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Introduction 

The aim of t h i s study i s s ta t ing some theorems concerning 
representations of natural numbers as sums of two squares, 
The study concludes with the derivation of the formula f o r 
function r , wel l known in the theory of numbers. Ve can ob-
t a i n these theorems easy i f we apply the arithmetic of com-
plex integers . But we do not use t h i s arithmetic here. 

Let I - the set of integers , N - the set of natural num-
b e r s , i 0 a H u {o}. 

D e f i n i t i o n . A representation of number n t N 
as a sum of two squares i s a pair (a,b) t N * NQ such that 

Ve denote f o r n e Ni 

a a a |(a t b) e N * Nqi a 2 + b 2 = n j 

- the se t of a l l representations of number n. The family 
| a n ! n e nJ Is a p a r t i t i o n of N x NQ. 

Ve define the funotion r as fol lows 

r ( n ) « flTQ 
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2 T.Xreid 

i.e. as the number of representations of n as a sum 
of two squares. 

R e m a r k . This definition differs from the one given 
in [1], where all pairs (n,b) e I * I are considered. Trea-
ting pairs of numbers as points on the plane, the restri-
ction to pairs of N * Nq is the restriction to one quarter 
of the planes ($P- the polar coordinate). 

Nq also theree other points» With each (a,b) t N x 
(-b,a), (-a,-b), (b,-a) belonging to other quarters are 
representations of n. Thus the introduced restriction 
gives in effect omitting superfluous and constant factor 
4 in the formula for function r . This simplification 
has one more virtues in this way the function n. becomes mul-
tiplicative (see [2J). 

1. Multiplying of representations 
In the following considerations we shall apply the geo-

metric interpretation of representations. A pair from N * Nq 
can be considered as a point or vector with integer coordina-
tes on the Cartesian plane. For vector v = Tv^.v 1 e N * N — k X 7 ir 0 
we have: v > 0, v > 0, |v|?1, O s ^ (Ox,v) f 

A Jr U 

(•̂ •denotes the orientated angle). 
In the set of all representations N * NQ we define the 

following operation * (multiplying of representations) 

( 1 ) (a,b) * (c,d) = 
(ac + bd, ad - be) ad-bc 

if 
(be - ad, ac + bd) ad-bc < 0. 

This operation can be also written as follows 

(2) v * w = 
[v.w, v A w ] sign(v,w) = + 1 , 0 

if 
[-v A w, v.w] sign(v,w) = -1 
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Op r e p r e s e n t a t i o n s of n a t u r a l numbers 3 

( s ign(v ,w) - t h e o r i e n t a t i o n of t h e p a i r (v ,w))or 

(3) v * w = 

| v | . | w | . [ o o s * ( v t w ) f s in-^.(v,w)] 0 

i f 

Iv | - |w|£-s in^:(v ,w) , cos -^ (v ,w) ] - ^ ( v t w ) - c 0 . 

Hence we o b t a i n t h e formula 

(4) | v * w| = | v | - | w | . 

C o n c l u s i o n . I f tT e and "w e a _ then ___ n m 
v x w e a . nm 

2 . Pre l iminary theorems 
T h e o r e m 1. For n e N 

r ( 2 n ) = r ( n ) . 

T h e o r e m 2. Let n e N. I f p i s a prime of t he 
form 4k+3, then 

r ( n p 2 ) = r ( n ) . 

T h e o r e m 3. I f n,tn > 1 - numbers r e p r e s e n t ab le 
as a sum of two squares and r e l a t i v e l y prime, then the 
mapping 

x : (a_ » a ) —-or n m nm 

i s a one- to-one f u n c t i o n . 
P r o o f . Let v , v ' e o»Q; vT, w e Ofm and v * w = v x wi 

'.Ve apply (3) and no t i ce t h a t | v'| = | v | and | w'| = | w | . A f t e r 
c o n s i d e r i n g the cases which de r ive from (3) we come to the 
f o l l o w i n g conc lus ion 

V i P ' s f + L \ 
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4 T,Kreid 

where f = (v,w), f = ¿f. (viw). 

Let a = We have 

(w,w) = (w,v) + (v,v') + (v',w) = - 50+ a + f'= o, + c f . 

Let 0 be the rotat ion of the plane through the angle <x . 
Thus B (v) = v'. Let w"= & (w). We have 

= -£(w*,w) + = - a + i x + t f 3 £ i , 

The vector w" can be obtained as an image of w ' a f t e r r o t a -
t ion through a multiple of r ight angle, so i t s coordinates 
are integers too. We w i l l f ind them. 

Let "v = [a ,b] , v ' = [a',t>], w = [ c , d ] . We have 
a 2 + b 2 s a 2 + b ' 2 = n, c 2 + d2 = m, 

cos « s v . v ' aa+bb' 

TiP = Q s in ot = V A Y* ab-a'b 

Therefore 

w*= 9 (w) = 

cos ex - sinoc 

s i n « cos« 

J [c (aaVbb')-d (ab'-ab)] 

^ [c (ab'-ab)+d (aa+bb )] 

The coordinates of w" are integers, thus there ex is t i , j e I 
such that 

c(aa' + bb ) - d(ab' - a'b ) = in , 

c(ab - a'b) + d(aa'+ bb') = jn . 

Hence 

n ( j c - i d ) = c ( jn) - d(in) = c2(ab - ab) + a2(ab - ab) = 

= (c2 + d2) (ab' - ab) = m(ab' - ab), 
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On representations of natural numbers 5 

and thus it follows that n| m(at)-ab). But n,m are relatively 
prime, so we get nl(ab-dtb). In a similar way we obtain 

n(jd+ic) = d(jn) + c(in) = m(aa'+ blj} 

hence n | (aa+bb ). 
This implies that there exist k,l « I such that 

ab' - a'b = kn, aa' + bb = In. 
Thus we obtain 

(k2+l2)n2 = (kn)2 + (In)2 = (atf-ab)2 + (aa+bb f = 

= (a2 + b2) (a' 2 + b'2) = n2 , 

and k2 + l2 = 1. 
Since In = aa+bb' > 0 we infer that 1 = 1, k = 0. Prom 
ab-ab = 0 we get immediately a = a and b = b, i.e. v' = v. 
Now it follows that 0( = 0, w" = w, (w,^) « -£(w",w') = 
= £ but - < so we have (w,«?) = 0 
and w'= w. 

3. Theorems on representations 
We shall call a representation (a,b) relatively prime 

if a,b are relatively prime. For an arbitrary, n e N, n >1, 
an element x of the ring of residues (Zn; © ,©, ©) will be 
cabled a root of -1 if x 2 = ©1 (i.e. x 2 © ! = 0 ) in Z . 

2 2 11 

R e m a r k 1. If + q = v > 1 and p is relati-
vely prime to vt then also q is relatively prime to v and 
the representation (p,q) is relatively prime. 

R e m a r k 2. If (p,q) is a relatively prime repre-
sentation of number n > 1 , then p,q e ZQ are inversible 
and p~l0q is a root of -1 (because p2 © q2 s 0 and 
(P~1©q)2 = p" 2Oq 2 = p~2©(©p2) = ©1). 

Thus with every relatively prime representation (p,q) of 
number n we may connect a root of -1: p~^©qeZ . n 7.'e will show that this mapping is one-to-one. 
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6 T.Kreid 

L e m m a 1 . Let ( i , d ) , (k»l) "be r e l a t i v e l y prime r e -
p resen ta t ions of number n > 1 . I f ( i , j ) / (lc, 1) then 
i"1©3 + k~1© 1. 

P r o o f , . The elements i , j , k , i e Z Q are i n v e r s l b l e . 
Let Jk ^ i l ( i f not , we exchange the denota t ion of p a i r s ) . 
Assuming t h a t = k - '1©!, i . e . j © k = i © l , we get 

V ;jk = i l + t n , 

and 

n ( 2 i l t + n t 2 ) = 2 i l t n + n 2 t 2 = ( i l + n t ) 2 - i 2 l 2 = 

= j 2 k 2 - i 2 l 2 = k 2 (n - i 2 ) - i 2 ( n - k 2 ) = n(k2 - i 2 ) , 

which implies t h a t 2 i l t + n t 2 = k 2 - i 2 . But n t 2 = k 2 - i 2 -
2 2 - 2 i l t < k < n, hence t «= 1 and t = Ot so jfc = i l . We 

not ice t h a t 

i 2 n = i 2 ( k 2 + l 2 ) = ( i k ) 2 + ( i l ) 2 = 

= ( i k ) 2 + (dk) 2 = ( i 2 + i 2 ) k 2 = nk 2 . 

Hence i = k and j = 1. 
L e m m a 2. Every number of the form p , where k 6 N 

and p - prime of the form 41+1, has a t l e a s t two r e l a t i v e l y 
prime r e p r e s e n t a t i o n s . 

P r o o f ("by induct ion on k ) . Prom Permat ' s theorem 
we know t h a t p oan "be expressed as a sua of two squares 
p = i 2 + j 2 , so ( i , o ) . ( d t D are two ( i ^ d) r e l a t i v e l y p r i -
me r e p r e s e n t a t i o n s of p . 

I f 

Let ( s , t ) be a r e l a t i v e l y prime r e p r e s e n t a t i o n of p 
and l e t s ' = s mod p , t ' = t mod p ( s ' , t ' eZp) . We have 

s2® i 2 = ( s 2 + t 2 ) mod p = pkmod p = 0, 

(s'"1 © f ) 2 = (s')"2 © (es'2 ) = © 1. 
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On representations of natural numbers 
2 There exist exactly two numbers x e such that x = ©1, 

-1 -1 P namely 1 and j «i, so 

s'"1©f = or s""1© t' =3_<l®i. 
Let 

d,d) i r 1 ® i 
(i.i) if s^1 ©tf 

i~1 

We notice that £"1Js^1t' = 1. The pair (A,B) = (s,t) * (i'ti) 
is a representation of p , so according to (1) (A,B) equals 
either (si+tj', sj-ti') or (ti-sj', si+tj'). We observe that 

(si'+tj>od p = s'e i' © t © j' = si'des^t'r1^) s 2 s' 1 4 0, 

k+'t 
hence (sl!+t;J') is relatively prime to p . So the representa-
tion (A,B) is relatively prime. The pairs (AtB) and (B.A) are k+1 
two relatively prime representations of number p . 

L e m m a 3. Let v,w >1. If (stt) is a relatively prime 
representation of v, (p,q) is a relatively prime representa-
tion of w and v,w are relatively prime, then the represen-
tation (sft) * (p,q) of number vw is relatively prime. 

P r o o f . First we will show that sp+tq is relatively 
prime to v. Let us oonsider the ring Zv and let p' = p mod v, 
q' a q mod v. Then we have 

>2 2 2 p' • q b (p + q )mod v ss w mod v. 

Since w is relatively prime to v, also p^ • q2 is and 
is an inversible element. Also s,t £ Z^ are 

inversible. We notioe that 

(p'e s"1tq') © (p' • s~1tq') = jf2 Os"2t2q2 = p 2
e(e 1)q'2 a 

.2 m ,2 » P • <1 • 
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8 T.Kreid 
A A 

Hence p'© s tq' is inversible and also sp' ® tq' = s(p'© s tq') 
is inversible, i.e. relatively prime to v. So sp+tq is also 
relatively prime to v. 

Exchanging the roles of v and w we see that sp+tq is 
relatively prime to w as well. Hence sp+tq is relatively pri-
me to vw. The number sp+tq is one of two elements of the 
representation (s,t) x (p,q) of the number vw. By virtue of 
Remark 1 this representation is relatively prime. 

L e m m a 4. Let m > 1 be a number having a relatively 
prime representation. The mapping defined for relatively 
prime representations of m as follows 

(a,b) — - a o b 

is a one-to-one function onto the set Z = {x e a? = el}. 
P r o o f. By virtue of Lemma 1 this function is one-to-

-one. 
Let (p,q) be a relatively prime representation of m. 

2 2 
If a prime of the form r = 41+3 were a divisor of m = p + q , 
then it would not be a divisor of p nor q, but in this case 
it would be a sum of two squares, which is a contradiction. 
If p,q are both odd, then m mod 4 = 2 , if one of them is even 
and the other odd, then m mod 4 = 1 , so 4 does not divide m. 
We conclude that m is of the form 

0c «1 <* k ® = 2 P/| •••Pjc ' 

where k e NQ; e = 0,1; p^, P2»*»»»Pjc - primes of the form 
41+1; oc -j t c t 2 * , a k 6 s h o w fcy induction on k that 
every number of this form has at least 2^ relatively prime 
representations. 

1 
By virtue of Lemma 2 the number p,. has two relatively 

prime representations. If the number p^^.p^* has 2 
different relatively prime representations 

(â  ),..., (a2k, 
b2k), then taking two different relatively prime representa-
tions (i2»d2) of we obtain by multiplying - 374 -



On representations of natural numbers 9 
ir+l 0,1 k au+t 2 representations of number p^ ..»P^ P^+i » namely 

(at,bt) x (i£,.j£), where 1 < t ̂  2k; s = 1,2. 

These representations are different and relatively prime 
("by virtue of Theorem 3 and Lemma 3). For a number of the 
form 2p11...pkk the formula (1,1) * (a,b) gives 2k relatively 
prime representations when (a,b) runs through 2k relatively 
prime representations of number P̂ <1...P]J.1C . 

Let M be the number of relatively prime representations 
of m. We have stated that M > 2 , The number of elements 
of the image of the mapping 

A = | © "b : (a,b) - relatively prime representation J 
is also equal M (because this mapping is one-to-one). But 
A Z, and from the theory of congruences with composite mo-£ <*yi <*i_ 
dul-us we know that for m = 2 p^ 1...p̂ . the number of ele-
ments of the set Z is equal 2^. So M<s2k, A = M = 2k = Z, —<1 
A = Z and the mapping (afb)—- a © b is one-to-one and onto. 

C o n c l u s i o n . The number m has exactly 2k 

relatively prime representations. 
T h e o r e m If (p,q) is a relatively prime repre-

sentation of number nm, then there exist representations 
(a,b) of n and (c,d) of m such that 

(p,q) = (a,b) x (c,d). 

P r o o f . Let m >1. The numbers p,q are both relati-
vely prime to nm, so to m too. In the ring Z m we have 

2 2 2 2 (p mod m) © (q mod m) = (p + q ) mod m = 0, 
—1 2 ((p mod m)~ o (q mod m)) =e1. 

t "k 

The number nm is of the form 2 p^ ...p^ , because it has 
a relatively prime representation. Hence mt as its divisor, 
is also of this form, and in consequence it has relatively 
prime representations. 
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10 T.Kreid 

By virtue of Lemma 4- there exists a representation (c,d) 
of m such that 

1 —1 c~ © d = (p mod m) © (q mod m). 

How let us consider the representation (p,q) * (c,d) of the 
number nm2. By definition (p,q) * (c,d) equals either (pc+qd» 
pd-cq) or (cq-pd, pc+qd). We notice that 

(pc+qd)mod m = (p mod m) © c © (q mod o)©d = 

= (p mod mjc"'' [ c 2 ® (p mod m)""̂ (q mod m)od] a 

= (p mod m)c-/1 [c2®c~1dcd] = (p mod m)c"/| (c2 ® d2) = 0 
(since c 2 + d2 = m). Hence m|(pc+qd) and m|(pd-cq), thus 
the numbers R£ii!? and are integers. The pair 

(a,t) = I [(p,q) « (c,d)] 

is a representation of n. Besides we have 

(a,!)« (=,d) = (I2SS5, E ^ . M ( - P ^ . <=.•») 

If u s 1 then (pfq) = (q,p) * (0,1). 
T h e o r e m 5. If n,m > 1 are numbers representahle 

as a sum of two squares and are relatively prime, then the 
mapping 

x $ (a x a ) — a n m nm 
is onto. 2 2 P r o o f . Let (a,h)eaQm, i.e. a + "b = nm and let 
d = aCD(a,"b), p = f, q = So p,q are relatively prime. 

o P Moreover d |nm and n,m are relatively prime, so GCD(d ,n) p 
and GCD(d ,m) are squares. Let us denote 
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On r e p r e s e n t a t i o n s o f n a t u r a l numbers 11 

i 2 = GCD(d 2 ,n ) , ¿j2 = GCD(d 2 .m), 

2 2 2 
t h u s t h e numbers i . j a r e r e l a t i v e l y prime and i 3 = d 
s o i j = d . S i n c e 

2 ^ 2 a 2 + b 2 nm n m p + q = — 2 = = ' - 2 . 
<3 i D I D 

"by v i r t u e of Theorem 4 t h e r e e x i s t r e p r e s e n t a t i o n s ( k . l ) 
o f - ^ and ( s . t ) of such t h a t ( k . l ) * ( s . t ) = ( p . q ) . 

ir A 
Then f o r t h e p a i r s ( i k . i l ) , ( D * s , j t ) we have 

( i k ) 2 + ( i l ) 2 = i 2 ( k 2 + l 2 ) = i 2 - V = a . 
i 

( j s ) 2 + ( j t ) 2 = j 2 ( s 2 + t 2 ) = D2 = m, 
G 

whioh means t h a t ( l k . i l ) e « _ . (3 s . j t J é O i ^ . and 

( i k . i l ) * ( j s . j t ) = i j [ (k . l ) a ( s . t ) ] = Id(p.q) = 

= d (p.q.) = ( d p . d q ) = ( a . b ) . 

C o n c l u s i o n . I f n , m > 1 a r e r e l a t i v e l y prime 
and r e p r e s e n t a b l e a s sums of s q u a r e s then the f u n c t i o n 

* . - ( a n » a m ) - « D D 

i s o n e - t o - o n e and o n t o . Hence 

r ( n . m ) = = a ^ = = r ( n ) • r ( m ) . 

T h e o r e m 6 . I f p i s a pr ime number of the form 
4k+1 and « t N , then 0* 
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12 T.Kreid 

r (p0*) = a + 1. 

P r o o f ("by induct ion on a with s t ep 2 ) . I t i s evident 
t h a t r ( 1 ) = 1 and r ( p ) = 2 . I f r i p " ) = « + 1, then l e t 
( ac^ ,y^ ) , . . . , ( s ^ , ) , y« .^) "be a l l r ep re sen ta t ions of p*. Then 
(pat, »P^)» • • • i (P2i*+']» py a + 1 ) a re a l l d i f f e r e n t not r e l a t i v e l y 

0(4-2 
prime rep resen ta t ions of p .We know t h a t t he re are exact ly 
two r e l a t i v e l y prime r ep resen ta t ions of So t h e r e are 
(c*+ 2) + 1 of them a l l . 

C o n c l u s i o n . For an a r b i t r a r y na tu ra l number 

n = 2 

where p ^ , . . . » ? ^ are primes of the form 4t+1; ^ » . . . » q ^ are 
primes of the form 4t+3 and a re even numbers, we 
get "by v i r t u e of Theorems 1 ,2 , the previous conclusion and 
Theorem 6 

r ( n ) = r ( p " 1 . . . p ^ k ) = r ( p " 1 ) . . . r ( p k
k ) = («,, + 1 ) . . . (« k +D. 

So we have obtained the formula 

r ( n ) = («x1+1). . . («k+1). 

R e m a r k . The proofs of a l l exis tence theorems s t a t ed 
here are e f f e c t i v e . So f o r an a r b i t r a r y number, when we have 
t h e r ep re sen t a t i ons of i t s prime f a c t o r s , we can f i n d by 
methods given here a l l i t s r ep re sen ta t ions (or only r e l a t i v e -
ly prime ones) . 
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