I ^ - V I A a n d l ^ s J U t y t ^ ) - ( d y g H x . y . v ) 

< - )||4>-v||a f o r e v e r y g e Q ^ a n d <f>,-y e C ^ ( A ) . F o r g i v e n . 

< J > e C n ( A ) , ( f j t J e E a n d ^ , ^ > 0 b y $ we s h a l l mean 

t h e f u n c t i o n d e f i n e d o n E ^ U ^ ^ b y 

( 9 ) < K x , y ) = < 

< K x , y ) f o r ( x . y J e E ^ 

<t>(x ,r ) +<|>(6- fy) -<|>(ff f«c) f o r (x,y)eAy -¡. 
1 ° 2 

L e t u s d e n o t e b y i F t h e s e t o f c o n t i n u o u s a n d b o u n d e d 

f u n c t i o n s f : E ^ U ^ C ^ A ^ C ^ A ) — - R a n d l e t || f [ = 

= s u p { j f ( x , y , : ( x , y ) f E , C n ( A ) , i = 1 t 2 f 3 } . 

L e m m a 2. L e t ( A , a , j f a 2 , H ) b e a h e r e d i t a r y s t r u c t u r e 

-0 e ( 0 , j ) , f e ? " , g e Q ^ a n d <f>eC^(A) . S u p p o s e t h a t 

- A - 2 1 . l ' h e n f o r e v e r y ( f f , i ; ) 6 E t h e r e a r e p o s i -

t i v e n u m b e r s ^ , "jf2 a n d a h e r e d i t a r y s u b s t r u c t u r e 

(A,oO] , a 2 , H ) o f (A.ouj , o ( 2 , H ) s u c h t h a t 

| B ( x , y t H 3 t y ? ) - g C e - . y . H ^ ^ I < K , 

| g ( x f T , H X T $ ) - g i r . y . H ^ ) ! < K, 
( i ) 

( i i ) 

( i i i ) 

( x , y f H a t y $ ) - g ^ ( x , y , H x T $ ) | < K , 

^ ( x . y . H ^ ) - g ^ C S - . y . H ^ ) ! < K, 

| | ( d v g ) ( x f y t H x y $ ) - ( d ^ g J i f f . y . H ^ y i ) || < K , 

d v B ) ( x , y , H x y 4 ) ) - ( d ^ g ) ( x , t , H X T < t ) ) I < K, 

( i v ) 3 x 9 x I < K , II II- < K 

f o r e v e r y ( x , y ) 6 A y w h e r e 

K = i [ J ( 1 - V 2 ^ " K l ) 2 " H ^ l ^ * W ] 

a n d <{> i s d e f i n e d b y ( 9 ) . 
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P r o o f . Let A = [ - s , 0 ] x [ - t , 0 ] , where s , t > 0. Since 

(6",x) e E and E = E^*E2 i s open i n R 2 , we can choose 

p o s i t i v e numbers > I2 such that A-y -y O E,-xE0 and so that 
'1 2 

(1 - Ag - 2-J - |<t>|)2 - ^ I f l y f r , + 1 2 + ) > 0. For 

(cx^x,®,,), w e h a v e 

e > . a ^ ^ î . - f e ^ ) ) Y i i V x e ) 
f x / 1 • 2 ' V 3 x / U ' e 1 J 

3H„ <J> 

S H ^ ' V = 

30(o i 1 (x f© 1 ) ,a 2 (T ,9 2 ) ) 

'3H 4A 3 (Ha, ( x t e 1 ) t q 2 ( y t e 2 ) ) / 3 « 2 

3oc- - J Y ( y , e 2 ) , 

and 

3H6 4>\ 3 4)(« (e-,©),ot2(y,©2)) /3O(2\ 

8cj> acj) 

By c on t i nu i t y of -g^-» and of2 i t f o l l ows that there 

e x i s t 6 (0,^,) , 7f2 6 ( 0 , f 2 ) , i > 0 a n d s > 0 such that 

V ^ w l 
3x ax T y ay 

f o r where A = [ - s , o ] [ - t , 0 ] . 

S i m i l a r l y , t ak ing ts,.%?)s and t s u f f i c i e n t l y smal l , 

f o r (otj (x,©^ ), cx2 (y,©2)) e vTx. and ( x , y ) e A ^ ^ we ob ta i n 

~3x ax a ~3y 3y Â 

- 551 -



8 M.Kisielewicz, K.Grytczuk 

Let us observe that for a fixed VeCn(E f f TUA^ -y ) the set 

A v = u [ x e c n ( A ) : x ( e 1 t e 2 ) = (H^yVK e 1 t e 2 ) } 

i s a compact subset of Cq(A). Then, taking above jf^jfgii 
and t sufficiently small, we have | gtx.y,!!^*! ') + 
- g(6",y,H6j/$)| < K for and ( ^ . S g J e A . 

In similar way we see that ( i ) - (iv) hold. This com-
pletes the proof. 

4. Existence Theorem 
Let "hP denote a non-empty subset of ^ ( E ^ U ^ y^) , 

where ^»flg > 0 a n d l e t 

1 J j x e C a W ' X ' V } 

yjsyr 

I t i s easy to see that A w i s a compact subset of Cq(A) 
whenever TV is compact in ^ ( E ^ U A ^ 

For a given g e Q^ and <f > 0 le t 
cog(i) = sup ||g(x,y, vji)-g(x,y,ip)| : ( x ,y ) , ( i , y ) e A ? ^ , 

v,veAw : |x-x| ^ 5 , |y-y| < 6 , - V ||A < <5} • 

I t i s clear that i f TV i s a compact subset of 
C (E„ UA-v -v ) , then oj„(6) i s a continuous and non-de-n or "1*2 
creasing function of 6 > 0 such that w (0) = 0. O 

In a similar way we can define the functions to-» (6) , 
x 

CJg, (tf), cu^ C«I) and corresponding to , 

d v s ' a n d r e s P e c t i v e l y - Similarly, for f e y 

and i ^ 0 we define the function cof (6) by 

- 552 -



The existence of solutions 9 

wf(<$) = sup {|f (x.y.V/pi^'Vj) - f (x.y.v*) ,V2»V5)| • 

(x,y ) , (x ,y ) e A ^ ,y± e A y | x-x | < 6 , 

|y-y|< à , - Vi|A< 6 ; 1 = 1 , 2 , 3 ] 

Let (A,ot̂  ,«2 ,H) be a hereditary structure and l e t f £ f . 
Suppose that there ex i s t s a posi t ive number L^ such that 

(10) | f ( x . y , ^ ,¥>2^3) ~ f « 

« Lf ( " V2|A + " V3|A> 

for every ( x , y ) e E and 6 C^CA) ( i=1,2,3) . 
For a given f 6 7 s a t i s f y ing (10), geQ^, (G,v)e 2, 

6 Cn(Eg-T), > 0 a t l d a h e r e d i ' t a r y structure »o^»1"' 
l e t P r ( d ) , Q ^ i ) , Ur(tf) and V r ( i ) be defined by 

(1'0 P r ( i ) = w ^ ( d ) + [S)rd + r +|<Me +||f||y](ÎJ-

+ •3(1 + r +|<I>|E + Agcoĝ (<5)+ (r+|<))|E^)c.Jd£(ô) , 

(12) Q^tf) =u>g^(i) + |>r(l + r + |<t>|ŝ  + | f | y ] i + 

+ -0(1 + r +|<D|E^)w+(d) + Aga)g^((5)+ (r+|0>|E^)cudg(6) , 

(13) U ((f) = X„0) ' (<S ) + SI r (1 + r + |c|> I-p, )6 + S g x ' «Jigvp 

+ [-3(2 + r + |0| E ^) + A g |ct»| E J^ (6 ) - -^(<5) + 

+ [ A g ( l + |ct>lE^) + L f ( r+|<i>|E^)]a ) t X i ( i )+ ( r+2HE > i c )W d g ( (S) + 

+ U g + ( 6 ) + 1 ^ 2 « ^ ^ + (Eax[tf, (r + |<t>|E ) i ] ) 
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and 

(14) V_( i ) = 2 a, . (<$) + -Ord + r + |4>L )tf + 
r Sy Cf 

+ [*<2 + r + + Xgl4>lE(rT]^((S) + + 

+ [V i+WIe* )*^" W e J K ^ * + 

+ U g + 1 ^ ) 0 ^ ( 0 ) + L f i f i ^ ( i ) + 7f1 co f(max[d,(r + N> l E f f S p ) i ] 

f o r every r > 0 and i > 0. 
•l 

sow, l e t T be a set of a l l funct ions z feC^E^U ^ ) 

such that 
(a) z(x,y) = 0 f o r ( x , y ) 6E f f t , |z| E UA-y ^ ^ r , 

1 2 

P r ( | y - y I) 

1 - A g ' 

Qj (|x-x |) 

U r ( |x-x| ) 

(b) ( | f ) (x ,y) - (g-)(x,y) 

(c) ( | f ) (x ,y ) - <lf-)(x,y) 

(d) ( | | ) (x ,y) - (-§§-) (x,y) 

(e) ( | f ) (x ,y ) - ( | f ) (x ,y) 

L-
6 x p [ i - * ' 

v„(|y-y I) r L, 

f o r (x,y), ( x , y )e / \ . y^ , where r = -J- [ l - - 20 + |<J>|E J . 

I t i s not d i f f i c u l t to v e r i f y that T i s a compact convex 

subset of C^Ce^UA^ ^ ). Wow, l e t us consider mappings 

T,S : T —' " "C^ iE^UA^^) defined by 
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(Tz)(x ,y; = < 

f o r ( x , y ) e E <rr 

s (x ,y ,H x y ( z+$ ) - giff-.y.Hg-y^) + g i e - . T . H ^ ) -

-g(x,r,Hxr<l>) f o r ( x ,y )e Ay y 
V 2 

and 

(Sz ) (x ,y ) = < 

f o r ( x , y ) 6 E Gv 

JM 6" T 
f(u,v,Hu v(z+(j>) f T x dudv 

f o r (x ,y) e /W * 
"2 

We sha l l prove the main re su l t of our paper. 
T h e o r e m 3. Let (A,-^ ,oi2,H) be a hereditary 

s t ructure , 4> 6 C^(A) g e û ^ and f e < f . Suppose that 
| 0 | A < 1 - - 2-J and f s a t i s f i e s (10). Then there ex i s t 
a hereditary substructure, say (¿,0^ , « 2 ,H) of (AtoO| ,o<2,H), 
and pos i t ive numbers ^ , t 2 such that (3) corresponding to 
(¿,0^ , » 2 , H ) , with the i n i t i a l function (J) at (éTjtOgE has 
at l e a s t one solut ion z * 6 C^(EffTU Ay ^ ) . 

P r o o f . By Lemma 2 there i s a substructure ( Â , ^ fcC2»H) 
and pos i t ive numbers s u c t l "that ( i ) - ( i i i ) of t h i s 
Lemma hold. Let us observe that (3) with i n i t i a l function <t> 
at (6",t) i s equivalent to the equation z = (T + S ) ( z ) f o r 
z 6 T. Therefore i t s u f f i c e s to prove that T and S s a t i s f y 
the assumptions of Lemma 1. 

For z ,weT and (x .y )eAv v we have 
* V 2 

| (Tz ) (x ,y ) - (Tw)(x,y)|< 

^ | g ( x , y , H x y ( z + $ ) ) - gCx .y .H^Cw-c^) )^ 
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In a s i m i l a r way we o b t a i n 

I (Tz)' ( x , y ) - ( T w ) ' ( x , y ) | ^ 

x y ' 

3H (z+4>) 
+ I ( d u g ) ( x , y f H x y ( z + < | > ) ) - 3 x 

^ 3 H (w+$) 
- (d t og)(x ty fH x y(m+<D)) — ^ 

„ H 3H (z+4>) 

~ 2H (w+$) 
- ( d y g K x . y . H ^ t z + c t ) ) ) — 

„ ~ 3H (w+$) 
+ ¡ ( ^ g ) ( X j y | H x y ( Z + ( D ) ) - ^ L + 

, ~ 3H (w+<¡>) 
- (dV )g)(x fy,Hx y(w+<t>)) 

p - w L + 

and 

( T z ) y ( x , y ) - ( T w ) y ( x , y ) 

1 2 TL, « 2 V 2 
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where r = \ jj - Ag - 2 S) - |<J> | AJ. Therefore 

l l T z - T w l k , < ( 1 - M A > 1 z - w L „ • 
"2 M «2 

Since I^Ia 6(0,1) we infer that T is a contraction. 
Now let us observe that if for every z 6 P the function 

is defined on the set A * J\/L then for every z £ T it 
«1 «2 

is uniformly continuous on this set. Hence it is easy to see 
that S is continuous on T. Let w = Sz for z 6 T. For 
(x,y), (x,y)eA-y y we have 

¿1 o 2 

I ' M « 

|(|f)(x,y)|< Yl|f|ffi |(£)(xfy) - (ff)(x,y)| < 

|(|f)(x,y) - <$f)(x,y)| < I f L l w l , •3 - ^ | J. || g. 

riw\ ,,\ /3w |(|f)(x,y) - (g)(x,y)| < - Ï 2 w f ( M f l y * 2 > M | ) + 

+ L ^ (y, |x-x| ) + LfOfy (|x-x|) + L f (rf|<t>|A)w (|x-x|) + 

+ Lf |ac( |x-x |)+00^ ( |x-x| ) J « 

and 

($)(*,y )-($)(*,?) <^ f(d + ? ( l|f| ?)|y-y|) +L f f t 2(x f |y-y|) + 

+Lfw<(,' (|y-y|)+Lf(r+|<t»|A)w0^(|y-y|)+it[v(|y-y|)+a{i. (|y-y|)]f 
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where 

(15) ^ ( y . t f ) = e x P T ^ T • = 1 - A. ' 
g L g J g 

(16) tf(<5) = ^ _ ^ « n2Uf6) = ' exp 

s s 1 - A 
(x-<5) 

g 

Therefore S i s compact. 
I t remains to show that T ( r ) + S ( T ) c r . Let z,w e T and 

u = Tw + Sz. I t i s c lear that u (x ,y ) = 0 for ( x , y ) e E ^ . 
For ( x , y ) e A j ^ we have 

|u(x,y)| < Iste.y.H^yiw+l) ) - g U . y . H ^ I ) ! + 

+ IgU.y .H^y*) - s ^ . y . H ^ * ) | + I g i x . - r . H ^ ) - g i x . r . H ^ ^ ) ! + 

+ M y ^ M ^ 7
 + 2 K + H f l ? V 2 ' 

where K i s defined i n Lemma 2. I n a s i m i l a r way we get 

+ A„ 

A + BWm . Ay » "A 

3w 

1 2 

3 x I A ' + 

^ M ^ M ^ I ^ J I I P I • y IA 

+ A, 
3w 
3y I + 3K + l f u 
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Hence i t f o l l o w s t h a t 

M • M ^ ( | « | a + | * | A ) + 8K • Av ' V 4 < v » y 

ô l ¿2 «2 

+ | f | + 7f2 + T f l Ï 2 ) 

_2f d - A g - 2 - J - | < t > | A ) 2 - | | f | y ( ï 1 + Tia + T f ^ a ) ] 

and t a k i n g i n t o account t h a t < (1 - - - 14> 

P u t t i n g K = g 

we o b t a i n | u ^ r , where r = ^ (1 - - 2 0 - |<l>|A) • 
111 2 

L e t ( x , y ) , ( x , y ) 6 A - y v 
a 1 « 2 

w , z 6 r. 
We have 

and l e t u = Tw + Sz f o r 

( | £ ) ( x , y ) - ( x , y ) | < 

( w + * ) ) - ( | § ) ( x , y , H ( w + $ ) ) 

( | f ) ( x , y , H x y ( w + $ ) ) - ( | f ) ( x t y t H S y ( w + $ ) ) 

+ d v S ) ( x ' y » H x y ( w + < l > ) ) 
'3H (w+4>) 3 H - _ (w+$) — 

3x 3x 

II r ~ ~ n 3H_ (w+$) 
+ L ( d v g ) ( x , y , H X y ( w + « | » ) ) - ( d y g U x . y . H ^ i w + W ) ] ^ 

( | | ) ( x , r , H X T $ ) - ( g ) ( x f t f H « 3 ; ) I + 
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16 M.Kis ie lewicz , K.Grytczuk 

+ | (H) (5 , r f H X T $) - ( I f K x / t . H ^ ) ! + "xt 

(d^gJCx.T.H^) [ 3x 3x 

+ ( g)(x, r ,H X T$) - (d^s)(x,T,H-^)] 

+ IIK^gJCx.r.H^t})) - (dvg)(x,TT,H-r<j)) 

3Hxt^ II + 
"33E + 

3H- $ 
x t t 

3x 

f 

3Hxt(z+$) 3Hxt(z+$) 

ay 

. , _ 3H- (z+$) 3H- t(z+$) 
- f x,t,H- t(z+<t>),---xt 

3x 3y 
dt ^ 

<U(|x-*|) + Xgji1 (y, |x-x I) - L f y P l ( t , | x - x | ) d t , 

X 

where U(<$) aud f^(y,<5) are defined by (13) and (15) res-

pect ive ly . Hence we obta in 

(§f)(x,y) - (^ ) (x , y ) « / ^ ( y . l x - z l ) ,3a,/-

f o r ( x , y ) e z \ ^ 2 . 

In a s imi la r way f o r (x ,y)£ A^ K we get 

( g ) ( x , y ) - ( g ) ( x , y ) < v( |y-y|) , 13u 

( | f ) (x ,y) - ( § ) ( x , y ) < jU2(x,|y-y|) 
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and 

( ^ ) ( x , y ) - ( ^ ) ( x , y ) | < * ( | x - x | ) , 

where i f , ^ a n d X a r e d e f i n e d by (15) and (16) r e s p e c t i -
v e l y . 

Hence we o b t a i n Tw + Sz cz p f o r e v e r y w,z e r . T h i s 
c o m p l e t e s t h e p r o o f . 
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