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ON THE GENERALISED INVERTED DIRICHLET DISTRIBUTION 

Generalised inverted Dirichlet distribution is discussed 

in relation to doubly non-central F variables. The distri-

bution of the sum of the variables is obtained under certain 

conditions. Estimation and tests are suggested for these ca-

ses. Tail probabilities of the distribution of the sum are 

evaluated. 

1. Introduction 

Dirichlet*s distribution and i t s generalised forms have 

received much attention recently as can be seen in [ l ] , [2], 

[3]» a a d [5]. of these references, attention is 

mostly on the ratios p^ »Pg>. •. »P̂ t 0 < Pj < 1 , j = 1 , . . . t k . 

For example [3]» deals with the concept of "neutrality" of 

these quantities in relation to the independence of the terms 

like Pjjd-P^-Pg-... - [7] is concerned 

with the generalised Dirichlet distribution as applied to l i f e 

testing via Bayesian approach along with variances and co-

variances; [4] specifically deals with the characterization 

of this distribution; [8] has used this distribution by in-

troducing a conoept of "P-independence"; [1] gives the cha-

racterization of the Gamma distribution in terms of p's. 

In this note, generalised inverted Dirichlet distribution is 

viewed through non-central F-variables. Further, as the quao-
—1 

t i t l e s p j (1-p^-.. . play an important role in most 

of the references cited, so also here quantities 

Xj > 0 , k, are dealt with throug-
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hout t h i s paper . I f the terms p.. (1-p^—.. .-P.j_/|) can be 
ca l l ed as " fo r ce of m o r t a l i t y " of t he popu la t ion , as they 
a r e termed o f t e n , one could see the importance of t he quan t i -
t i e s used i n t h i s paper . Also, the d i s t r i b u t i o n of the sum 
x / j+. . .+Xj c i s obtained under c e r t a i n cond i t ions and the e s t i -
mation and t e s t s a re attempted i n terms of t h i s sum f o r 
these ca se s . The t a i l p r o b a b i l i t i e s of the d i s t r i b u t i o n of the 
sum are t abu la ted f o r t he s e l ec t ed va lues of k and a ^ , a 2 , . . . 
• • • 

2 . The genera l i sed inver ted form 

2 ( i ) s Consider k independent doubly non-cen t ra l P - v a r i a b l e s 

(1) F . = f ^ . ^ i p ^ q j ) j = 1 , 2 , . . . k , 

where 3:176 fc*1® parameters and P-jtl-j 3 1 , 0 ^ke degrees of 
freedom. Let p . = q . = 2 s . , then the j o i n t dens i ty can be w r i t t e n D J u 
as 

k A 
(2) K P ^ V ' m V ' L L ' - I I . 1 e x p ( - J L < V / u

1 ) ) ' 
mi lk mk 1 L j=1 

1 ™ s.+m.-1 
1 . ! m.! 2s .+l .+m. 

3 J ( 1 + F j " B(s . + l . j s .+m.) J J o J <J 

0 < » , k , 

where 2k sums a re on ljj»11^ from 0 to « , I n t rodu -
c ing the t r ans fo rmat ions 

(3) P j = Tjrp- where T ^ = 1 + j = 1 , 2 . . . , k , 

wi th TQ=1t we get i n t u r n from (3) 
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Inverted Dirichlet distribution 3 

(4) 
J-i 

Xj = Pj F1 (1+ Fj,), j= 1,2,...,k 

and the Jacobian of transformation has the form 
* 

(5) ui = n d + j 

Replacing (3) in (2) and taking |J| along, we get (2) in the 
form 

f (x̂ | , * * • ss 

(6) * 

- i n 
«J <J nf e .j. 

8. +m r1 

B C s . ^ , 3 . ^ ^ 'J 

where the sum £ is 2k-fold and 

(?) ed = 2 a r C B a + i + 1 w ) + ( 1 3 + " j ) 

= sk+1 - ** 3 = 3 = 1»2,...,k (case with 1. 
of k-independent F-variables), we get (6) as 

(8) f(x1,...,xk) = — 
V 1 V 1 

X1 ••• x k 
2 S<T S2 / Sk-1- Sk 2 Sk 

•''xk-1 * k 

x̂ j ̂  0t J—'I f2^ • • • 

2(ii): General Case: (6) is actually a kind of an extension 
of the corresponding result in [7]« Because, in general, if we 
start with k-independent Beta variables y^,...,?^, where 

V 1 

(8a) f(y.j) 
(i+ya>ai+ d » d=/| y j > 0 
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and "by a similar transformation (3) on y 's we g-. , 

x a i - 1 . . x V 1 

(9) f ( x i , . . . , x k ) » T — - J ' k , x . > Ot j=1 , . . . ,k 

where 

(10) = + a3~ ' d+ l ' J = 

with = 0. We oan call (9) the generalised inverted Di-
richlet distribution on the lines of [7] and [ 9 ] . If we set 
£1 = e2 =•••• ek-1 = 0 i n (9)» we get 

(11) y . 
(i+x1+...+xk)/ l r(a1)...r(ak)r(i1) 

t 

> 0, d=1,2,... k, 

where A = a^, which, of course, is the inverted Di-
richlet distribution. 

2 ( i i i ) : Now we find the characteristic function of the varia-
bles log x/ 1 , . . . , log x^, where x ^ , . . . , ^ appear in (9). We see 
in Section 4-, that the variables log x^ play an important role. 
The characteristic function of these variables can be obtained 

J-I 

either directly or by using the fact that x. = y . FT (1+y.,). u J ill 1 
where yn-'s are independent Beta variables and we have 

V 

K 

(12) * ( t 1 f . . . f t k ) = n 

* 

r ( a .+ i t , ) r ( 5 - £ i t , ) 

d d J I ' j x 

_B(a 6 t ) r {6 + a - i t - j 

I f we let t̂  = = £k_1=0 in (12), we get 



Inve r t ed D i r i c h l e t d i s t r i b u t i o n 

(13) ^ ( t . , . . . ^ . ) = n - r f i / j 
£ " J 

which obviously i s t he c h a r a c t e r i s t i c f u n c t i o n of 
log x 1 f . . . , l o g x ^ , where x ^ , . . . ^ a r e now t h o s e of (11) . 
Actual ly x's i n (11) a r e t h e r a t i o s of two independent 
Gamma v a r i a b l e s and (13) i s t h e s u f f i c i e n c y cond i t i on f o r 
t h e c h a r a c t e r i z a t i o n of t h e Gamma d i s t r i b u t i o n which t h i s 
au thor has d i scussed i n d e t a i l i n [6 ] , In sil l t h e s e r a t i o s , 
denominator v a r i a b l e i s t h e same. I t may be noted h e r e , t h a t 
by s t a r t i n g wi th t h e Gamma d i s t r i b u t i o n , bo th D i r i c h l e t ' s . 
d i s t r i b u t i o n as we l l as i t s i n v e r t e d form a re obta ined i n [ l ] 
and [6] r e s p e c t i v e l y . So a l s o , s t a r t i n g with t h e Beta d i -
s t r i b u t i o n , bo th t h e g e n e r a l i s e d D i r i c h l e t d i s t r i b u t i o n and 
i t s i nve r t ed form a re der ived i n [3] and i n t h i s note r e s p e -
c t i v e l y . The t r a n s f o r m a t i o n s used i n [ l ] and [6] a r e d i f f e -
r e n t . But t h e t r a n s f o r m a t i o n s used i n [3] and here look s i -
m i l a r ( i n appearance o n l y ) . 

3 . D i s t r i b u t i o n of t h e sum 

3 ( a ) i Now we d i s c u s s the d i s t r i b u t i o n of t h e sum x^.. 
I t i s because of t h e f a c t s , t h a t by v i r t u e of (3) we have 

k 

(14) Tk = 1 + x k = FJ (1 + P j ) 

and 

* * *-f 
(15) / - l o g x . = T log F + Y ( k - j ) l o g ( 1 + F . ) . >=? J 2 ft 3 

I f F . ' s a r e independent F - v a r i a b l e s wi th equal degrees of 
J 

freedom, say 2a^ , then we have T ' s as t he r a t i o of product of 
c h i - s q u a r e s each with 4-a.j degrees of freedom to the product 
of c h i - s q u a r e s each wi th 2 a . degrees of f reedom. I t may a l s o J 

be noted he re i n t h i s connec t ion , t h a t a s i m i l a r sum 
x^+ .^+x^ . i n (11) cor responds , under obvious c o n d i t i o n s , to 
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the ratio of a sum of independent chi-squares to a single 
chi-square which is of course agaia an F-variable. Now suppo-
se thafc we set (9)» then we get (9) in the fora 

a 1 ~ 1 a k " 1 0 • x^ « • • x k 
(16) f (x^,... s pn pZ _ d. 2a 

X1 ••• Ak-1 xk 

W 
which naturally is (8), where C = 
make the transformations 

n [B(aj»a;j)][ -Now* we 

(17) ^ = ZL 1 d = 1,...»k, 

then (16) can he written as 

jr 
(is) f ^ , . . . , ^ ) ^ . n 

a/-' 

È < - D r f f ) fa rr-o .1 (1+u. ) 

where ®d = a^ + r y with a k + 1 = r k + 1 = G, and 6.. 4 
0 —• 1 $ • • • f k. 
Then 

"* Uk-1 

(19) j j ... y f(u1,...,uk)du^... duk->1 
0 0 

gives, upon setting uk=u, 

"a .-1 

(20) f(u;=C. fi 
* 
Ì 

j.i '3 ' ¡+i (©j-©±) (1+u) 

u > 0, 

6^+1 
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Inverted D i r i ch l e t d i s t r i b u t i o n 7 

p lus the con t r ibu t ion , when = © ^ * j = 1 , . . . , k which i s 
ea s i l y obta inable from (18). 

I n c i d e n t a l l y , in (20), we have 

(21) J f (u) du = C . .n 
aj-1 

L 
r r 0 

M , 
\ r d > ID|©„...© 

(ID! ) 

where |D| i s Vandermonde's determinant in 8"s , t h a t i s , 

1 1 

D = 

k-1 Jc-1 
'1 k 

and Q j * © ^ in (18) implies ©^©.j in iD | , and (21) i s uni ty , 

s ince 

(22) 

One could get a s imi l a r r e s u l t as f ( u ) f o r the case, when 
S*s and a ' s are not equal in (9) . But the case w h e n S ' s and 
a ' s are equal i s more r e l evan t because of F-var iab les than 
when they are not equal . 

3(b)8 a 1 = = . . . = ak=1. I f a l l a ' s are equal to 1 
(9) , we get 

m 

(23) f ( x v . . . , X k ) = M m 3 d+1 

with <Sk+1 = 0. The func t ion (23) i s exactly the same as (18) 
except t ha t in the place of 9*s we have now i ' s . So, we get 
now 
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(24) «-(A*) j*. ( V 5 i ) ( 1 + u ) 
-57PT' u > 0 > 

with which is also necessary for (25). In this case 

again J'f(u)du will involve Vandermonde's determinant in 
o 

o's. Actually the whole sum in (24) under the integral is 
IDI 

. . . tfk|D| • 

3(c): 6^ = ... = <S. = 1. If all the 6*s are equal to uni-
ty in (9), we get 

(25) f(Xl,...Xk) n T ^ ) . 

Now again with the transformation (17)» we can write (25) as 

(26) 

k 

= n fa 1 ' (1+Ufc) 

with = 0. The function (26) is again of the same form 
as (18] 
we get 
as (18) with r_. + 1 in the place of © . and now, using (19), o <J 

(27) f(u) = n 
j-f 

"J-1 / \l * * 

rj'° 3 ,m1 i>< (1+u) 1 r f r . 
CO 

In this case £ f(u)du is calculated by writing 813 

o 
(r^+1)-(r.+1) in (27) and by using the Vandermonde determinant 
in (r .+1)' s. Namely, we obtain 

J 
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(28) 

* 

n 
e r i 

L <-
r j = 0 

/ V 1 

V A rd ' r1+1 
a-1 3 

and (28) i s equal to 1, sinoe a ZL ( r ) = 1. 

4. Estimation and tests 
In this section we deal only with the cases (5b) and (3c) 

which are simple. The estimator and the test procedures are 
quite straightforward and elementary though the results may 
be l i t t l e interesting, 
4 (a ) ' Before estimation, we can put the density functions 
(23) and (25) in the standard useful forms. The function (23) 
can be put as 

k 

£ <5. B. (x) + D(<?) + C(x) (29) 

where 

f (x , . , . . . ,x, ) = exp 
L j=f 

* k 

log C(x) = - ^ log T.. and B^(x)-log(Tj/T;._1 
J ¡ m l 

with TQ=1 and, in the case of (25), we have 
- k 

(30) f i x ^ . . . , ^ ) = exp Aj(x)+E(x)+D(a) 

where 

E(x) = - log [(x,, . . . XfcJTjJ, 
k 

D(a) a £ l o g a^ and A^(x) = l o g . 
jm1 0 

(4b): In the case of (5b) to test HQ: fi^ = . . . =6^ = 6, 
we have the likelihood rat io criterion as 
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o o 1 * n 
(3D 

j=I 

(£108 O nk 

where i]£+i=0» ° ok 

¿ - l o ß Tki t-f 

and fj = —¡f ¡j=11 • • • k. 

(4c) t And in the case of (3c), to test the hypothesis 
H0* = ag = ... s afc = a, we have 

d o * n 

(32) 

where 

,nk 

-1 

-1 

The estimates of 6' b in (31) are ID agreement with those in 
(29). If we consider further special oases, when both 6*s 
and a's are all equal to 1 (case, when all F's haTfe degrees 
of freedom 2,2), we oan replace a, a^'s and <Sj*s in (31) 

Tj 1+F.» 
and (32) in terms of F-j's, since then a p " . 
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Inverted Dirichlet distribution 11 

There are few restrictions in our analysis« Firstly, only 
the integral values of a's are treated in (16) and (25) so 
as to deal with F-variables. Secondly, the estimation and 
tests are restricted to the cases when either all 6'a are uni-
ty or all a's are unity. It would have "been more useful if the 
same procedure of estimation had "been applied to case (3a) 
also. But it is not so due to the term C and the same is in 
the general case (9) also. 
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