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ON SOME RIEMANNIAN MANIFOLDS
ADMITTING A CONCIRCULAR VECTOR FIELD

1. Introduction

Let Mn {(n> 2) be an n-dimensional Riemznnian manifold
of class C%. By Rhijk’ Rij and R we denote the curvature ten-
sor, Riccl temsor and the scalar curvature respectivity.

A non zero vector field vh satlsfying the condition

h

?

i+ v Bi
is called a concircular vector Iield and if Bi = 0 then vh
is called a special concircular vector field [3], where =
and C are some scalar fields, Bi = B,i and the comma Jenotes
covariant differantiation with respect %o The mebtric of Mn‘
This paper is concerned with sone generalizations of the-
oreus proved by T.Koyanagi in [1].
Qreover, we shall consider a Riemannian nanifold
4y {n > 2) which has the Ricci tensor satisfying

and aimits a goncircular vector field (see [4]).

2. rreliminary results
Lenna 4.If the manifold L admits a concircular
wector <rfileld vh, then the following condifions holdts
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2 R.Deszcz

S
(3) CoBupsy + Vsf n1j,k = TyuBni = TikBny’
(1) C-Rgy + vsst,k = (np1)Tjk,
(5) CeRpy + vsRhi,s - vsRis,h = srsTrs Bni ~ Tino
where
(6) Ty = DyBy = Dy o
(7) Dy = cj -’c-sJ
and

Cy=0C -

Proof. From (1) we have
(8) vh’i = C'ghi + vhBio

Differentiating (8) covariantly and taking into account (8)
again we find

vh,i,j = nghi + c.gthi + vthBi + vh?i,d’

Hence, by means of the Ricci identity, in view of (1) amd
(7), we obtain

B = - .
(9) - vgR nij = Djshi Disha-
By tramsvection with vh the last equation gives
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Some Riemanniar manifolds 3

Differentiating (9) covariantly and using (8) and (9) we find
. - 8 = - .
=C*Rypss + By (DsBpy = DyBpg) ~v R psis 1= Dy 1Bns~Dy,kBnj

which, in view of (6), leads immediately to (3).
Furthermore, contracting (3) with ghi we easlly obtain
(4).

Contracting (3) with gjk, we find
s rs
C-Ryy + v Rrihs,r = 8 TpngBps — Typs
which, by making use of the well-known formula

Rins,r = Rin,s = Rig,n

leads to (5)., Our lemma is thus proved.

5 Lemma 2, Let Mn admit a concircular vector field

v,
If for M, the equation (2) is satisfied, then the con~

dition
T S S
(11) V'V Reg p = VVR =0

holds.

Pr oo f. Contracting (4) with g
well-known formula

Jk and making use of the

il =
E'R,k = Rrk,r

we get

CR + %-VSR’S = (n-1)grsTrs.

Since the scalar curvature R of the Mn is constant, we have

C.R = (n-1)g"1T g
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whence, by virtue of (5), we obtain
12 . 8 ol = R ¢
(12)  CuRyy + VoRyy o= VRyg p = o1 C'8py = Ty
But (12), together with (4), yields
s R
R,y +V Rhi,s - (n”Z)Tih = 27 C'8py »

which implies that the tensor Tih is symmetric. Interchan-
ging in (12) the indices h and i we obtain

S R
C Ryp + VRyy g~ VByg,1 =57 C-8inThi

so,by (12) and symmetry of the tensor T,;, We have

.8 S
(13) v Rsh,i =V Rsi,h
and
r 8 h -}
(14) vV Rsh,r =VvYV Rsr,h'

Transvecting (2) with vj and substituting (13), we get

s S
(15) -V Ri.k's =2V Ris,k'.

But the last relation gives
s_T s T
=~ V'V Ry s = 2 vV Rpg g

which, in view of (14), completes the proof.

Lemma 3, Let Mn be a connecged analytic manifold
admitting a concircuilar vector field v, If the condition
(2) is satisfied and C is non-zero, then

R
(16) Tjk = o) C-gjk.

Proo f. Transvecting the relations (4) with vJ and

(12) with v and using (11) we obtaln
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c-vsts - (:1-1)#’"1‘kﬂ =0

and
C.vR,_ + V°T,__ = —Bx G.v
ks ks T p1 k
respectively, hence
s R
C.v Rsk =-—E—C-vk

and consequently

S R
(17) V'Rop =7 Vie

i

On the other hand, contracting (9) with gh we get

(18) - vSRsJ = (n-’l)Dj.

Substituting the last equation into (17) we have

- R
(19) (n.--"l)Dj = -7 Vg
Differentiating now (19) covariantly and using (8), (19) and
(6) we obtain (16), Thus the lemma is proved,

3. Main results

Theorem 1, Let M (n >2) be a connected and
analytic Riemannian manifold, If Mn admits a non~zero concir-
cular field, D, is non-zero, and the condition

(20) Rii,3,k =~ Bni, 3,6 = ©

is satlsfied, then M, 18 an Einstein space.
Pr oo f, Differentiating (4) covariantly and applying
(4) again, we get
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6 _ R.Deszcz

CpRyy + C'Rkj,h + C'th,k + (n--’l)BhTJk ~ CBy-Ryy +

+ vsnsj'k’h = (n"‘)T;uc,h'

(21)

Interchanging now the indices h,k, in (21) and making use
of relations (7) and (20), we find

(22) DRy = DRy = (01D (Type n~Pyp 3BTy +By T 5y ).

On the other hand, as an immediate consequence of (6), and
(7), we get

T T

D5 n,k = Py,x,b = Toie,h = Tin,x ~ BaTix * BkTyn

whence, making use of the Riccl identity, we have

- - S

Substituting the last equation into (22) we obtain

s
Dthj - Dthj = =(n=-1)D_R shk*

Multiplying both sides of this equation by vy and using
(10) and (9) we obbtailn

D [VpRyy = Vighyy = (n=1) (Dyeyy = Dpegy)] = o,
S0

(23) VuRies = Vig = (2=1) (Dygyy - Dhgsk).

Contracting now (23) with skj

and making use of (18) we find
R
( 24) Dh =-mvh.
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The last equation, together with (23), gives

R
YRy = Vifng = = 7 (VBn ~ VnEye)-

By transvection with v, this yields, in view of (18) and
(24), R
Vv By = By) = 0

and
R
By =7 8y

Our theorem is thus proved.
From Theorem 1 we conclude the following corollary,
Corollary 1, Let M (n >2) be a connected
and anelytic manifold. If M, sdmits a spéclal concirocular
vector fleld,with non-constant funetion C, and the condition
(20) is satisfied, then M, is an Rinstein space.
Theoren 2, Let M (n >52) be a connected and ana~
lytic manifold. If M, admits a nob~zero concircular vector
field, D, is non-zero, and the condition,
(25) Boigk,1,m = Pnije,m,1 = ©
is satisfied, then Mn is a space of constant curvature,
Proof., From Theorem 1 and (20) it follows that Mn
is an Einstein space. Therefore the equation (4) can be written
as

R
5k = alo1y OBk

Substituting now the last relation into (3) we get

8 R
C-Bpig * VaRnig,k = n(n-1) C(8jBnt = 8ByiBpy)-

By covariant differentiation, this formula yields in wiew of
(8) and (7)
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DiBengg + C-Binsy,1 * CRynigi t vsRshiJ,k,l =

R
= n{n~1) Dl(sjkshi = sikgh:j)'

Interchanging the indices k and 1 in the last equation and
applying (25) we £ind

DyRynsy = DePinay = &0 Ty [_Dl(sjkshi_ ~ B18py) -

=~ D (8418h1 ~ 8418p )]

from which, in the same way as in the proof of Theorem 1, we
obtaln

R
V1 Benty = YiPinij = mloot) ["1(8;11:3111 - 81y8Bpg) -

Transvecting the last equation with vt and making use of (9)
and (19), we find ‘

R
Beniy = aloA) (BjxBni = B1kBnj)s

which, evidently, completes the proof.

From Theorem 2 we easily obtain

Corollary 2. Let ¥, (n>2) be a connected and
analytic manifold. If Mn admlts a special concircular vector
field, with non-constant function C, and the condition (25)
is satisfied, then Mn is a space of constant curvature.

Theorem 3. Let M, (n>2) be a connected and
analytic manifold admitting a coancircular vector field. If
the condition (2) is satisfled and C 18 non=-zero, then Mn
is an Einsteln space. '

Proof. Substituting (15) into (12) we get.
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8 = —2_g.

which together with (4) yields

R
4C-Ry4 = (BHPQ)Thi = E;T'czghi

But in view of (16) the last equation gives
~ R
C(Ryy = Bug) = O

which completes the prbof.

Since every Riccl symmetric manifold Mn satisfied the
condition (2), we have _

Corollary 3. Every connected and analytic Ricci
symnetric manifold Mn admitting a concircular vector field,
such that the scalar functlon C is non-zero, is an Einstein
space (see [2]).

The autor wishes %o express his sincere thanks to DR W,
Roter for his valuable advices and suggestions,
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