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1. Int roduct ion 
Let II ( n > 2) "be an n-dimensional Riemannian manifold n u 

of c l a s s C°°. By 5 R ^ and R we denote the curvature t en-
sor , Ricci tensor and the sca la r curvature r e s p e c t i v i t y . 

A non zero vector f i e l d v*1 s a t i s f y i n g the condit ion 

(1) v h
f i = C + v h B± 

i s cal led a concircular vector f i e l d and if B^ = 0 then v 
i s cal led a spec ia l concircular vector f i e l d [5] , where 5 
and C are some sca la r f i e l d s , B^ s B ^ and the coa^a denotes 
covariant d i f f e r a n t i a t i o n with respect to thç metric of Î«IQ. 

This papas- i s concerned with some genera l iza t ions of the-
orems proved by T.ICoyanagi in [1] . 

Moreover, we sha l l consider a Riemannian manifold 
LÎ (n > 2) which has the S icc i tensor s a t i s f y i n g 

( 2 ) H i d , * + 2 d k , i + « ° 

and admits a ooncircular vector f i e l d (see [4-]). 

2. Preliminary r e s u l t s 
L e m m a 1 . I f the manifold La admits a concircular 

wector f i e l d v11, then the fol lowing conditions hold: 
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2 fi.Deszoz 

M C,Hkhid + vsRShid,k = TokShi " *jjcghd' 

(4) C - ^ + v sH s . > k = (a-1)T.k, 

(5) C - ^ + v *R h U s - v s S i 8 f h = Sh i - T ^ , 

where 

(6) I J k = DdBk - D j f k , 

(7) D̂  = Cd - 'C.Bj 

and 

P r o o f . From (1) we have 

(8) v h f i = C-gh i + v h B r 

Differentiating (8) covarlantly and taking into account (8) 
again we find 

vh f i ,d = + c - e h d B i + V d B i + v h B i f r 

Hence, "by means of the Ricci identity, in view of (1) and 
(7) , we obtain 

(9) - vsH8hi;J = Ddghi - D i 6 h r 

By transvection with v̂ 1 the last equation gives 

(10) D j V i = D iV . 
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Some Riemannian manifolds 3 

D i f f e r e n t i a t i n g (9) covar iant ly and using (8) and (9) we f ind 

- C ' 1 W j + W h i - » i B y ) - v s R S
h i j , k = D j , ^ h i - D i , k S h o 

which, in view of (6) , leads immediately to (3 ) . 
Vi ̂  Furthermore, con t rac t ing (3) with g we eas i ly obta in 

(4 ) . 
Contract ing (3) with g«*k

f we f i n d 

C ' R h i + ^ i h s . r = S r 3 T r 3 S h i - T i h , 

which, by making use of the well-known formula 

^ i h s . r = R i h , s ~ R i s , h 

l eads to (5) . Our lemma i s thus proved. 
L e m m a 2. Let M_ admit a conc i rcu la r vector f i e l d 

v h . ' 
I f f o r Mq t he equation (2) i s s a t i s f i e d , then the con-

d i t i o n 

M v V \ s , r = ^ S R r s , k = 0 

holds . 
P r o o f . Contract ing (4) with g ^ and making use of the 

well-known formula 

i R , k = ^ k . r 

we ge t 

C.H + \ v s R > g = ( n - 1 ) g r s T r s . 

Since the s c a l a r curvature R of the M i s cons tan t , we have 

C . R * ( n - 1 ) g r S T r g f 
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4 R.Deszcz 

whence, by v i r tue of (5) , we obtain 

(12) C.Rhi • v 8 ] ^ - v X s . h = "¿T C ' Sh i " T ih • 

Bat (12), together with (4) , y i e lds 

+ v S R h i , s ~ <n-2>Tih = ¿ T C ' S h i ' 

which implies that the tensor T ^ i s symmetric. Interchan-
ging in (12) the indices h and i we obtain 

C R ih + v S H ih f 3 - A ^ i " - ¿ T C ' S i h ' T h i 

sotby (12) and symmetry of the tensor T h i , we have 

(13) v s H s h f l = v s R s i f h 

and 

(14) v V H s h f I = v V R s r f h . 

Transvecting (2) with v^ and substituting (13) , we get 

(15) - v S R i k , s = 2 v S R i s , k ' 

But the l a s t re la t ion gives 

" ^ r R r k , s = 2 v £ V i W 

which, in vieiw of (14), completes the proof. 
L e m m a 3. Let MQ be a connected analyt ic manifold 

admitting a concircular vector f i e l d v h . If the condition 
(2) i s s a t i s f i ed and C i s non-zero, then 

(16) » i f i P i T C-S 3k' 

P r o o f . Transvecting the relat ions (4) with va and 
(12) with v h and using (11) we obtain 

- 490 -



Some Riemannian manifolds 5 

C - v X ~ = 0 
and 

C.v sR k s + v S T k s = ^ C.vk 

r e s p e c t i v e l y , hence 

and consequently 

Vii On the o ther hand, con t rac t ing (9) with g we get 

(18) - v s R s i = (n-1)Dd . 

S u b s t i t u t i n g the l a s t equation in to (17) we have 

(19) (n-1)D3. = -

D i f f e r e n t i a t i n g now (19) covar ian t i^ and using (8) , (19) and 
(6) we obtain (16) . Thus the lemma i s proved. 

3. Main r e s u l t s 
T h e o r e m 1 . Let MQ (n > 2) be a connected and 

a n a l y t i c Riemannian manifold. I f ll^ admits a non-zero concir-
c u l a r f i e l d , D^ i s non-zero, and the condi t ion 

( 2 0 ) R hi , ; j ,k ~ = 0 

i s s a t i s f i e d , then i s an E ins te in space. 
P r o o f . D i f f e r e n t i a t i n g (4) covar ian t i^ and applying 

(4) again , we get 
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(21) 
+ V ^ j . k . h - ^ ^ k . h ' 

Interchanging aow the ind ice s h f k t i n (21) and making use 
of r e l a t i o n s (7) and (20) , we f i n d 

(22) D ^ - D ^ = ( n - 1 ) ( T d k , h - ! r d l l f k - B h T j k + B k T j h ) . 

On the other hand, as an immediate consequence of (6 ) , and 
( 7 ) , we get 

D 3 , h , k " D d,k ,h = T j k , h " T jh ,k " B h T jk + B k T jh 

whence, making use of the Ricc i i d e n t i t y , we have 

Tdk,h - T
d h,k - V d k + V j h = - V V * 

Subs t i tu t ing the l a s t equation into (22) we obtain 

V w - D k \ j = - c ^ v V -

Multiplying both s ides of t h i s equation by v^ and using 
(10) and (9) we obtain 

D i [ T A j " T A j - ( n - 1 ) (Dkgdh " D h S j k ) ] = 0 , 

so 

Contracting now (23) with g ^ and making use of (18) we f i n d 

Dh = - d b r j V 

- 492 -



Some Rlemannian manifolds 7 

The l a s t equation, together with (23) , gives 

V k j - V u - - t (vk«dh - V j k > -

By transveotion with this yields, in view of (18) and 
(24) , 

A ^ k j - i ^ - 0 

and 

= # «kj* 

Our theorem is thus proved. 
From Theorem 1 we conclude the following corollary. 
C o r o l l a r y 1 . Let MQ (n > 2) be a oonnected 

and analytic manifold« I f M̂  admits a special conoiroular 
vector f ield,with non-constant funotion G, and the condition 
(20) is sa t i s f ied , then MQ i s an Einstein space. 

T h e o r e m 2. Let (n > 2) he a connected and ana>-
l y t i c manifold. I f Mg admits a non-zero conclrcular vector 
f i e l d , D^ i s non-zero, and the condition. 

®hijk,l,m " ®hi;jk,m,l = 0 

i s sa t i s f ied , then i s a space of constant curvature. 
P r o o f . Erom Theorem 1 and (20) i t follows that MQ 

is an Einstein space. Therefore the equation (4) can "be written 
as 

T jk 3 i r i b n r c - 6 j k -

Substituting now the las t relat ion into (3) we get 

C-Bkhid+ vsR Shi3 ,k = i d b r j c(so-k6hi - s j j c ^ ) . 

By covariant differentiation, this formula yields in view of 
(8) and (7) 
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8 g.Deszoz 

h^khij * c#Hkhi;}tl t c"\hiJ,k + V^hi^k.l * 

= nIr5l7 Dl^gikshl " 

Interchanging the indices k and 1 in the last equation and 
applying (25) we find 

Dl\hij " \hhij = n(n-l) [ V ^ M - SifcSh^ " 

- - «ilShj^ 

from which, in the same way as in the proof of (theorem 1, we 
obtain 

- v W d = iifcnK^jkShi - ^ h ^ -

- vk(edl8hi-
Transvectiog the last equation with v̂ * and making use of (9) 
and (19)» we find 

®khij = n(n-1) (sjkshi " sik8h^» 

which, evidently, completes the proof* 
From Theorem 2 we easily obtain 
C o r o l l a r y 2. Let MJJ (n>2) be a connected and 

analytic manifold. If MQ admits a special concircular vector 
field, with non-oonstant function C, and the condition (25) 
is satisfied, then MQ is a space of constant curvature. 

T h e o r e m 3. Let MQ (n>2) be a connected and 
analytic manifold admitting a concircular vector field. If 
the condition (2) is satisfied and C is non-zero, then 
is an Einstein space. 

P r o o f . Substituting (15) into (12) we get 
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° - E h i " ^ v S R i e , h + T ^ = - ¿ f O - ^ . 

which together with (4) y i e l d s 

But i n view of (16) the l a s t equation gives 

which completes the proof . 
Since every Ricci symmetric manifold MQ s a t i s f i e d the 

condi t ion (2) , we have 
C o r o l l a r y 3 . Every connected and ana ly t i c Ricci 

symmetric manifold MQ admit t ing a conci rcu lar vector f i e l d , 
such t h a t the s c a l a r f u n c t i o n C i s non-zero, i s an E ins t e in 
space (see [ 2 ] ) . 

The autor wishes to express h i s s incere thanks to DR W. 
Roter f o r h i s valuable advices and suggest ions . 
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