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ON REPRESENTATIONS OF NATURAL NUMBERS
AS SUMS OF TWO SQUARES

Introduction

The alm of this study is stating some theorems concerning
representations of natural numbers as sums of two squares,
The study concludes with the derivation of the formula for
function v, well known in the theory of numbers, We can ob-
tain these theorems easy if we apply the arlthmetic of com-
plex integers. But we do not use this arithmetic here,

Let I - the set of integers, N - the set of natural num—
bers, N, = N v {0}.

Defilniltion, A representation of number n ¢ N
as & sum of two squares is a pair (a,b) € N x N, such that

a§2+b2=n.

We denote for n € N3

a, = {(a,b)eNxNO: a® + b° = n]

- the set of all representations of number n., The family
[an: n € N} is a partition of N «x No.
We define the function r as follows

t(n) = Fn
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2 T.Kreid

i.e, as the number of representations of n as a sum
of two squares,

Remar k, This definition differs from the one given
in [1], where all pairs (a,b) ¢ I * I are considered, Trea-
ting pairs of numbers as points on the plane, the restri-
ction to pairs of N x No is the restriction to one guarter
of the plane: 0<p< 5 (p - the polar coordinate).

With each (a,b) ¢ N x N, also theree other pointss
(-b,a), (~a,=-b), (b,-a) belonging to other quarters are
representations of n, Thus the introduced restriction
gives in effect omitting superfluous and constant factor
4 in the formula for funcvion ¢ . This simplification

has one more virtue: in this way the function <« becomes mul-
tipiicative (see [2]).

1. Multiplying of representations

In the following considerations we shall apply the geo-
metric interpretation of representations. A pair from N x No
can be considered as a point or vector with integer coordina-
tes on the Cartesian plane., For vector ¥ = [vx,v] € N x No

we haver v, >0, v, > 0, IVi#>1, 0<% (0x,7 <§

(% denotes the orientated angle).
In the set of all representations N x No we define the
following operation x (multiplying of representations)

(ac + bd, ad - be) ad-bc =0

(1) (ayb) * (c,d) = if
(be - ad, ac + bd) ad-bc < O,

This operation c¢can be also written as follows

[7.%, T A% ] sign(¥,w) = +1, O

if

<
"
£}
]

(2)

]
]
-

[-<Faw, T W] sign(V,w)
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On representations of natural numbers 3

(sign(¥,W) ~ the orientation of the pair (¥,w))or

|7 [ Hcos X(F,®), sind(F,#)] YEF) =0

(3) Vxw= if
|7 Flstn & (7, ), cos ¥(F®)]  FFW <o,

Hence we obtain the formula

(4) v« @ = [F||¥].
Conclusion. If 'v'tean and '“'r'eam then

Vxwea .

2. Preliminary theorems
Theorem 1, For ne N

t(2n) T (n).

Theorem 2, Let ne N, If p 1is a prime of the
form 4k+3%, then

r (np°) = ().

Theocrem 3, If n,m >1 -~ numbers rebresentable
as a sum of two squares and relatively prime, then the

mapping
3 (o, x ap)—a o
is a one-to-one function.
Proof., Let ¥, "\F'emn; w, ’vx’ream and V x W=7V x W.
We apply (3) and notice that |¥] = |¥| and |Ww] = |¥|. After
considering the cases which derive from {(3) we come to the
following conclusion

NIy

Vo=
6&19’ ?+£
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where ¢ = ¥ (V,w), ¢'= & (¥,®.
Let o« = ¥ (¥,7). We have

%:‘('v?,ﬁ’) =X @FHY +FEFED) + X TW = -ptoat 9= o +£%.

Let @ be the rotation of the plane through the angle o ,
Thus 8 (¥) = V. Let W'= 6(¥). We have

A(FTW) = <(WBF) +X(7FHW) = -« + 0(+£%=5 -’25,

The vector Ww" c¢an be obtained as an image of W after rota-

tion through a multiple of right angle, so its coordinates
are integers too. We will find then,

Let ¥ = [a,b], V= [4,0], W= [c,d]. We have
82 + 12 =4+ ¥ = n, 02+d2=m,

-, ’ ’ - - [ ’
Vv A —
cos o = Le¥ - BRIBD | gyp4 |*,2v _ st
Vi

¥l

Therefore
cosx - sinai|c %[c(aal+’b‘6)-d(ab'-a’b)]
w= 8 (W) = = .
sin«  cosalld %[c(aﬁ-afb)+d(ae.’+bb')]

The coordinates of W" are integers, thus there exist i,j € I
such that

c(aa’+ bb ) - d(ab - &b ) = in ,
c(ab - db) + d(aa’ + bb) = jn .
Hence
n(jo-1d) = c(jn) < a(in) = c2(ab - db) + d%(ab - db) =

(c2 + d2)(abl - ab) = m(ab - ab),
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On representations of natural numbers 5

and thus it follows that n|m(ab-db), But n,m are relatively
prime, so we get nl|(ab-db). In a similar way we obtain

n(jd+ic) = d(jn) + c(in) = m(aa’ + bb)

hence n | (aa*bb),
This implies that there exist k,1 € I such that

ab - &p = kn, aa + bb = 1ln.
Thus we obtain
(Jzz:2+l‘?‘)n2 = (km)2 + (ln)2 = (za.b'-a'b)2 + (aa'+b‘r§)2 =

(&2 + 1) (a2 4 b'2) = n° '

and k2 + 12 =

Since 1ln = as+bb >0 we infer that 1 =1, k = O, From
ab-db = O we get immediately & =2 and b = b, i.e. V= V.
Now it follows that « =0, W =W, < (¥, = < (W ,w) =
= %, but - %<4(ﬁ9'ﬁ') < %ro so we have & (W,#) =

and W= W.

3. Theorems on representations

We shall call a representation (a,b) relatively prime
if a,b are relatively prime. For an arbiti‘ary nelN, n=>1,
an element x of the ring of residues (Z 1 ® ,0,0) will be
called a root of =1 if x° =01 (i.e. x2®'\ 0) 1in e

Remark 1, pr2+q2=v>1 and p 1s relati-
vely prime to v, then also q 1is relatively prime %0 v and
the representation (p,q) is relatively prime.

Remark 2,]If (pya) is a relatively prime repre-
sentation of number n > 1, then p,q € Z are inversible
and p~ @q is a root of -1 (because p2 ® q2 = 0 and

(p~ @q)2=p 0q2=p @ ©p°) = 1),

Thus with every relatively prime representation (p,q) of
number n we may connect a root of -1 p- Oqun.
We will show that this mapping is one-to-one,
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6 T.Kreid

Lemma 1, Let (1,J), (ky1) be relatively prime re-
presentations of number n > 1, If (4,J) # (k,1) then
1Yo x Vo1,

Proof. The elements i,J,k,1 eZn are inversible,
Let Jk =11 (if not, we exchange the demotation of pairs),
Assuming thab 1'10;1 = k-1®l, i.e, JOok =101, we get

V ik = 11 + tn,
20

and

2

n(2ilt + nt2) = 2iltn + not° = (i1 + nt)° - 1°1° =

2,2 _ 4212 _ W 2n _ 42y _ 4

= J°K° - 1°1° = K 2(

n - k%) = n(k® - 12),

which implies that 211t + nt® = k° - 12, But nt° = k212
i1, We

-2i1t <k° < n, hence t>< 1 and t = O, so jk
notice that

2

"
{

e
]
[{

= 12?4+ 19) = (k)2 + (11)% =

(1)2 + (302 = (12 + 7)K% = nk?.

Hence 1 = k and J = 1,

L emma 2, Every number of the form pk, where k e N
and p - prime of the form 4141, has at least two relatively
prime representations. )

Proof (by induction on k). From Fermat’'s theorem
we know that p can be expressed as a sum of two squares
p =12 + 3%, so (1,3), (3,1) are two (1 # j) relatively pri~
me representations of p,

Let (s,t) be a relatively prime representation of p
and let s'= s mod p, t'= +t mod p (s,t'e Zp). We have

k

Lo t2 = (s2 + tz)'mod P = pkmod p=0,
(s~1®tl)2 = (BI)-ze(esuz ) = 91.
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On representations of natural numbers 7

There exist exactly two numbers Xx e Zp such that x2= e1,

namely i'qoj and 3-101, 80

s ot = 1.103 or s ot = j"‘ o i,
Let 4
(1,3) et
(£,9) = 1f ot = .
(351) 10y

We notice that £~ 14" 't = 1. The pair (4,B) = (s,8) x (1,)

is a representation of pk'm, so according to (1) (4,B) equals
either (si+tJ, sj~ti) or (ti-sj, si+tj’). We observe that

(si+tf)mod p = soLYetof = sf(Mes™ Wi 1f) =2 8¢ # 0,

hence (si+tJ) 1s relatively prime to pk'm. So the representa-
tion (A,B) 1s relatively prime. The pairs (4,B) and (B,A) are
two relatively prime representations of number p "'1.

Lemma 3, Let vyw >1, If (s,t) is a relatively prime
representation of v, (p,q) is a relatively prime representa-
tion of w and v,w are relatively prime, then the represen-
tation (s,t) x (p,q) of number vw is relatively prime.

Proof, First we will show that sp+tq is relatively
.?rime to v, Let us consider the ring Zv and let p'= p mod v,
Q' = q mod v. Then we have

p’2.ng(p2+qz)modv=wmodv.

Since w 1s relatively prime to v, also p‘2 ° q‘2 is and
ﬁzo qzeZv is an inversible element. Also 8,% € Zv are
inversible. We notice that

(pe s'1tq') o(p e s-1tq') = #2 05 2t2¢° - 152 e(e1)q® =
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Hence p'® s'qtq'is inversible and also sp'® %q = s(p'® s-qtd)
is inversible, i.e. relatively prime to v. So sp+tq is also
relatively prime to v.

Exchanging the roles of v and w we see that sp+tq is
relatively prime to w as well, Hence sp+tq is relatively pri-
me to vw, The number sp+tq is one of two elements of the
representation (s,t) x (p,q) of the number vw, By virtue of
Remark 1 this representation is relatively prime,

Lemma 4, Let m > 1 be a number having a relatively
prime representation, The mapping defined for relatively
prime representations of m as follows

(a,b) —= a0 b

is a one=to-one function onto the set 2 = {x € Zm: x2 = 91L
Proof. By virtue of Lemma 1 this function is one-to-~
-one.,
Let (p,q) be a relatively prime representation of m.
If a prime of the form r = 41+3 were a divisor of m = p2 + q2,
then it would not be a divisor of p nor q, but in this case
it would be a sum of two squares, which is a contradiction,
If p,q are both odd, then m mod 4 = 2, if one of them is even
and the other odd, then m mod 4 = 1, so 4 does not divide m.
We conclude that m is of the form

where k € No; £ = 0,13 Pqs PoyeeeyPy ~ primes of the form
41+13 qu,uz,...,ukeiN. We will show by induction on k that
every number of this form has at least 2= relatively prime
representations, o,

By virtue of Lemma 2 the number p1 has two relatively
prime representations, If the number p,]1...pkk has 2
different relatively prime representations (a1,b ),...,(aak,
b2k), then taking two different relatively prime representa-
tions (14534)s (i59d5) of pé;; we obtain by multiplying
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On representations of natural numbers 9

*x

k+1 |
representations of number Pq eeoPy pk+'1 , namely

2

(at’bt) X (it "jt)’ where 1<t < 2k; £t = 1,2,

These representations are different and relatively prime
(by virtue of Theorem 3 and Lemma 3). For a number of the

[+ &
form 2p11...pkk the formula (1,1) x (a,b) gives ok relatively
prime representations when (a,b) runs through ok relatively
prime representations of number p,‘ ...pkk .

Let M be the number of relatively prime representations
of m. We have stated that M= 2k. The number of elements
of the image of the mapping

A= {a'1 ob ¢ (a,b) - relatively prime representation }

is also equal M (because this mapplng is one-to-one), But
A = Z, and from the theory of congruenoes with composite mo-~
dulus we know that for m = 2 p1 ...pk the number of ele-
ments of the set Z is equal 2k, So Mszk, =M= 2F= Zy
A = 2 and the mapping (a.,b)—-a""o b is one-to-one and onto,
Conclusdion, The number m has exactly 2k
relatively prime representations.
Theoremn 4, If (p,q) is a relatively prime repre-
sentation of number nm, then there exlist representations
(a,b) of n and (c,d) of m such that

(pya) = (a,b) x (c,d).

Proof. Let¢ m >1, The numbers p,q are both relati-
vely prime to nm, so to m too. In the ring Z  we have

(p mod rn)2 ® (q mod m)2 = (p2 + q2) mod m = O,

((p mod m)'1e (q mod m))2 =01,

The number nm is of the form 2 Pq e++P, » because 1t has

a relatively prime representation. Hence m, as its divisor,
is also of this form, and in consequence it has relatively
prime representations,
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By virtue of Lemma 4 there exists a representation (c,d)

of m such that
-1 -1
cT'ed = (p mod n)  e(q mod m),

Now let us consider the representation (p,q) x (¢,d) of the
number nm2. By definition (p,q) x (c,d) equals either (pc+qds
pd-cq) or (ca~pd, pc+ad). We notice that

(pe+gd)mod m = (p mod m)oc ®(q mod m)ed =

(p mod m)c"l [02 ® (p mod rn)""1 (@ mod m)cd] =

(p mod m)c"] [caec"ldcd] = (p mod m>c-’l(020d2) =0
2 2

{since ¢© + d° = m). Hence m](pc+qd) and m{(pd-cq), thus

the numbers EE&@ and p_daﬂ are integers. The pair
(a,0) = 2 [(pya) = (c,d)]

is a representation of n, Besldes we have

"

(a,b) x (cya) = (%339, Bd=Cd)o,q) (=(2%:R9, petad) ¢ (q,q))

2 2 2 2
=(p(c ; d )9 afe mf d 2)= (pya).

If m = 1 then (pyq) = (q,p) x (0,1).

Thszorem 5, If n,m>1 are numbers representable
as a sum of two squares and are relatively prime, then the
mapping

(@, *0y) —o,

is onto. )
Prcof, Let (a,b)ea e Le€e 2 + b2 = nn and let
d = &Cl{a,k), P = a, qg = 'cI' So p,q are relatively prime,

Horeover d lnm and n,m are relabtively prime, so GCD(d on)
and GCD(a® o) are squares, Let us denote
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1% = aoD(d%,n), §° = GCD(da%,m),
2 2 2
thus the numbers i, are relatively prime and 1i~j d
so ij = 4, Since
2 2 8.2 + b2 nn n m
P +4q =_d'2'—'=?2_.2='.'§'?2’
J i

by virtue of Theorem 4 there exist representations (k,1)
of—-z and (s,t) of — such that (k,1) x (s,t) = (p,q).

Then for the pairs (ik,ll), (jsyjt) we have

(ik)z + (il)z = 12(k2+12)= 12 5 = n,

(3924 (36)% = 32(s244%) = 52 5 = m,

J

which means that (ik,il)e o, (js,jt)eam, and
13 [(ky1) % (s,%)]

(1k,11) x (Js,Jt) 1ij(pyq) =

d(pyqa) = (dp,dq) = (a,b).

Conclusion, If n,m>1 are relatively prime
and representable as sums of squares then the function

(@ xap)—=a
is one-~to-one and onto. Hence

f(n-m) :&T;:m:i-i: ‘L‘(n) . T(m).

Theorem 6, If p is a prime number of the form
4k+1 and cxeNo, then
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T(p™ = + 1,

Proof (by induction on « with step 2). It is evident
that £(1) = 1 and r(p) = 2, If T(p*) = «x + 1, then let
(X4994) 90009 (X149 Joqq) Pe all representations of p%, Then

(pxq,py1),...,(pxm+1,pxu+1) are all different not relatively

prime representations of ﬁu+2. We know that there are exactly

two relatively prime representations of ﬁx+2. So there are
(x4 2) + 1 of them all,
Conclusion, For an arbitrary natural number
« % %Ay By
n=2 P,l .¢.Pk q,l ...ql »

where PqsesesD) 8TE primes of the form 4t+1; Qq9ee.9GQq are
primes of the form 4t+3 and 51,...5ﬂ1 are even numbers, we
get by virtue of Theorems 1,2, the previous conclusion and
Theorem 6

T(0) = T(by eeenyE) = 00y Neeat () = (og + )uus (o).

So we have obtained the formula

t(n) = (#1) . (@, #1).

R emar k. The proofs of all existence theorems stated
here are effective. So for an arbitrary number, when we have
the representations of its prime factors, we can find by
methods given here all its representations (or only relative=~
ly prime ones).
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