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APPLICATION OF THE GREEN FUNCTION
N THE THEORY OF PSEUDOPARABOLIC EQUATIONS

We consider equation
2
= [ ?
(Mefu] = a—%&— [p(x,t) i]-i- q(x,t)-;‘é—: F(X, 550U, U u )
with homogeneous boundary conditions

aqu(a,t) +au (a,t) = 0,
(2) B4 u(b,t) + Bou (b,t) = 0,
\I(X,O) = 0,

where (x,t) €Q =<a,b>x<0,T> ,(Io(,'l +|a2| Y184l +18,51) # 0.

We suppose that

10 B(x,8,242p1250212%5) € C(Q x B?),
2° |F(x,t,z1,z2,z3,z4,z5) - F(x,t,21,52,'§5,24,i5)|é
s
<L ‘Z’ [z = & |
3° p(x,t), a(x,t), Py(Xst) s Py(X,8)s Py (x,t), qu(x,8) € C(Q),
p(x,t) # 0 for (x,t) e Q,
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2 M,.Majchrowski

4% Por an arbitrary te <0,T> the equation

1%(3) = R 07] + ax,t)y =

with conditions

aq3(a) +ap3 (a) = O,

B43(b) + By () = 0,

has in the interval <a,b> the unique solution y = O.

We shall show that under these assumptions and some additio-
nal hypotheses the problem (1) - (2) has the unique solution
u(x,t) which is continuous in Q as well as the derivatives
w, (x,%), u’u(x %), ut(x t), \L‘t(x t)e

" In the paper [1] N. Calistru has considered the case of
p(x,t) and q(x,t) independent of the time variable t.

" L emma 1. Under the assumptions stated sbove the
Green function G(x,Est) for the operator 1Y belongs to the
class Cl<0,'.l‘> . The derivative Gy (xy € 3%) 1s continuous and
differentiable with respect to t for x >% and x<E; moreo-
ver, the derivative G_i(x,t3%) 1is continuous in each of the
domains x<& and x2E, thus it is bounded in the set
<a,b>x<a,b>x<0,T>,

Proof., It is kmown (of. [2], p.520) that ir we put

7, F«x,t)yagg ,t)‘ for x <'§

3) G ) =
( (084 yz(x,t)y,| (Ey8) for xE,

where 71(1,'1?) (i=1,2) is a solution of the equation lt(y).-.-.o
satisfying conditions

(4) x 474 (ay%) +q2y:1ga,t) = 0,

(5) BaY5(byt) + Bo¥a(b,t) =
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Application of the Green function 3

and for fixed +€ <0,T> we have

then
b
(7) ¥(x,t) = -JG(x,E;t)lt[y(Est)]dE
a

for an arbitrary function y(x;t) satisfying the homogeneous
boundary conditions (2).

We observe that for arbitrary y1(x;t), yz(x,t) satisfying
the equation 1%(y) = O with conditions (4),(5), respectively,
we have

a%{l’(x’t) [71(""7)3:2(3(,‘6) - 3,(%,8)34 (x,t)]}: 0,
thus
(8) RN ACTIERACANACR)) =_p%5%7,

where y(t) # O for te <O0,T>which follows from the
assumption 4°,

Now we shall show that the functions y1(x,t), yz(x,t)
are continuous and differentiable with respect to t. We con-
sider the problem

(9) 1%(3,) = 0, aycq + x84, = 0,

where ¢, = y,(a,t), 9, = y;(a,t) are supposed to be con~
stant.
By the substitution

: d2
('IO) ?yq(x’t) = ¢(x,t)’

=Dy (X %)

D (x’t)
(12) No(x,E;t) = ﬁx—’?)- + ? :’t (x - §)
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4 M. Majchrowski

we reduce the problem (9) to the integral equation of Vol=-
terra type ‘

X
(13) - plx,8) = 2(x,8) - fno(x.s 1) 9 (§3t)E.

its solution is given by the formula
x
(1) el = £, - [ (x,§ 58) £ se)ak,
a ", ’
where

(15) ™ (x,§ 3%) = Z. (-4)"Nn_(x,g i)

And
and

(16) Nk(x,E st) = ka_,‘(x,s;t)No(s,E ;tlds , (k=1,2,...)~

From the assumpf:ion 3% 1t follows that the functions (11)
and (12} are continuous and differentiable with respect to t.
From (16) it follows that Nk(x,E $t) is continuous and diffe-
rentiable with respect to t for k = 1,2,... Therefore, under
the assumptions stated above, there exists a constant D such
that

"
| ¥ (x, 5 48)| < pk+1 lﬂ-ﬁi-

aN .
|“ﬁ]£ (xy & ;t)l < p(20)¥ IL%.QI_ )

Thus the resolvent (15) is continuous with respect to t and
the derivative ;’-’é(x, E §t) exists and is continuous. There-

fore ¢@(x,t)e Cl <0,7> ; sincel
y,‘(x,t) = / (x =~ E) p(E,t)AE + 4 (x = a) + Cq s
X
34 (x,%) ='[<P(E=t)dﬁ + 4,
we have shown that y,(x;t)e C;';<0,'1‘.>.A similar argument shows
that y,(x;t)e CJ<0,T> .Therefore y(t)eC)<0,T> ,further,the

' ~ I (x,%)
Green function defined by (3) and the functions ¥, (x,t):W
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Application of the Green function 5

and "y'z(x,t) = ¥,(x,t) have the required property (6) and
satisfy the thesis of Lemma 1.

Corollary. Lemma 1 implies the existence of a
finite constant

(7) M= sa {_IG(x,E;t)I. | G (xs83t
te<0,7>

|y (x,838)], | Gxgx,s;t)]} :

Taking into account (1) and (7) we construct the operator A
defined by

3 ¢
(Aw) (x,t) = —&/'G(X,E;t)z/‘[i'_(g, t,w(E,T))+ a—qa%—iiw(g,t)] drdEg

which transforms the set Z of all functions w(x,t) defined
on Q and continuous with derivatives Woy Wous Wy Wou into
itself, It is easy to show that the solution od the problem
(1) = (2) is a fixed point of the operator A, In the set Z

we define the metric

9, (u,v) = sbzp {Iu(x,t) - v(x,t)le"m,
|t&(x,t) - vx(x,t)|e"m, Iun(x,t) - vxx(x,t)'e'm,

lut(x,,t). - vt(x,t)l e"lt, |l&t(x,t}-vxt(x,t)le'zt},

where A is an arbitrary positive constant. It is known that
X, 92) is a Banach space. Analogously, as it is done in [1]
we can show that

0, (Aw,AV) < max {P(t;-av), % , M (b-a)(1 + ;—)}(SDR) Qs (W,v)
for w,vel.,, where M is a positive constant, R = syp |qt(x,t)|

L is the Lipschitz constant from the assumption 2°, ris
a constant defined by (17). If 5L + R<prpzy andAis suffi~
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6 M, Majchrowski

ciently large, then from Banach’s theorem on contracting
mappings it follows that the problem (1) -~ (2) has the unique
solution.

If in the right-hand side of the equation (1) the func-
tions uy and L. do not occur, then we obtain the estima-
tion

0, (4w,4v) < max {"—(b,'\"—al, %](51. + R) 9, (w,v).

Then the problem has the unique solution without any addi-
tional hypotheses,

One can pose the problem of approximation of the exact
solution u(x,t) of the problem (1) - (2) with the right-hand
side independent od uy and Upt by the solutions of an
ordinary differential equation,

We state the new problem

Vo (x) =0

(2.1) '%E[p(x'tk)'%i(vk+1 - ) + alx, 5 ) (v 4~V )=

= b F (X by Vs Vi)

with conditions

% 4Vq (@) v oWy q(a) = O,

PaVigsr (0) + BV, 4 (b) = 0,

where F*(x,t,z1,zz,23) = F(x,t,zq,zz,zs) + qt(x,t)z1 and

=k-h,'h=l’ k=o’q’coo’no

tk n

One can prove the following theorem analogous to Theo=-
rem 2.1 in [1].

Theoremn Let V(x,t) be the exact solution of the
probles (1) - (2) (the right-hand side is independent of
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Application of the Green function Vi

Vi Vggle IF F*(x,t,z1,z2,z3) has the total derivative with

respect to t which is bounded in Q X R3, then the differen-
ces

, 3F(x,t) 8% (x, b, )
Vk(X) - V(x,tk), vk(X) - 3% ¢ Vk(X) - ——a—;z-——

converge uniformly to O with respect to x for n-eee,
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