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GENERALISED STRONG NÛRLUND SUMMABILiTY 

1 . Introduction 
In [ 2 ] t a definit ion of generalised strong Norland summa-

b i l i t y was given and some multiplication theorems concerning 
strong Norland BUjnmnbility of product, which i s more general 
than the Cauchy product of two sequenoes, were established. 

In the present paper oertain inclusion theorems have been 
established which answer questions such ast " I f one geaera-
l ised Nôrlund method includes another, i s the same true of 
the associated generalised strong Norland methods?" Some r e -
la t ions between generalised strong Norland, generalised abso-
lute Nôrlund and generalised Norland summability have been 
established which, in p a r t i c u l a r , yield some interest ing r e -
la t ions between strong Riesz, absolute Riesz and Riesz summa-
b i l i t y . I t is interest ing to note that the r e s u l t s of [4] 
follow as par t i cular cases of our r e s u l t s . 

2 . Preliminaries 
Throughout; t h i s paper H and 11̂  will denote positive 

constants which may not be the same at each occurence. 

Given any sequence |pn}» w e vjritc 

00 
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2 A,Kumar 

whenever the s e r i e s on the r i g h t converges. We def ine the 
sequence {kQ} of cons tants "by means of the fo l lowing formal 
i d e n t i t y 

( ¿ .1 ) *(«> . k - i -O. 

As usual we say tha t the sequence jp^Je^u i f 

P0 = 1» P n > f o r Q > 0 ' 0 n p n pn*1 

Let | p n } a n d | a n J be sequences of numbers, r e a l or complex, 
and wr i t e 

<i 

v=0 

I t i s well known tha t the opera t ion * i s commutative and 
a s s o c i a t i v e . 

Given any a r b i t r a r y sequence jw n j ( we de f ine 

¿wQ = Wq - wQ_1f w_1 = 0 . 

I t can be eas i ly v e r i f i e d t h a t 

4(p»cx)n = (¿P *<*).n = (p*4o<)n. 

De f in i t i ons 

(1) Generalised Norlund summability (N,p,tx). 
Suppose t h a t (p*a) a * 0 f o r n ^ 0. A given sequence 

s n } t o 136 summable (N,p,oO to the value s , i f 
t — s as n—<*>, where 

(p»«s) p 

(? . 2) n = (P«°0Q 
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Generalised s t rong Norland summability 3 

and 
n 

(p»«s)Q = 
v «.o 

This I s denoted "by sQ-—s(N,p,ot) ( c f . [ ? ] , [5] , [ 6 ] ) . 

The method (N,p,o<) i s sa id to "be r egu la r i f i t preserves 
l i m i t s f o r convergent sequences. 
(2) Generalised absolute Norland summability | N , P » ° < > > 0, 

We s h a l l say t h a t | s Q | i s absolu te ly summable (N tp,a) 
with index > > 0 , or summable |N tp tc*|^, i f 

whete t Q i s defined by ( 2 . 2 ) . When > = 1, |N,p,<x|^ summa-
b i l i t y reduces to | N , p t « | summability ( c f . [ 5 ] ) . 

(3) Generalised s t rong Norlund summability [n ,p > q<]^>0 . 
Let (p*4ot)Q (p * oc)Q 4 0 f o r n 0 . A given sequen-

ce ( s Q } i s said to be s t rongly summable (Nfpto<) with index 
> > 0 to s , or summable [n f p ,a ] A t o s , i f 

and i s denoted by sQ—*• s [N,pfcx]^ ( c f . [ 2 ] ) . As remarked 
i n [ 2 ] , t h i s d e f i n i t i o n i s of use only when (p*o)a—•<» as 
n— 00. 

The choice a Q = 1 f o r n > 0 leads (N,p,o<) summa-
b i l i t y to (N,p) summability, | N,p, ex summability to |N,p|^ 
summsibility and [NJPJOC]^ summability to [N,p]^ summability 
( c f . !> ] ) . 

Y«henpa = 1 f o r n ^ 0, (N,p,oc) summability reduces to 
Riesz summability (N,o<) ( c f . [ 5 ] ) , l ^ p , * ^ to absolute 
Riesz summability | N, <* Ix and [ N J P J O J ^ t o s t rong Riesz 
summability 
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4 A.Kumar 

I f P and Q are methods of summahility, Q is said to 
include P (written P C Q) i f every sequence summahle P is 
also summahle Q to the same sum. P and Q are said to he 
equivalent (written P « Q) i f each includes the other. 

In the rest of the paper i t is assumed that 

(p#a)n * 0, (p*Aa)Q * 0, (q * or)n * 0, ( q *A « ) Q * 0 for n > 0 . 

3. The Lemmas 

In this section we colleot some lemmas whioh wi l l he 
required in the proof of our theorems. 

L e m m a 1. Let |pnJe/a and > 0 for n>0. 

( i ) I f 

(3.1) T ^ ^ r h f o r n > 0 ' 

then k0 > 0, k n > 0 for n > 0. 

( i i ) I f 

(3.2) ^ L ^ J l f i - for n > 0, 

then k.Q > 0, 0 for n > 0. 

The proofs of ( i ) and ( i i ) are respectively contained 
in the proofs of Theorem 23 of [7] and Theorem 3 of [4]. 

L e m m a 2. ( [1 ] Lemma 2). Let {Pq}*/" » % > 

qQ > 0 for n » 0 , qQ = 0 (pQ) and (3.1) hold. Then, 
i f (N,q,ot) is regular, (F,p,a) is regular. 

L e m m a 3 ( [2] Lemma 1). I f 

n 

(3.3) £ j ( p * / K x ) J = 0 ( ( p * cc)Q), 
»=0 
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Generalised strong Norland summnblllty 5 

then [ N t p f C [N»P»<*]/x f o r * > A > 0 . 

L e m m a 4 . ( [6] Lemma 1 with ot = y6Q). Let ocQ £ 0 
f o r n ^ 0. 

Then (N,p,a) £ (N,q»ot) If and only i f 

(3.4) ( I k U l (p*a) | ) Q = 0 ( (q«oi n ) , 

and, f o r every f ixed v, 

(3.5) = o((q»odQ). 

L e m m a 5 ([1] Theorem 1) . If { p ^ ^ » « a > . 0, qQ> 0 
f o r n > 0, pQ = 0 (qQ)» (N,q,a) I s regular and (3.2) holds, 
then (N,p,oO i s regular and (N,p,o<) c (N,q,cx). 

L e m m a 6 ([6] Theorem 1 with " Q » 0 n ) . I f {pq}€/<» 
c*Q> 0, qQ > 0 f o r n > 0, (3.1) holds and (N,q,ot) i s 
r egu la r , then (JT,p,oc) Q (N,q,«). 

L e m m a 7 . Leu otQ ? 0 f o r n > 0 . Then (N,cx) £.(N,£) 
I f and only i f 

a 

(3.6) £ j d n , o l » 0 ( 1 ) , 
9 - 0 

and, f o r every f ixed 

n——t 

9 < n-1), 

(9 = a) , 

(3.7) 

vhere 

(3.8) d 

n»? 0 as 

9 -9+1 

n,f 

0 (? > n). 
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6 A.Kumar 

P r o o f . Writing 
n 

Î3.9) un a J ^ y -
9-0 

n 

(3'9,) • n - f l b i l i * " " 
we have a((1»«0q uq) = ocQ bq and so 

g >9 

[ f i ^ - M 
oSS^Ç « 6+v S» 

n 

L <3 a . 

where d is given by (3.8̂ . If «n =» 1 for all a, then 
an = 1 * = 1f so that r d = 1 for every n. 

Hence« it follows fro* Theorem 2 of [7], that (Ntc0 c (Ntfi) 
if and only if (3.6) and (3.7) hold. 

4, Inclusion Theorems 

T h e o r e m 1. If (N,pta) ç (N,qtoe) and 

(*»V ( M * |(P«A«)|)Q sO((q#A«)a) , 
then ç [N,qt«]x for When A = 1, the condi-
tion (4.1) nuy be omitted. 
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Generalised strong N6'rlund summability 7 

P r o o f . Writing 

(p*A(ccs))n (g*A(«s))Q 
Ln = (p*ao,)q 8 » \ 8 

and noting that qQ = (k*p)Q (of. (2 .1) ) , we hare 

(q*A<x)n a ( k* (p*A« ) i ) Q . 

Thus, using Holder's inequality, and by (4.1),,we obtain 

(4.2) { K ^ n l { (|kk l (P^« )||L|) n }^ 

<(|k|*|(p*A«)| |L|>)a{(|k|*|(p*Aoc)|)Q)' 

^H(|kM(p*A«)||L|X)n{|(q*A«)n|}' 

> - 1 

<H( |k|*|(p»4«)| |L|*)Q , 

and we have 

I j ( < l * 4 « ) , | |tty|*< t - L £ j k f | F K p ^ I N " 

»=0 u n juT? 

We now suppose that sQ—- s[N,p, oj^. Thus 
n . 

and hence 

( ^ o r D ^ ' ^ i L l V v K p * ^ xv = o(D n fsO n »«=0 
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8 ' A . K u m a r 

p r o v i d e d ( 3 . 4 ) a n d ( 3 . 5 ) h o l d . B u t , b y L e m m a t h i s i s e q u i -

v a l e n t t o t h e h y p o t h e s i s ( N , p , a ) C ( N , q f o c ) . H e n o e s a — s [ N , q # x ] ^ 

s a — - s [ N f q , c x ] ^ ¿ . a d t h e r e q u i r e d i n c l u s i o n f o l l o w s . 

C o r o l l a r y . I f ( ! T , p , o O » ( N , q , o r ) , t h e n [ N J P J O c ] ^ » 

• [ N , q , o r ] 1 . 

T h e o r e m 2 , I f « n 0 , q Q > 0 f o r n > 0 > A o c n > 0 

f o r n > 0 , { p q } ^ » P n a O i q ^ t ( N , q t o c ) i s r e g u l a r a n d 

Vr - _ _ 
p n - 1 0 

^ c r - ^ f o r n > 

t h e n [ k » P » « ] t l ^ l _ N » ^ » < * ] > f o r 
* 

P r o o f . C a s e n Q = 0 . U s i n g L e m m a 1 ( 1 1 ) » w e f i n d 

t h a t 

( | k l » p * 4 o . ) n a 2 k ( p * A « ) n - ( q » A « ) _ « 0 ( ( q * A a ) ) 

q p 
s i n o e , w h e n e v e r n • < f o r n > 0 , i t o a n b e e a s i l y 

t h 1 ve-t 
v e r i f i e d t h a t p Q » i m p l i e s ( p * A a ) a » 0 ( ( q * A « ) n ) . 

( T h u s ( 4 . 1 ) h o l d s a n d t i h e r e s u l t f o l l o w s f r o m L e m m a 5 a n d 

T h e o r e m 1 . 

F o r t h e g e n e r a l o a s e , w e h a v e 

p n 
^ i r - ^ - n • V 1 » V 2 » 

p o - 1 
# • • • 

W r i t e t Q » q n f o r n » n 0 , n 0 + 1 , n 0 + 2 

a n d d e f i n e t Q r e c u r s i v e l y f o r n = n 0 - 1 , n o - 2 , . . . , 0 , s o 

t h a t t > 0 a n d n 
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Genera l i sed s t rong norland summabil l ty 9 

t 
^ 4 min (^»2 W l ^tl) 

V^Wl ' « a ' p n I 
t 

I f we s e t a —ft. . +:han 

f o r n > 0 t 

and ^ » 0 ( * t t ) . S inoe pQ * 0 ( q ^ = 0 and 

(K,5,o0 i s r e g u l a r (by Lemma 2 ) , t h e r e f o r e , by the c a s e 
nQ «= 0 ' ( w i t h q^ r ep l a ced by we obta in 

Hleact, by Lemma 6 (wi th pQ r ep l a ced by £ ) , we have 
(Nf£,cx) £ (N,q,oc). I f we w r i t e k ( z ) a , then, by Lemma 
1 ( i ) , ' kQ ^ 0 f o r n > 0 ; and so ( 4 . 1 ) ho ld s . Thus, by 
Theorem 1 , 

Prom ( 4 . 3 ) and ( 4 . 4 ) , t he r equ i r ed i n c l u s i o n f o l l o w s . 
T h e o r e m 3. I f , i n a d d i t i o n to the hypotheses of 

Theorem 2 , » then [N»P»°0> » [N»<lf0f]> f ° r * > 1 . 
P r o o f . Def ine |iQ} a s i n the proof of Theorem 2 . By 

Lemma 2 , (N, {•,<*) i s r e g u l a r and so by the case nQ = 0 of 
Theorem 2 (w i th pQ r ep l a c ed by qQ and qQ r ep l a ced by £Q ) , 
we have [N,q, «J^ £ S i n c e , by Lemma 5t (N,p,<x) i s 
r e g u l a r , t h e r e f o r e , from Lemma 6 and Theorem 1 (wi th pQ r e -
p l aced by and qQ r ep l aced by p Q ) , we obta in 
[ N j p , « ] ^ , because i t oan be e a s i l y v e r f i e d t h a t , i n t h i s ca se 
a l s o , ( 4 . 1 ) ho ld s . Thus [N,q,«]^£. [N>p,a]^ f o r * > 1 . 
Th i s , i n conjunct ion w i th Theorem 2 , y i e l d s the r e s u l t . 

T h e o r e m 4 . I f a Q > 0 , q . a>0 f o r n » 0 , A a n 0 
f o r n > 0 , {Pn}e,u , (N,p,o<) and (N,q,ot) a r e r e g u l a r , and 

( 4 . 3 ) 

( 4 . 4 ) [ N , $ , O C ] A C [ N V Q . o J * f o r * > 1 
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10 A. Kumar 

then 
fop»«],^ [»»q,«]^ f o r * > 1 

For the case nQ = 0, the regularity of (N,p,a) is not needed. 
P r o o f . When nQ = 0, by Lemma 1(i), 'kQ*> 0, kQ > 0 

for n > 0, and so (4.1) is satisfied. The result now follows 
from Lemma, 6 and Theorem 1. 

For the general case, interchanging pQ and qQ in the 
construction of (cf. the proof of Theorem 2), we, in 
this case, obtain 

for n > 0 and pQ = 0 (5Q). Now,by Lemma 5, (N,5,cx) is re-
gular and so by the case nQ = 0 of Theorem 2 (with in 
place of qQ), we have [N,p,<*]̂  c and by the case 

Thus SL [^»q»«]^ for * >1, as desired. 

5. Relations between generalised strong Norlund, generali-
sed absolute Norlund and generalised Norlund summabllity 
methods. 

T h e o r e m 5. If (3.3) holds, then [n.PJO^C (N,p,ot) 
for A >1. 

P r o o f . Since, by Lemma 3 [N,P,<x]̂ C D̂ Pt0«!-} 
^ >1, therefore it is enough to show that C (N,p,<x). 
Suppose s — s[̂ ,p,ot].. Thus 

It U ^n ^ ^n ^n pn 

(p»«)c 
1 (p*A(«s)), - - S = 0(1). 
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Generalised strong Norlund samniabllity 11 

Now 

(P *<*). 
n 

L « . 
9 = 0 

* ¿«L (p»A(ots))a 
(p*-aa)s - s 

(p*as)t 
(P*«)„ - s. 

Thus 

(p*«s) 
(p*a) s 

and hence s(N,p,of) and the result follows. 
T h e o r e m 6. If (N,p#Ao() Is regular and A 3»1, 

then the necessary and suffioient conditions for a sequence 
fsj to be summable [N,p,<x]a to s are that it be summable 
(N'fpfcx) to s and that 

n 

(5-1) v h r Xj(p#Aot)>l I1«» - 3 o(1)» 
9 = 0 

where 
(5.2) 

(p»A(a s))y 
(p * Aa)j » 

(5.3) (p*ots)p 
CP*«), 

Proof. Necessity. Suppose that sQ —- s[Ntp,o<]̂ . 
Then, by Theorem 5» s — s(N,pfa). Thus 

r p ^ i li, - B|* = od) 
and 

v*o 

(5.5) VQ — s as n—•*>. 
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12 A.Kamar 

Since (N,p*ia) is regulart therefore, from (5.5), we obtain 

(5.6) a 
By Minkowski's inequality, W9 obtain 

n 

(5.7) (P n p-o 
n 

»«0 

(p* 

n 
X j ( p*/<*)v| Ifp-S 
9-0 

Using (5.4) and (5.6) in (5.7), we obtain (5.1). 
Sufficiency. Suppose that (5.1) and (5.5) hold. Then, in 

this case also, (5.6) holds. Hence, by Minkowski's inequality 
and (5.1), 

(P 
n 

f^y- Z L Up*a«)»I I v * 6 

w* 

n 

-r- ) |(p*A«),| | Ly-
v=0 
n 

(P * Q 7^0 
o(1) 

so that (5.4) holds; and hence sQ
 — s 

R e m a r k s 
1) Since, in Theorem 6, (N,p*4«) is regular, therefore (5.1) 

is equivalent to 
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( 5 ' 8 } ( 1 * | (p »A «OI ) H l(p*Aoc)v| |L, - = 0 (1 ) . 

Q »=0 

2) I f |sQ| is sumnable |ii,p,o< then sQ — - s (N ,p , a ) , where 

OO 

(5.9) 3 = £ ( V V l ) + V 
t Q "being defined by (2 .2 ) . 

T h e o r e m 7. I f (N,p* Aa) is regular and js n| is 
summable ¡N, PfOrl^, then s a ~ * s [NjPjot]^ , where s is g i -
ven by (5 .9 ) . 

P r o o f . By Theorem 6 and .Remark 1 ) , i t is enough 
to show that 

n 

( 1 * |(p*AcO|)n lLV " = 

where L , , v9 are defined by (5 .2 ) , (5 .3 ) , respectively. 
Now, f o r n > 0, 

( p * a ) (¿p*cts) - ( p * 4 a ) ( p * a s ) 
jj _ u/ y y « — 

a n ~ ( p ^ « ) n ( p * « ) Q 

_ ( P ' ^ n { ( P * 0 ( S ) t l - ( P » O f S ) a _ 1 ) - { ( P * « ) n - ( P - o Q ^ l (P «as ) a 

(P ( P * o c s ) a - ( P * « ) n ( P , , o f S ) n _ i 
= ( P * « ) Q = 

(P« « )Q_1 vn - (p*<*)q_i Yn_ i 

(P*1O0Q 
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14 A.Kumar 

Thus 

(5.10) |(p #A<*)J |Ln - VQ| = |VQ - >fa_ll ! 

^ (1 * |(p*Aor)j |VQ - V l l 

and hence 

(5.11) 
n 

¿ s i ^ (1*|(p»Aa)l) t t fa 

Writiug * * = I - Vy_11» xn - J^ 

we f ind that the right hand side of (5.11) is 

n 

n 

( l » | ( p « A « ) n H l ( P ^ « ) v | X y = 0(1) 
" »=1 

since (N,p*aof) i? regular. This completes the proof. 
T h e o r e m 8. I f a >1 , i s regular, 

(5.12) (1*| (P » *o i| ) a - 1 = 0 ( n|(p*«)QP 

and i f sQ- »s (N,p,a) and jsQJ is summable |N,pt0i|^, then 

s n ~* " s [ N »P » o t k ' 

P r o o f . By Theorem 6, i t suf f ices to show that (5.8) 
holds. Now, using (5-10), we f ind, by (5.12), that 
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Generalised strong Norland summability 15 
n 

(5.13) (1«l(p»A«)|)n Z j n p«fl 

^ - J - — _ y (I*Kp*aoî)I)»_iK-
'0 * I (p* A<x) I )_ ) — — ^ Q fer kp*aoo,I>-1 

o 

*(i»KP
1»»at)n p ^ k - F ^ I * . 

n 
Now letting y, = * » = / y„ 

9-1 

and proceeding as in Theorem 7» we find that the right hanu 
side of (5.13) is o(1). This establishes (5.8) and tho proof 
is thus complete. 

As particular instances of the results of Sections 4 and 
5, when otQ = 1 for n > 0f we obtain various results con-
tained in [A']. 

6* Relations between strong Rieszt absolute Riesz and 
Riesz summability methods 

T h e o r e m 9. Let a Q £ 0 for n > 0. Then, for a#s1, 

(F,o.) £ (M,/5) implies ç [ M ] ^ • 

P r o o f . Suppose that sQ--s[Nfa]v Thus, by defini-
tion, 

n 

un = =o(1). 
n P-0 

Writing 

v«0 
and proceeding as in the proof of Lemma 7» we dotain 

(6.2) t„ * , , 
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16 A.Kumar 

v;hers 

( I M I V i l \ 
( 0 ^ 9 < n - 1 ) , 

( 9 = n ) . 

0 (9 > n ) . 

S i n c e (N , « ) £ (N t £) , t h e r e f o r e ( 3 . 6 ) and ( 3 . 7 ) h o l d . Le t 

A1 = 9 : 0 ^ ^ < n-1 ! * « L l V i l 
' i ^ r r v n 

9 s 0 9 sg n-1 , i V i l 
l a 9 l 1*9+1 Ij 

C l e a r l y A^ 0 Ap = ep and A 1 U A 2 = | 9 : 0 9 < n - l | . Now 

n 

L l < 
9=0 n.9 '9 I " l V l N ' " ^ n 

9 

I V I l c i * ° o p 

i V i i 

l * a l I 
il0<n I I ( 1 * j 6 ) J 

fevll0'«?! V 1 
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Generalised strong Norland summability V 

? 6 A 2 

Of , J?8±l + l * a M ( W ) n l > ) 

" V 1 l"nl l ^ ^ n l / " 
n 

9-0 

by ( 3 . 6 ) . Also, for every fixed 9 , d' o""*"0 as n-—«>, 
by (3 .7 ) . " 

Thus the transformation (6 .2) i s null-preserving and hence, 
"by (6 .1 ) , t = o(1) . Thus s Q — a n d the required 
inclusion follows. 

Putting pn = 1 for n ^ O in the results of Section 5, 
we obtain the following theorems. 

0 
T h e o r e m 10. I f = ° ( ( 1 *°0 Q )» t h e Q 

[if,«]^ C (N,ot) for A > 1 . 
T h e o r e m 11. Suppose that (N,oc) is regular and 

Then i f and only if s Q — s (N,a) and 
n 

0 » « ) y\«t\ I®» - = 
q 9=0 

where uQ is defined by ( 3 . 9 ) . 
T h e o r e m 12. I f (N,oO is regular and |sQ| is 

Oo # 

summable IN,«*^, then Sq—«-sfifjOrj^, where s = P j y ^ ^ ) + 

+ uQ, uQ being defined by ( 5 . 9 ) . 
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18 A.Kumar 

¡ T h e o r e m 13. Suppose that * >1, (N,a) ia regular and 
(1 *tcxl = 0 (n|(1*a) a|). I f sQ—-s(N, ot) and {sQ| is summa-
ble I N, ocl̂  , then sQ-— S[N, cx]̂ . 
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