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STABILITY OF THE DIFFERENCE SCHEMES
FOR THE PARABOLIC TYPE EQUATION
WITH THE MIXED DERIVATIVE

1. Introduction

This paper contains the proof of the stability of the
difference schemes for the parabolic type partial differen~
t1lal equation with two wvariables,

Given the domain w__, defined by inequalites x < x < X,
I < V<7 and w, by 0<t<T

We denote the boundary of w by © and w = Wiy * W

Xy
Consider the equation

2 2 2
(1) %‘%‘= aq(xsyot)gj:%* 2 a-a(x’th) 5%5%"' a}("pyot)aa—;l'z +

9
+ 2a4(x,y,t)3% + 2a5(x,y,t) -g% + ag(x,3,t)u + 87(X;27'yt)9

for (x,y,t)w, and the conditions

(2) u(x,y,0) = £(x,y) for (x,y)e @ yyt

(3) u(x,3,%)= g(t) for (x,y tlel xw,,
a1,...,a7,f,g being given functions,

We choose three natural numbers n, m and s, and we de~
fine three real numbers (steps)

k=X,
S




2 J.Wojtowics

The steps h,, h2 and k can not be choosen arbitrarily. The
conditions, which must satlsfy the numbers h1, h2, and k,
shall be defined in the further considerations.

We denote
xo = E’ xi = xo + ih1 fOI‘ i = 0’1,.-0 oDy
yo = z, 73 = yo + Jha for J = 0,1,...,!!1,
tl = lk for 1 = 0,1,...,5,

u(xivYJQtl) = uijl’
a,(xi,yj,tl) = %y V= 1929394959647,
where a4, @, and h are real numbers. The points P(xi,yj,tl)

are mesh-points.

2. Approximation

We obtaln the following approximation of the derivatives
in the mesh - points

2
°u, .
131 1 [
4 = ~q + q u, +(1+Q)ug Lsq +
(W) —- 5= e 1=t (Y g5

-2 uygy 4 (1=0) ygn = @ Uy + 9 Byaga ]+ 0q0),

2
9°u
131 1
) 7y = %y b° [““” Bi-1g11 = (7P) Uy4oap

= (=P) 03 qj2#+03 517D UypqgamP Uygaqp*P “i+1d+41] *Ca(n)s
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Stability of the difference schemes 3

2
9%u

1
2y " ghz ["r Uy qgaay * (WD) Wy g + 20y g +

=204 =T Wyt (1) Wy 4T “1+1;J+11]* 03

du,
141 1
@ gt = Za, B [“1+1;11 = “1-431] + O0yn)

duy, . 1
® 3= [ui;j-l-‘ll - “13-11]* O5(n),

du
(9) —g¢lt =1 [“ulm - “1;11] + Oglk).

The numbers p,y, r are parameters and can depend on the po~
ints P

ij1°
We denote
¥
1131 a?’ ’

) 83141
(10) b3i41 = —ggL '

a
4131
Puigl =R,
b 85141
511 °© o, !
(10a) =k h%
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Substituting the formulas (4) -~ (9) into the equation (1)
and neglecting the rest-terms we obtain after transformation
the finite difference equation

2
(1) v344q = [1"6(2“’1131 = 2bpy 41+7b34 51 -8g4 51 B )] Usgy *
+6['qb1131 = 2 (=p)byy 4y - ’-‘bai;jl] 81311 *
+6[dbgy gy = 201-BYogy gy + (142)ogy gy = Doy by g

* 6[(“"‘1)"1131 = 2(1=p)bpy gy + Thyy4y - b4ijlh]ui-1;jl *

+ G [(1-q)b1131 = 2Pbpy4y) = TPz347 + b#ia'lh]“iﬂjl *

2
+6 [qb'lijl + 2pbyy 4y + rbaial] 5413441 + C8p350 e

The error of this approximation of the equation (1) has the
form

(12) 07(k+h) = _a.,lile,‘ (h) + 2a213Q,2(h) + a}ijloB(h) +
2 2 .
+ 84510, (8%) + ag;57,05(h%) ~ O (k) &

The conditions for finite difference equation are

(13) uijO

f<xi’y;j) for (xi,yj)ewxy,

(14) uijl

s(ty) for (xi,yj,tl)e Fx .
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Stability of the difference schemes 5

The points P(XO,}'J), P(xny:/'j)(j=0'1,o-01m) and P(xi’yo)’
P(xi, ym) (1=0y1ye044n) belong to the boundary I,

3, The first condition of stability
~ Let the function uijl satisfy the difference equation
(11) with the conditions (13) and (14) and let the functions
vijl satisfy the equation (11) with the condition (14) and
with

(15) Vi;jo = f(xi,yj) + Gijo for (xi,yj)e @ ey
It is easy to see that the function

4 -

(16) Wisr = V151 = Wq

sagisfies the equation (11), with 8441 = 0 (i.e homogeneous
equation) and fulfils the conditions

(17) wijo = 5130 for (xi' yd)er’

(18) wi,jl =0 for (xi,yd,tl)er‘ Xwy o

Hence denoting
(19) male.I:el.
i, | 1t
we obtaln
1+1 1 2
(20) ¢ < ¢ [|1‘°(2b113'1 - 2by541 + 2354y = gy ;20T)| +

+6 |(1+q)b113-1 = 2(1-p)oyy 41 + TOg5 4y - buijlh'+
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+6abyyyy + 2P0y + rb}i;ill]'
We assume that

(21a) The coefficients a,(x,y,t) are continuous in w ,
(21b) ay(x,3,%) > 0 for ¥ =1,2,3 and (x,y,t)ew,
(216)  85(x,3,%) - a4(x,3,t) < O, a5(x,7,8) inw,

(21d) The numbers ®, 9 %, and h are constant and indepen-
dent of fthe point Pi;jl'

Assuming furthermore

2
(22) 1 -8(2bgy43-2bp541 + 3447 - 8g35707) > 0,
(23) ~qbgy4 * 2(1—p)b21;il - rb5i,jl > 0,

(25) (1+q)b1idl - 2(1-P)b21,jl + rb3i3'1 - bll-ijlh =0,

(28) dbyy4y + 2Pbpy47 + Thyyyy =0,
we get
1
(29) £l+1 < ¢ (1+536131h2) for 1 =0,1,...,5-1,
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Stability of the difference schemes 7

Denoting max )as(x,y,t)l = &g and because 126 = k =-§
w

we have
a6T

1+1
£l+'] < Co (‘ +——s_) fOI‘ ].:'-0’1’.-.,5-1-

Hence we obtain

a T
(30) V0 eb 7 .

It is to see,‘that the function £l+q is limited and inde-
pendent of 8 (i.e. from temporal step k). If the condition
(30) is fulfiled, then the difference scheme is stable,

Lenmnma 1., If the conditions (21b,c) are satisfied,
then

Pr oo £f. The assumption (21¢) leeds to

2
(32) 89351 23131 > %oij1

We divide the inequality (32) by o&%ag and considering the
expression (10) we obtain b1ijl b3131_> bgijl N

Next we have
2 2 2 2 2
blij1 * 41310311 * P332 T P2131*P01 51 P11 5103152 P31 10
This implies (31),
We conslder the expression

2
(33) 24341 = Pogg1 + P3351 = Bgy k.

If agy4y <O, then the expression (33) is positive. If
8g341 = Oy then the expression (33) 1is positive if and only if

b o< VZb'\ijl - a1 * Pyig1
“Hs131
- 44 -
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We dencte -
28, (x,7,) _ 282(x,y,t)- 2a3(x,y,t)
w2 *q X2 «5
D(xy7,%) = : ag (X,7,5)

if 8.6 X,Y,t > 0, and D(x’y't) = 00 if 8.6 X,y,t = 0,

D = min D(x,y,t).
Hence we have the condition for step h., The ineguality (22)
leeds to

6 < 1 5
1141 = o141 * 341 ~ Bgygb

This implies the condition for 6

-
5 2a,(x,y,t)  2a,(x,y,%)  2a5(x,y,t)
(35) G < max aﬁ " Taqog " ol

- b (x,3,t)

We have got two conditions of stability i.e. (34) and (35).
Now denoting

(36) Sij1 = Tqyg1 + 2Pboy4y + THzy4p o

we can rewrite (23)~(28) in the form

(37) Ci91 = P2g41 »

(38) 8131 = %2341 = P3141 + Poigib o
(39) 8131 = o141 = Pygy1 + Pyyzab o
(40) 8151 < Pagg1 * Paajn® o

(41) 81351 < P3341 + Pgy41B »
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(42) 8341 = 0,

4, Stability in the case a,(X,y,t) = as(x,y,t) =0
In this case the inequalities (37)- (42) have'the form

(43) 8151 < Zbaiq1 0
(44) 8131 = 2141 = P3i41
(45) 8441 2 2p4 51 = Pagg1e
(46) Si51 < Paigue
(47) 8151 < P3ig1e
(48) 835 0.
We denote
(49) 6541 = min (2p;570 yg510 P341)s
(50) Ay41 = max (0y 2oy 49-bg3470 D347 = Pzzj1)e

The conditions (43) - (48) aold if and only if
(51) Ay5 < Oy4pe

Lenmnma 2, If the conditions (21 a,b) are satisfied
.and if

2a,(x,5,t) o a,(x,3,t)
20200090 8) % pap 21T
(52) m(gx a}(xyy!t) \°‘2 \E)in 2&2(}{,3,‘[7) '
then
(53) P2151< Pq151 88 Zbpyg < by,
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10 J.Wojtowicz

Proof, From the inequality (52) we have

2 X (o4 -
2151 _ "1 and o < a4l
83351 %2 0 = Zayi!

which leeds to (53).

Theorem 1, If the conditions (21a,b,c,d),(34),
(35) and (52) are satisfied, then there exist stable schémes
for the equation (11).

Proof., Using (49), (50), and Lemma 2 we can write
61:}1 = 2b2:l.;jl and Ai;il =0, Therefore, by (43) - (48) we
have

(54) 0<8y47< 2b2131

and hence, by (36) and (54), we obtain
Oéq;%j—'& +2p+rb iji < 1
21ij1 2ijl

This holds, for example, if

b b

( _Pap A ro D211
55) q ?B:l-kl v P=T o I

We can get the scheme with the constant coefficients, too.
Namely denoting

o8, (xy3,t) min °‘28~1 (x,3,%)

B4 nax §q1a21x,y,t5 y &= ol 2a1a2(x,y,t) ’

o 8, (X,7,t) X2, (%,7,t)
1 24 _ 183\X9Jy
R max Eorzaz{x,y,ﬂ y Oy = m},“ 2058, (X,7,t) ?

we get

B bo..

4431 31351
0 < max 'Z'F'L—é and O < max <Pot
ijl 2131 A gl Ppiqp 2
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Stability of the difference schemes 11

b b
1131 ijl1
< 0 < < min 'EE—QEI .
0<oy= ul 21351 ! %2 gl 2

We can assume

1 1 1
(56) q+m, P=g r=-5_—ﬁ?.

Thus the inequalities (43) - (48) and (22) are satisfied,
They present the sufficient conditions of stability of the
difference scheme, _

Lemmna 3, If the conditions (21 a,b) are satisfied
and if

a,(x,3,%) ‘/aj(x,y.t)> 1 . a (x,y.t).,
(57) mgx (292(3!’7915) ’ 3(117917) ‘or mén azlx,y,t)
then

2b,.

(58) Doy < bgyyy3 < @bpi5  and byygy < Dyy4ie

Proof. The inequality (57) leeds to

2
© oy oy

a. 8.
1141 1 11; 1141
8351 X2 ' ¥y 0(22 %5 3451’

and hence we have the conditions (58),

Theorem 2, If the conditions (21a,b,c,d), (34),
(35), and (57) are satisfied, then there exist the stable
schemes for the equation (11).

Proof. According to (49) and (50) and to Lemma 3
we have

0i41 =Pqgg1 @nd  By4y =24y = Dayyq o

Theorefore, by (43) < (48). the inequality 2b2131

<
1131‘
ial <:b1131 holds and, by (36),

(59) 2bp557 = Pgggp < Aqy4y + 2PPp; 47 + Tzy47 < bgq47 o
- 445 =



12 J.Wojtowicz
We can assume
@Pqy41 + 2PPpyg3 + TPz543 = Dosyy o

which implies

b s s
1191 Sl 2
q._a_.'. p+r = .
b5 41 2131 2

This relation is satisfled, when, for example,

b b .
141 1 2141
(60) q=£LL— P= r=wpl—-
P4341 ° “ ! 3151

We can obtaln the scheme with the constant c¢oefficients, Na-
mely, having (59) we get

b Dy bass by
__Aijl 111 Eial 14j1
! <4 2131‘+ prE Zijls; 211

211

We can denote

(VIR

b
Lill_.=%+A, where O<As%, min A = P4 =

Hence we get

(61) q = — p:%—, =

1

In the same way we can prove the following theorem,
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Theorem 3, If the conditions{21a,b,c,d), (34),
(35) are satisfied and if

a (xoy't) < 31_< 31(x'y't)
(62) ralion e R (R TR
o 2a,(x,5,%)
%1 85 Xy7y
(63) x, < m“j;n W’

then there exist stable schemes for the equation (11).
The scheme with the variable coefficients has, for exam-
ple the form

b Yo
(64) q=.2:ljl p=1 = 2ijl
1131 "’ ko Bbs441
and with the constant ones

1
a"'_ —_
2
(65) Q=—4—B—i—p P=—g‘9 r=TA2—.
5. Stability in the case a,(x,y,t) # O and a5(x,y,t) 0

Theorem 4, If the conditions (21a,b,c,d), (35)
are satisfied and if

_ 2 (x,y,t) 0‘1 a, (x,YQt)
(66) P a3ix.y.t) <&, <P Za,(x,y,8)"

o
1

_ 8, (XyFet) - 2 o &

(67) h < min (D ’ 1'%y ) °t2 aa(x,y, )

© %9 [9-4(x,y,'t:) |

%2
a3(x,y,t) -2 &—1- a2(x,y,t)>
%5 |85 (X,3,t) ’

then there exist stable schemes for the equation (11).
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Proof, In the same way as in Theorem 1 we get
sz:l.;jl < b'lidl and 2b2131 < b3ijl’ From inequality (67)

Denoting

341 = min(2y440 Dygg1 + Dygjible Paggy + Pgygih)y

we get 6131 = Zbaijl and Byq = 0 and hence

0 < 8y47 < py47°

It is easy to see that the schemes defined by the equali-
ties (55) and (56) can be applied in this case.

Theorem 5, If the conditions (21a,b,c,d) and
(35) are satisfied and if

a,(x,3,t) va,l(x,y,t)) % a,(x,3,%)
(68) mf(aﬁ(xﬂtt) ’ &3(197915) ‘°‘2 <m(.j;n aa(xﬂot)

8§
2 u—; az(x'y,t)‘ - %(x,y,t)
%9 |a4 (x,5,%) !

(69) h < min | D,
w

x o x
a1(107't) - %az(xﬂot) 93(",7917)' 5%'- Ral(X,y,t) O‘—i- ,
°‘1|aq, (x,5,%) ' ualaq_(x,y,t”+o(1]a5(x'y,t)|_ g
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then there exist stable schemes for the equation (11),
Proof, In the same way as in Theorem 2 the condition

(68) implies bai;jl < b']i;il < 2‘b2131 and b1i,jl < bBijl'
From (69) we obtain o541 > Pzl £ bygyy b

Y351 > Pqig1 - PyagabBs Pagga t |b41;11|h<b31;11 =[5 4510

and hence we have

6341 = Pagg1 + Puajale Ags1 = 2Ppy41 = Py + Dygqab o
205331 = Pq1j1 * Pyijal =855 Pqggn + Pyygy Be

We can assume, Sia’l = baijl .

It is easy to see that the schemes defined by the equalities
(60) and (61) can be applied in this case,

In the same way as the Theorems 3 and 5 we can prove the
following one,

Theorem 6, If the conditions (21a,b,c,d) and (35)
are satified and if

(x.l,ht)> “J_ ( 8.1(1,3,1?) 2a2(x,y,t:)
(70) max (aBZx,y,t) <012 <m‘%n az(x,3,%) * a3(x,y,t)

*2
2 oT,"' 3-2(15971"5)' - a;(xoyvt)l
ualas(xoyotn

(71) b < min (ﬁ,

x2 (03 ( 9 oy
a3(207’t) -'&1—‘ ay xvyvt) a, xﬂvt) &"2—- 8-5(107917) 0—(1— )’
o, | ag(xy3,t]] ' oo, fa,(x,yet)| + oy las(x.y,t)l
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16 J.Wojtowlicz

then there exist stable schemes for the equation (11).

These schemes are given by the equalitles (64) and (65).
Notices If az'(x,y,t) = O, we can assume q = p = O, (p is

arbitrary). In this way we obtaln the scheme which was con~

sidered in the paper [4].
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