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Zofia Kareriska

ON SOME FUNCTIONAL EQUATION OCCURRING
IN THE THEORY OF GEOMETRIC OBJECTS

0., Introduction
In this paper we find all solutions of the functional
equation

(0.1) g(xey) = P(x)eg(y) + g(x),

where X and §y are non-singular 2x2 real mabrices i.e.,
X,y € GL (2R), g 4is an unknown function whose values are
3x1 real matrices, and F 1is a given function of the form

1 a,(ay) %aﬁ(Ax) +oy(ay)
(0,2)8 F(x) = | O 1 x4 (8,) '
0 0 1
or - -
1w, (a,) Fafly) +oayy)
(0.2)°  P(x)=(sgna,) |0 1 o4 (8y) )
0 0 1

where 4_ = det (x), «, anda, are arbltrary solutions of the
functional equation
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2 Z.Kareiska

(0.3) « (£p) = (§) +a(p) for Ep# O

with the additional restriction
(0.4) o ®\{0}) * {o}.

We do not make any assumptions concerning the regularity
of the function g.

Equation (0.1) appears in the theory of geometric objects
when we want to find the solutions of the system of functio-
nal egquations

F(xey) = F(x)+F(y), g(xy) = P(x)eg(y) + &(x)

([2], Pe152) in order to determine the geometric objects of
type [3,2,4] with linear non-homogeneous transformatlon rule,
The main result of the paper is Theorem 0.1 and Theorem
0,2.
Theorem 0.1, The general solution of the functio-
nal equation (0,1) defined on GL(2,R) in the case when the
function F has the form (0.2)8 1is given by the formula

™

2 1.3 ]
o, (Ax)+t<x,‘(Ax) + 3—00!1 (Ax)+2wa1 (Ax)uz(Ax)

(0.5)2 g(x) = 2ra1(dx)+2uot2(Ax)+ua,2l (a,) ,
| 20u1(4x) R

where w, r are real parameters and o denotes an arbitrary
function satisfying the equation (0.3),

Theorem 0,2, The general solution of (0,1) defined
6n GL (2,R) in the case when the function F has the form
(0.2)? 1is given by the formula

(0.5)® g(x) = [F(x) - E]-q,
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On some functional equation 3

1 6 O
where E 1is the unit 3x3 matrix i.e., E=[8 3 2],

q is ‘a 3x1 matrix whose entrlies are real parameters, F
defined by (0.2)°.
Furthermore from (0.3) we have for i = 1,2

(0.6) @; (1) =oy(=1) =0
and
(0.7) og(§) =a,(-F) for every § # O,

Let us observe that from the properties of the solutions
-of equation (0.3) in particular it follows that, if inequa-~
1lity (0.4) is fulfilled, then it is also valid if we confine
ourselves to E >0 only. Then

(0.8) oy (R) 4 {0},
where R ={§eh tE> O}.

1. The auxiliary lemmas

In the sequel of the present paper we shall apply the
following lemmas

Lemma 1,1 (cf [5]) The general solution of the fun-
ctional equation

(1.1) T(xey) = pla)z(y) + g(x),

for all x,y ¢ GL (2,R), where ¢ is an arbitrary not vanishing
identically solution of equation

(1.1) p(§9) =9(§) p(p) for all Ep# O,

is given by the formulaes
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4 Z.Karehiska

(1.2) T(x) =2[p(a,) - 1] if p#EA
and
(1.3) g(x) = 1nlg (a)] 1 =1,

where 4, = det(x), ¢° is an arbitrary multiplicative
function not vanishing identically i.e., ¢° is an arbitrary
function satisfying the equation (1.1)' and the condition
¢° #£0, is anarbitrary constant i.e., real parameter.

Remark 1.1, From the properties of the solutions of
equation (1,1) it follows that ¢°(§) # O for every E# O.
Let us notice that 1n|¢°| is an arbitrary function sati-
sfying (0.3).

Lemma 1,2 ([4] p.64, 65). The general solution of
the system of equations
(1.4)  wy(xey) = wg(7) + x(ay) wy(y) + wy(x)

(1.5)  wpylxey) = wy(x) +wy(y)

for all x,y e GL(2,R), where « is an arbitrary not vanish-
ing solution of the equation (0.3), is given by the formulaes

(1.6) w,l(x) = 1n |¢(Ax)|+wq2(Ax),

(107) wz(X) = 2w (Ax),
where w 1s arbitrary constant, ¢ is an arbitrary non-zero
multiplicative function, A, = det(x).

Lemma 1.,3. [4] p.65, 66), The general solution of the

system of equations

(1.8)  @4(x.3) = (agn4, I (¥) + (sgna Jaf(a)w 5 (7)+ew, (x)
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On some functional equation 5

(1.9) Wo(xey) = (sgndy)w 5(y) +wpo(x)

for all x,y € GL(2,R), where o is an arbitrary not vanishing
solution of the equation (0.3), is given by the formulae

(1.10) w,.l(x) wo((Ax) sgndy - G[Sgn A, - 1]

(1.11) wa(x)

w [sgnAx - 1],
where A_ = det(x), w , & are arbitrary constants.

2. Proof of Theorem 0.1

A straightforward verification shows that the function
defined by (0.2)2 satisfies the equation F(x-y) = F(x)-F(y)
(cf. [3]) and any function of the form (0.5)2 satisfies (0.1).
Thus, it remains to prove that the function g satisfying
equation 0,1 for all x,y GL (2,R) must have the form
(0.5)2,

Let
Tq(x)
(2.1) g(x) = | 7,(x)
| ¥50x)

be an arbitrary solution of the equation (0.1).
Let us notice that the matrix equation (0,1) is equivalent
to the system of three equationss

(2.2)  g4(x3) = 4(3)v0, (800, @)+4lad00,) +

+

o, (8)] B53) + 7y 0x)

(2.3) Fo(xe3) = 7,(3) + o, (8)75(3) + 7,(x)
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6 Z Karehiska.

(2.4) 73(x-3) = 75(x) + 75(3)-

It follows from (0.8) that there exists a real number A>0
such that a1(ﬁ) # O. The general solution of the system of
the equations (2.3) and (2.4) has been given in Lemma 1,2

(efe (1e6)y (147)). Thus, in view Lemma 1.2 we have

(2.5) 7,(x) = 10f9,(a,)] +5ux(ay)
(206) 33(!) = 25“1 (Ax)’
where
_ 3’2(1 ) VF 0
(2.7) 2= &1—('@"— )y bp = det(x), X, =[ o ﬁ}

¢2 denotes here a multiplicative function not vanishing
identically.,

Taking into account the formulae (2.5) and (2.,6) from
(2.2) we obtain

(2.8) F4(x-y) = F4(x) + 7,(3) + oy (ay) [ln | 65080 ] +
+5«§(Ay)] + [%af(ox) +a2(Ax)] ZGO(,I(Ay).
Since x*X, = X +x for every X ¢ GL(2,R),

.2 (x.xo) =¥ (xo-x)
it follows from (2.8) that

T, (X)+2 (2 )+ (8) [ 1n | $,(8)| +@ ﬁ(p)] +
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On some functional equation 7

hoday) +o,0,)] 28uy(8) = 24(x,) + 74(x) +
+o, (8) [1n|¢2(Ax)|+aa§(Ax)] +[%a$(p) soy(p)] 2da(ag)-
Thus,
2Bay (Bay(ay) +aq(ay) 1n]g,(8)| - 2@, (a)ay(B) =

= aq(B) 1m | 9,0a,)].
Fiﬁally we obbtain

(2.9) 1n|g,(a,)| = 2Fa,(ay) + 2Fay(ay)

and from (2.5) we get

(2.10) Po(x) = 2Tay(a,) + 28%,(8,) +Bx5(a,),
where

1 - 25
(2411) 27 = B [45(8)] - 25e,(e) :

X1 (ﬁ)

Thus finally from (2.9) or (2.10) we see that the equation
{(2.8) takes the form

(2.12) g1 (xey) = 74(x) + 34(3) + 2T aq(ay)oylay) +

+ 250(,‘(Ax)u2(Ay) + o, (8 )01(4 ) +

1305 a,) ay(ay) + 250, (8 Jay (a)),
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8 7 .Karehska

Now let us put
(2.13) 7o(x) = 74(x) ~tafla,) - %Ba?(zxx) - 280, (8, )y (ay)

The function (2.13) satisfies the equation

(2.14) T, (x23) = 7,(x) + 7,(3)

for all x,y € GL (2,R).

Ia fact, by (2.13), (2.12), (0.3) and in view of Ax.y =
=AxAy

we have

- 3
¥o(x+y) = Ty (xey) -fa‘:‘(AxAy) - %5[«1(AxAy)] -

2
20w, (Ax Ay)ua(Ax Ay) = 24 (xey) 'f[“'!(Ax) + 0(1(Ay):| -

b, + °‘1(Ay)] ’. 2‘7’["‘1 (ay) + °‘1(Ay)] [atap) + °‘2(Ay)]=

[ 1,(x) ~Faflay) - F5a3(a,) ~ 250, (Ax)«a(Ax)] +

+

[7,9) -Fa2@a,) - Jaadla,) - 28w, (o oyla )] =

3°(x) + a‘o(y).

Since for x,y e GL(2,R) the function g, satisfies (2.14)

ther from Lemma 1.1, when ¢ =1, it follows that a‘o(x) =

= 1n|¢°(Ax)| . But 1n | ¢°l is some solution of the equation
{0.3) thus

(2.,15) zo(x) = o {(A)



On some functional equation

where &, denotes a solution (0.3). Applying the formula

(2.15) to (2.13) we obtain

(2.16)  34(x) = o (8,) +Taf(a,) + 3Eaz(ay) +

+ 200, (Ax)c.va(Ax) .
Thus, summing up the results of the above considerations
(cf.(2.,16), (2.10), (2.6))we conclude that g satisfying

equation (0.1) must have the form (0.5)2,

%+ Proof of Theorem O, 2,

A straightforward verification shows that the function
defined by (0.2)b satisfies the equation F(xey) = F(x).F(y)
(ef.[3]) and any function g of the form (0.5)b satisfies
(0e1)e In fact, g(xey) = [F(x.y) - E]-q = F(X)sF(3)eq -

- F(xq + F(x)eq = Beq = F(x)+[F(y) - E]-q + [F{x)-E].q =
= F(x).g(y) + g(x).
Thus, it remains to prove that the function g sabi-

sfying equation (0.1) for all x,y € GL(2,R) must have the form
b
(0.5)".

Let
7,0
(3.1) g{x) = | ¥,(x)
75 (x)

be an arbitrary solution of the equation {(C.1).
Let us notice that the equation [0.1) iz equivzlan%t to
the systen of Shree equations

(Z.2) ¥4 (xey) = (sgnd )7, (y) + o4 8.5 (22n8 08,000 +
1. \
* (ngx)[%O‘/‘a(Ax) *o AT )+ B, K
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10 Z .Karenska

(3.3) Tolxey) = (sgn 8,)7,(3) + (s8RA )y (8,)F5(3)+7,(x)

\]

(3.4) T5(x-3) = (send)¥5(3) + ¥5(x).

Then according to Lemma 1,3 the solution of the functio-
nal system of equations (3.3) and (3,4) is given by the
following formulae

(3.5) T,(x) =goq(ay) sgna, - §[sena, - 1]
and
(3.6) 8'3(x) = a’[sgn Ay = 1],

where ¥, 0 are constants,
Taking into account (3.5) and (3.6) in (3.2) we obtain

Fq(xe3) = (sgnd )y (3) + «1(Ax)(ssnAx)[a'a,,(Ay)sgnay-

- 5(sgn.Ay - 1)] + (sgna ) [%di(Ax) +

sy 7 (semay - 1) + g,(x).
Hence

(3.7) g4(xy) = (sgn 8 )3, (3) + 74(x) +

+ oy (Ax)o:,l (Ay) (sgn Ax) sgn Ay -

-6«1(Ax)(sgndy - 1) sgnd +7[%a,2l(Ax) +

+a2(Ax)]'(sgn Ay - 1) sgnd .
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On some functional equation 11

Now let us put
(3.8) T,(x) = #4(x) - %b‘d,z'(dx) sgnd_ + S, (A )sgna, -
1)

-a’ora(Ax) sgndy .

Let us notice, that the functlon 7, satisfy the equation

(3.9) a’o(}{oy) = a"o(y) sgn AX + To(x)-

In fact, we have from (3.,7) and (3.8)

a‘o (x.3) = 3',] (x.3) - %a’a%(Ax.y)sgnAx.y +6q1 (Ax.y)sgnAx.y -

-a’oxz(Ax.y)sgn By = 34(3) sgnA + 7,4(x) +
+ ¥y (Ax)°'1 (Ay)(sgn Ax)sgn Ay - 60:1 (Ax)(sgnAy-’l) sgna, +

+8‘|:’%°($(Ax) +a2(Ax)] (sgndy - 1) sgndy -

J

- %a’[u%(/-\x) + 20(a,) o, (ay) +<x,2,(Ay)] (sgna ) sen Ay +

+ é[a,](Ax) +0(1(Ay)] (sgna ) sgn 8y -

-3[0(2(Ax) +012(Ay)] (sgn Ax) sgnAy =

0 The function To (cf.(3.8) has been suggested by M,Kucz-
ma,
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12 7 . Karehska

, 1
= (sgnAz)[ﬁ(y) - —2—0(,%(Ay)sgnAy +50(,](Ay) sgnAy -

- a‘uz(Ay) sgnAy] + [a’,‘(x) - %-u,z‘(Ax) sgn A, +

+6a,(a,) sgna -fxs(8,) sgna x] = 7,(3) sgna, + 7, (x).

From (3.9) taking into account Lemma 1.1 [cf. (1.2), when
p(a,) = sgn Ax] we obtain

(3.10) a‘o(x) =8 [sgnAx - '1],
where © 1is constant,
Applying (3.10) to the relation (3.8) we have

(2 (x) = e[sgn A, - ’1] + %a‘ui(Ax) sgnay —Ga,l (Ax) sgnd . +

+ a‘aa(Ax) sgné, .

Finally we obtain
(3.1 #4(x) = 7[%0@,(&\9 +cx2(Ax)] sgn b —6u (A )sgna  +
+ 6 [sgn Ay - '1],

where ¥, 6, © are constants.
Summing up the above results (3.5), (3.6) and (3.11) we
have

-
x) T[% 0‘,‘2l(Ax)+csr2 (Ax)] sgn 4 o~ b6a, (Ax)sgn A+ 6 [sgn a, - 1]
g\Xx) =

Ty (a,) sgn o, - S[Sgn A, - 1]

i a‘sgnAx-’l]
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On some functional equatiocn 13

- - -

sgna, - 1 or,\(Ax)sgnAx [%G%(Ax)-i-az(Ax)JsgnAx 3]

-

= 0 sgnd, - 1 °‘1(Ax) sgna o =8 |=
i 0 o) sgndy - 1 1L 7 |
e
= [F(x) - E] « q, where q=|-6].
g

Thus, g(x) is the form (0.5)® and the proof of Theorem
0.2 has been completed.
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