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WITH THE MIXED DERIVATIVE 

1. Introduction. 
This paper conta ins the proof of the s t a b i l i t y of the 

d i f f e r e n c e schemes f o r the parabol ic type p a r t i a l d i f f e r e n -
t i a l equation with two v a r i a b l e s . 

Given the domain to^ - defined by i nequa l i t e s x x x , xy 
y si y y and co^, by 0 t T. 

We denote the boundary of u ^ by r and u> - c o ^ x co .̂. 

Consider the equation 

2 2 2 (1) | f = a 1 ( x , y , t ) | - f - + 2 a 2 ( x , y , t ) + a j f r . y . t ) ^ + 

+ 2 a 4 ( x , y , t ) § £ + 2 a 5 ( x , y , t ) + a 6 ( x , y , t ) u + a ? ( x , y , t ) , 

f o r (x,y,t)cco, and the condi t ions 

(2) u(x ,y ,0) = f ( x , y ) f o r 

(3) u ( x , y , t ) = g ( t ) f o r ( x f y t ) e r x « t , 

. . f a r , t f t g being given f u n c t i o n s . 

Vie choose th ree na tu ra l numbers n, m and s , and we de-
f i n e t h r e e r e a l numbers (s teps) 

v, x - x y - y v T 
= — 5 — ' 2 = m * ' k = b • 
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2 J.Wojtowicz 

The steps h^, h 2 and k can not "be choosen arbitrarily. The 
conditions, which must satisfy the numbers h^t h 2, and k, 
shall he defined in the further considerations. 

We denote 

x 0 = x, = x Q + ih^ for i = 0,1,...,a, 

70 = 7j = y0 + i h2 for j = 0,1,...,m, 

^ = lk for 1 = 0,1,...,s, 

uix^y-j»^) = u ^ , 

= a 5 i j l V = 1,2,3,4,5,6,7, 

h^o^h, h 2 = a 2h, 

where a^, oc2 and h are real numbers. The points Pfx^y.j,'^) 

are mesh-points. 

2. Approximation 

We obtain the following approximation of the derivatives 
in the mesh - points 

( 4 ) i p [~q + q uid-n+(1+<l,ui-idi + 

-2 u ^ + (1-q) u i + 1 J l - q u i j + 1 l + q Ui+1;j+1l]+ O^h), 

(5) r r i ? [(1"p) - (1"p) + 
1 2 n L 

- Ui-1dl+Uidl-p Ui+1Jl-
p Uij+1l

+P Ui+1d+1l] 
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Stabi l i ty of the difference schemes 

<6> T ^ P [ " r " I h I J - I I + ( 1 + r ) " id-11 + r u i -1dl + 

" 2 u i j l - r u i + 1 j l + ( 1 - r ) «ld+11 + r u i+1d+1l]+ °3 

T p = [«id+11 " ttid-1l]+ ° 5 ( h ) * 

(9) - i [ u i j l + 1 - u ^ J + 0 6 ( k ) . 

The numbers r are parameters and can depend on the po-
ints P ± d l . 

We denote 

(10) 

(10a) 

1 i«jl 
a 1 i j l 

= _ 2 » 

•a 21 j l . 
2 i j l «g ' 

'3131 

4 i j l 

a3i.1l 
2 

a 4 i j l 

1 '5UJ1 

® = k : h 2 . 
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4 J«Wojtowioz 

S u b s t i t u t i n g the formulas (4) - (9) i n to the equation (1) 
and neglecting the res t - te rms we obtain a f t e r t ransformat ion 
the f i n i t e di f ference equation 

+ 6 [ - ^ 1 i d l - 2 - tti-1d-1l + 

+ s [ ^ 1 i 0 l - + - b 5 i d l h ] U i d - 1 l + 

+ « [ 0 + l ) T > 1 l ; J l - 2 ( 1 ^ ) b 2 l 3 l + * b 3 i a l - + 

+ ff[(1-q)b1ldl - 2 p b 2 i ; j l - r b ^ + b 4 i d l h ] u i + 1 ; j l + 

+ « [ - q - b 1 l d i - 2 p b 2 1 ; j l + ( W ) D 3 l d l + + 

+ 6 [ ^ 1 i j l + 2 ^ 2 i j l + r b 3 i d l ] u i + 1 d + 1 l + S a 7 i j l h 2 -

The e r r o r of t h i s approximation of the equation (1) has the 
form 

(12) 0?(k+h) = a ^ - ^ C h ) + 2a 2 i ; j Q 2 (h) + a j j ^ c y h ) + 

+ a 4 y i 0 4 ( h 2 ) + a 5 i d l 0 5 ( h 2 ) - 0 6 (k ) . 

The condit ions f o r f i n i t e d i f ference equation are 

(15) u i d 0 = f o r ( x j . y j ) « « ^ , 

C * ) = g ( t x ) f o r ( x 1 , 7 j , t 1 ) 6 r x co t . 
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S t a b i l i t y of the di f ference schemes 

The points P(xo»yj ) , P(3:n,7>- l-)(d=0,1 l... tm) and P ( x . , y 0 ) , 
p ( x i * ( i = O f 1 t . . . , n) belong to the boundary T . 

3. The f i r s t condition of s t a b i l i t y 
Let the function s a t i s f y the d i f ference equation 

(11) with the conditions (13) and (14) and l e t the functions 
V i d l s a t i s f y the equation (11) with the condition (14) and 
with 

(15) V i ; j 0 = f ( x l t y 3 ) + t U Q f o r ( x ^ J e co x y . 

I t i s easy to see that the function 

<16> W id l = V iDl " U i d l 

s a t i s f i e s the equation (11) , with 87131 = 0 ( i . e homogeneous 
equation) and f u l f i l s the conditions 

(17) W 1 J 0 . e ± 5 0 f o r ( x l t y j ) e r t 

(18) W i ; j l = 0 f o r ( x ^ y . p t ^ e T x o ^ . 

Hence denoting 

(19) max |W J = c 1 . 
if J 

we obtain 

(20) C1 [ |-l-«(2b1 1 J 3 L - 2 b 2 J J 1 + 2 b 3 i d l - a ^ h 2 ) ] + 

+ 6 K i j l " + ~ b 5 i j l h | + 

+ 6 | ( 1 + q ) b 1 j L j l - 2 ( 1 - P ) b 2 i j l + r b 3 t d l - \ t i J h \ * 
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6 J.Wojtowioz 

+ - 2 p t 2 i j l - r b ^ + b 4 1 j l h | + 

+ - ^ ¿ i j l + + b 5 i j l h l + 

+ 6|qb 1 i d l + 2 p b 2 i , 1 + r * 3 i d l | ] . 

We assume that 

(21a) The coe f f ic ients a y ( x , y , t ) are continuous in to . 

(21b) a v ( x , y , t ) > 0 f o r * =1,2,3 and (x,y,t)eo>, 

(21c) a|(x,y , t) - a 1 ( x , y , t ) s? 0, a 3 ( x , y , t ) in co , 

(21d) The numbers oc 2 and h are constant and indepen-
dent of the point P^^. 

Assuming furthermore 

(22) 1 - 9 ( 2 b 1 i d l - 2 b 2 i d l + Z b 3 U 1 - a 6 i j l h 2 ) > 0, 

(23) - q b ^ + 2 ( 1 - p ) b 2 l i l - p b 3 J J 1 ^ 0, 

(24) q b 1 i d l - 2 ( 1 - p ) b 2 i d l + (1+r)b3 J L d l - b ^ h > 0 , 

(25) - 2 ( 1 - p ) b 2 i ; j l + r b 3 i d l - b 4 i d l h > 0 , 

(26) - 2 p b 2 i d l - r b 3 i d l + b 4 j L j l b 0, 

(27) - q b 1 i ; j l - 2 p b 2 i d l + ( 1 - r ) b 3 i d l + b ^ h > 0 , 

(28) q b 1 i d l + 2 p b 2 i d l + r b 3 i j l ^ 0, 

we get 

(29) < £ l ( 1 + 0 a 6 i j l h 2 ) f o r 1 = 0 , 1 , . . . , s - 1 . 
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Stability of the difference schemes 7 

i — 2 T Denoting max |ag(x,y,t)| = ag and because h S = k = -g-
we have 

e l + 1 « £° (l f o r i=0,1,...,s-1. 

Hence we obtain 

(30) ^ ^ £° e*6 T • 
1+1 

It is to see, that the function e is limited and inde-
pendent of s (i.e. from temporal step k). If the condition 
(30) is fulfiled, then the difference scheme is stable. 

L e m m a 1. If the conditions (2Tb,c) are satisfied, 
then 

- b2i;jl + b3idl > 

P r o o f . The assumption (21c) leeds to 

( 3 2 ) "lidl a3idl > ®2i3l ' 
2 2 

We divide the inequality (32) by a ^ o<2 and considering the 
expression (10) we obtain "b^-ji ̂ j^ji > ^fijl * 

Next we have 

b1ijl + ^ H J l ^ i d l + ^>3i0l>b2idl+b1idl+b1idlb3idl+b3ijl, 

This implies (31). Ve consider the expression 

(33) 2b1i;Jl - 2b 2 i j l + 2b 3 i d l - a ^ h 2 . 

If < 0» then the expression (33) is positive. If 
a6i31 > t b e n e x P r e s s i o n (33) is positive if and only if 

f h < V * ^ m 
a6ijl 
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8 J.Wojtowicz 

We denote 
(x f y t t ) _ 2 a

2 ^»7, t ) 2ag(x> 7 ,t) 

D(x,y,t) = 
Of a-i c* 1 2 a, 

a 6 (x ,y,t ) 

i f a6 > 0, and D(x f y t t ) = <*> i f ag x ,y , t « 0, 

D = mia D(x,y,t). 
Hence we have the condition for step h. The inequality (22) 
leeds to 

2*<iiai " a 2 i d i + 2 b 3 u i - a s idi h £ 

This implies the condition for 6" 

(35) max w 
2a.(x,y,t) 2a„(x,y,t) 2a,(x,y,t) 2 
— L - i ¿TT1 hSgU.y.t) ..t «g «s o «2 

- 1 

We have got two conditions of stabil ity i .e . (34) and (35). 
Now denoting 

(36) ® i j l = a"b1idl + 2p^>2idl + r l 53idl • 

we oan rewrite (23)-(28) in the form 

(37) 

(38) 

(39) 

E i j l ^ ^ Z t j l » 

- b + bc^nh , i d l 21 j l 3 i j l 

S i j l > ^ i d l ~ *1i;Jl + b 4 i j l h » 

(40) 

(41) 

S i d l < b 1 i j l + b 4 i j l h ' 

s i j i ^ b 3 i d i + V d i 1 1 » 
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S t a b i l i t y of the d i f f e r e n c e schemes 9 

(42) S i j l 5 * 

4 . S t a b i l i t y In the case a^(sc t y t t ) = a ^ f e ^ t ) = 0 

In t h i s case the i n e q u a l i t i e s (37)- (42) have the form 

( V ) B ± i l ^ 2 b 2 i ; ) 1 , 

(44) S i ; ) 1 > 2 b 2 i j l - 6 J i a i t 

(45) S t J 1 ^ 2 b 2 i j l - b 1 i j l f 

(46) S 1 3 1 < b n j l f 

(47) B U 1 ^ b 3 i j l , 

(48) S 1 3 1 0 . 

We denote 

(49) tfiai = min ( 2 b 2 1 d l , b ^ , b ^ ) , 

(50) A l J 1 = max (0, a b ^ - b ^ , - b ^ ) . 

The condi t ions (43) - (48) hold i f and only i f 

L e m m a 2 . I f the condi t ions (21 a ,b) are s a t i s f i e d 
and i f 

, v 2 a 2 ( x , y , t ) <* a ^ x . y . t ) 
( 5 2 ) ^ a 3 ( X , y , t ) ¿ ¡ ( W ) • 

then 

( 5 5 ) b 1 i j l a n d a 2 i ; j l ^ 
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10 J.Wojtowicz 

P r o o f . Prom the i n e q u a l i t y (52) we have 

pUi^JL a n d S U - S J J L , 
a 3 i j l 0 12 2 ^ i ^ l 

which leeds to ( 53 ) . 

T h e o r e m 1 . I f the condi t ions ( 2 1 a , b , c , d ) , ( 3 4 ) , 

(35) and (52) are s a t i s f i e d , then there ex is t s tab le schemes 

f o r the equation (11 ) . 

P r o o f . Using ( 49 ) , ( 50 ) , and Lemma 2 we can wr i te 

^ i j l = ^ i j l 8111,31 A i j l = ® ie re fo re , "by (43) - (48) we 

have 

(54) O ^ S i j l ^ ^ i d l 

and hence, "by (36) and (54 ) , we obta in 

q + 2p + r ^ 1. 

This ho lds , f o r example, i f 

fci „ b 2 i j l „ 1 „ b 2 1 . i l (55) q = — » P = 7T • r = " g b — • 
^ D 1 i j l * ^ 3 i J l 

We can get the scheme wi th the constant c o e f f i c i e n t s , too . 

Namely denoting 

= " g * ¿ « ^ ( x / y . t ) • *1 = 2 o , ^ 2 { x , j , t ) » 

a 1 a , ( x , y , t ) a 1 a 5 ( x , y , t ) 

^ 2 » ¿ c 2 a 2 ( x , y , t ) » = 2 « 2 a 2 ( x , y , t ) » 

we get 
b 3 i i l 

0 < max * and 0 < max — 
ijt ^ i j j l ^ ijl 2 i j l 
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S t a b i l i t y of the dif ference schemes 

We oan assume 

(56) l + TJS.f» P 3 3 T » r a 4 ^ T * 

Thus the inequal i t i es (43) - (48) and (22) are s a t i s f i e d . 
They present the s u f f i c i e n t conditions of s t a b i l i t y of the 
di f ference scheme. 

L e m m a 3. I f the conditions (21 a,b) are s a t i s f i e d 
and i f 

fa* , (x ,y , t ) , J , t T \ ^ a . (x ,y , t ) , 
(57) • « U ^ . y . t ) • ^ ^ x , 7 , t ) J \ * "J" a ^ ( X , y , t ) ' 

then 

(58) ^ 2 i j l < : * 1 i ; j l ^ 2 b 2 i j l a Q d b 1 i d l ^ V d i * 

P r o o f . The inequality (57) leeds to 

a1i.1l a 1 l j l ^ «1 ^ a1i.1l 
2a — Of— * "3— ^ ~~5" t sr~ ^ -5—— » 
^ a 2 id l 2 a 3 i j l « 2 2 ^ i j l 

and hence we have the conditions (58). 
T h e o r e m 2. If the conditions (21a,b ,c ,d) , (34), 

(35), and (57) are s a t i s f i e d , then there ex i s t the s table 
schemes for the equation (11). 

P r o o f . According to (49) and (50) and to Lemma 3 
we have 

6 i j l 3 b 1 i j l ^ A i j l = 2 t 2 i j l " N i d i ' 

Theorefore, by (43) - (48). the inequality 2 b 2 i j l ~ N i j l ^ 
h o l d s a n d» (56), 

(59) 2 b 2 i j l - b 1 i ; j l « q b 1 l d l + 2 p b 2 i j l + . 
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12 J.Wojtowicz 

We can assume 

q t 1 l d l + 2 p b 2 i j l + r b 3 i j l = " b 2 i j l 

which implies 

ahÌÌi_+ p + = 1 . 

This r e l a t i o n i s s a t i s f i e d , when, f o r example, 

tenï „ ^ 2 i j l „ 1 _ b 2 i . i l (60; q = "Eh — » P = 77 » r s ~Eb • 

We can obtain the scheme with the constant c o e f f i c i e n t s . Na-
mely, having (59) we get 

We can denote 

b 
fr1^ = + A, where 0 < A 4 j » min A = - -g-

which leeds to 

. _ „ N i j l . 1 , b 3 i j l ^ , - A sC q v + p - r -yu A. 

Hence we get 

X 1. * 1 -
(61) q = / , P = 4 , r = ¿.A » 

In the same way we can prove the fol lowing theorem. 
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Stability of the difference schemes 13 

T h e o r e m 3. If the conditions <21a,b,c,d), (3*0» 
(35) are satisfied and if 

a?(x,y,t) «<. a^Xjyjt) 
( 6 2 ) T a ^ y . t ) ^ ^ ndn , 

2ao (x,y,t) 

then there exist stable schemes for the equation (11). 
The scheme with the variable coefficients has, for exam-

ple the form 

and with the constant ones 
x ± T 1 

(65) q = » P = 2" • T " 4>52 * 

5. Stability In the oase a^(x,y,t) ̂  0 and a^(x,y,t) * 0 
T h e o r e m 4. If the conditions (21a,b,c,d), (35) 

are satisfied and if 

, % 2a2(x,y,t) &Ax,7,t) 
( b 6 ) E * •jfx.y.t) < m i n 2ag(x,y,t)* 

Of-
, % /_ a*(x»y»t) - 2 oT-apix^jt) (67) h < min D , J 2 ^ , 

w V cx^ja^x.y.t)! 
«2 N 

a3(x,y,t) - a ^ x ^ t ) \ 
a
2la5(3c.y»t) / 5 

then there exist stable schemes for the equation (11). 
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14 J.Wojtowioz 

P r o o f . In the same way as la Theorem 1 we get 
^¿ i j l b1ijl 8111(3 ^Hijl b3i;jl* Froni ine<iuality (67) 

we have 2b2ij l^ - 2b2iii< V d l " b5idlh* 

Denoting 

= ma*(°.2b2ijl- b1ijl+ b4ijlh' 2b2ijl " b3idl + b5ijlh)' 

we get = 2̂ 2131 6,1(3 A i j l = ® aQ<3 kenoe 

0 < S1;jl ^ 2b2ijl. 

It is easy to see that the schemes defined "by the equali-
ties (55) and (56) oan "be applied in this case. 

Theorem 5. If the conditions (21af"b,cfd) and 
(35) are satisfied and if 

(
al 

2 «r ^i^y.t) - a^x.y.t) D, 2 • ' ——r 1la4 tt) • 

a1(xty,t) - ¿^-a^x^t) ag(x,y,t) a^x^t) 5 -̂ \ 
«ll»4(x..y.t> ' 0,2la4ix»y»tTl + 0,lla5ix»y»t)l / 
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Stab i l i t y of the d i f ference schemes 15 

then there exis t s t ab le schemes fo r the equation (11). 
P r o o f . In the same way as in Theorem 2 the condition 

(68) implies * 2 i d l ^ N i d i "" ^ i d l N i d i < V j l ' 

Prom (69) we obtain 2*>21jl > N i d i - N i d i 

*2 id l > N i d i " N i d l h ' N i d i + l N i d l l h < b 3 i d l " l b 5 i d l | h 

and hence we hare 

6 H i = N i d i + N i d i h * A i d i = 21>2idi " N i d i + N i d i h » 

2 b 2 i d i - N i d i + N i d i h < s i d i ^ N i d i + N i d i h* 

We oan assume, s i j i = b 2 i d l * 

I t i s easy to see tha t the schemes defined by the equa l i t i es 
(60) and (61) can be applied in t h i s case. 

In the same way as the Theorems 3 and 5 we can prove the 
following one* 

T h e o r e m 6. If the conditions (21a fb,c,d) and (35) 
are s a t l f i e d and i f 

/ a p i x . y . t A ou / l / a 1 ( x , y , t ) a a ^ x . y . t j ^ 
^ a ; ( x , y , t ) r « 2 ^ ^ V a ^ y . t ) • a f x f 7 , t ) > (70) max 

o,2 
/ _ ^ — ag ix .y f t ) - a 3 ( x , y , t ) 

a 3 ( x , y , t ) - ^ q - agCx,?,«) a 1 ( x / y , t ) g ^ - - a 3 ( x , y , t ) ^ ^ 

« 2 | a 5 C x , y f t ; | ' « 2 | a 4 ( x , y f t ) | + | a 5 ( x , j , t ) | / 5 

- 449 -



16 J.Wojtowicz 

then there exist stable schemes for the equation (11). 
These schemes are given "by the equalities (64) and (65). 

Notice; If agtefyit) = 0, we can assume q = p » 0, (p is 
arbitrary). In this way we obtain the scheme which was con-
sidered in the paper [4], 
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