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APPLICATION OF THE GREEN FUNCTION 
IN THE THEORY OF PSEUDOPARABOIiC EQUATIONS 

We consider equat ion 

a r ^ u ^ t ) • « ^ ( a j t ) = 0 , 

( 2 ) + = 0, 

u ( x t 0 ) a 0 , 

where ( x , t ) eQ = < a , b > x < 0 , T > .flo^l + | « 2 | ) ( + \J*2\ ) * 0 . 

We suppose t h a t 

1° P ( x , t , 2 1 z 2 , z 3 , z 4 , z 5 ) e C(Q * R 5 ) , 

2° | P ( x , t , z 1 , z 2 , z 5 , z 4 , z 5 ) - P ( x , t , z 1 t z 2 , z 3 , z 4 , z 5 ) | < 

wi th homogeneous boundary cond i t ions 

s 

3° P ( x , t ) , q ( x , t ) , p x ( x , t ) , p t ( x , t ) , p ^ i x . t ) , q . t ( x , t ) e C(Q), 

p ( x , t ) * 0 f o r ( x , t ) e Qf 
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2 M.Majohrowskl 

4° For an arbitrary t e <0 fT> the equation 

* E[p(x.t)y'] + q(x,t)7 = 0, 

with conditions 

<x1y(a) +« 2y'( a) = 0, 

¿ ^ ( b ) +y82y'(b) = 0, 

has in the interval < a,b> the unique solution y a 0. 
Ve shall sjiow that under these assumptions and some additio-

nal hypotheses the problem (1) - (2) has the unique solution 
u(z,t) which is continuous in Q as well as the derivatives 
u^xit), u^ix.t), U^Xjt), u^x.t). 

In the paper [l] N. Calistru'has considered the case of 
p(x,t) and q(x,t) independent of the time variable t. 

L e m m a 1* Under the assumptions stated above the 
Green function G(x,5;t) for the operator belongs to the 
class C^<0,T> . The derivative Gx(x, £ jt) is continuous and 
differentiable with respect to t for x > £ and moreo-
ver, the derivative Gx^(xtt(^) is continuous in each of the 
domains x < ^ and xst^, thus it is bounded in the set 
<a,b>*<a,b>*<0,T> . 

P r o o f. It is known (cf. [2], p.520) that if we put 

(3) G(x,$|t)« 
y1(x,t)y2(^,t) for x ̂  5 

where y^(xtt) (i=1,2) is a solution of the equation l^(y)aO 
satisfying conditions 

(4) cx1y1(att) +«2y^(a,t) » 0, 

(5) ¿^(li.t) +>0272(b»t) = 
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Application of the Green function 3 

and for fixed tf < 0 t T > we have 

(6) y,,(x,t)y2(x,t) - y2(x,t)7^(x,t) = p(i,t) » 

then 
b 

(7) y(x,t) = -/Gix^itU^yfcitjJdS 
a 

for an arbitrary function y(x;t) satisfying the homogeneous 
boundary conditions (2). 

We observe that for arbitrary y^Cxjt), y2(x,t) satisfying 
the equation l^y) = 0 with conditions (4),(5), respectively, 
we have 

JLjp(x ,t) [ y 1 ( x , t ) y ^ ( x , t ) - y 2 ( x , t ) y ^ ( x , t ) ] J = 0, 

thus 

(8) y1(x,t)y^(x,t) - y2(x,t)y^(x,t) = ) , 

where y/(t) 4 0 for te <0,T> which follows from the 
assumption 4°. 

Now we shall show that the functions y^x.t), y2(x,t) 
are continuous and differentiable with respect to t. We con-
sider the problem 

(9) = Ot + 0 « ^ = 0, 

where c^ = y1(a,t), d^ = yjj(a,t) are supposed to be con-
stant . 
By the substitution 

,2 
(10) - r L ( x , t ) = <p (x»t)» 

doT 1 

C2) v ^ J - ^ E r - f d ^ ^ - ^ 
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we reduce the problem (9) to the integral equation of Vol-
terra type 

* 
(13) 9»(Xft) = f(x,t) - ^ ( x , % jt) <p (l-;t)d$. 
Its solution is given by the formula 

* 

(14) yp (X|t) = f(x,t) - flC{x,% {t) f(t- ;t)d$, 
a 

where 
— 

(15) Tt(x,5 ;t) = £ (-l)"»^*^ 
HmO 

and 
» 

(16) Nk(x,^;t) = J N ^ l x . s i t ^ i B , ? ¡t)ds , (k*1,2,..,). 

Prom the assumption 3° it follows that the functions (11) 
and (12) are continuous and differentiate with respect to t. 
Prom (16) it follows that Nk(x,5 ;t) is continuous and diffe-
rentiable with respect to t for k = 1,2,... Therefore, under 
the assumptions stated above, there exists a constant D such 
that t 

3 N k TT it) ^ D(2D)k l a r, b | k • 

Thus the resolvent (15) is continuous with respect to t and Aw 
the derivative g^(x, I jt) exists and is continuous. There-
fore 9>(x,t)eC^ < 0 , T > j since I 

y^x.t) = J (x - O 9>(*,t)d$ + ^ ( x - a) + C l , 

(x,t) y(t-it)d* + d^, 

we have shown that y^ (x;t) e C^ <0,T>. A similar argument shows 
that y2(x;t)e C^<0,T> .Therefore y(t)«cj<0,l> .further,the 
Green function defined by (3) and the functions y^(x,t)= y(-fc) 
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Application of the Green function 5 

and y 2 ( x » t ) = y g i x ^ ) have the required property (6) and 
sa t i s fy the thesis of Lemma 1. 

C o r o l l a r y . Lemma 1 implies the existence of a 
f i n i t e constant 

(17) r = sup 
x,|e-ca,6> 
te<o,r> 

|G(x,^;t)|, | <^(x tl-;t)| t 

|G t (x t ?|t )| , | GxtCx^jt) ) ! 

Taking into account (1) and (7) we construct the operator A 
defined by 

b t 

(Aw)(x,t) = - fax,lit)r f w ( ^ , t ) ) + w(^ tr)]drd^ 
a o 

which transforms the set XL o f a l l functions w(x , t ) defined 
on Q and continuous with derivatives wx, w ^ , w^, into 
i t s e l f . I t i s easy to show that the solution od the problem 
(1) - (2) i s a fixed point of the operator A. In the set £ 
we define the metric 

( | I A i . 

PA(u,v) = sup ||u(x,t) - v ( x , t ) | e ~ , 

^ ( x . t ) - v x ( x , t ) | e - * \ ^ ( x . t ) - v ^ i x ^ J j e ' ^ 

| u t ( x , t ) - v t ( x , t ) | e " ^ , | u x t ( x t t ) - v 2 . t ( x f t ) | e - ^ t 

where A is an arbitrary positive constant. I t is known that 
(Z»9a) i s a Banach space. Analogously, as i t is done in [ l ] 
we can show that 

ft(Aw,Av)^ max | r ( ^ " a ) t , T ( b - a ) ( l + ^-)(5Irt-R) 9A (W,V) 

for w , v e L t where M is a positive constant, R = sup |q^(x,t)| 

L i s the Lipschitz constant from the assumption 2° , r is 

a constant defined by (17) . I f 5L + 5 < p ^ _ & y and > i s suff i -
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ciently large, then from Banach's theorem, on contracting 
mappings it follows that the problem (1) - (2) has the unique 
solution. 

If in the right-hand side of the equation (1) the func-
tions Uj. and u ^ do not occur, then we obtain the estima-
tion 

y (Aw,Av) ̂  max r(b-a) M 
5 » T <5L + H) (w,v). 

Then the problem has the unique solution without any addi-
tional hypotheses. 

One can pose the problem of approximation of the exact 
solution u(x,t) of the problem (1) - (2) with the right-hand 
side independent od û . and u ^ by the solutions of an 
ordinary differential equation. 

We state the new problem 

v0(x) = 0 

M p ( x * V "!E(vWi - V + ^ » V ^ - T V 3 

= h P*(x,tk, v̂ ., v*) 

with conditions 

a1vk+1(a) +"2v'k+1(a) = 

¿1vk+1(t) +^2vk+1(b) = 

where F*(xtt,z/,,z2»2^) = Ftejt.z^,z2,z^) + q^CxjtJz^ and 
m tfc = k.h, h = , k = 0,1,...,n. 

One can prove the following theorem analogous to Theo-
rem 2.1 in [l]. 

T h e o r e m . Let v(xtt) be the exact solution of the 
problem (1) - (2) (the right-hand side is independent of 
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vt* vxt^* ^ •p*(x»'f'»z'i»z2,7'3̂  h a s derivative with 
respect to t which is hounded in Q * then the differen-
ces 

3v(xtt.) 32v(xftk) 
vk(x) - v(x,tk), v^(x) giE , v£(x) 

converge uniformly to 0 with respect to x for n-^e». 
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