
DEMONSTRATIO MATHEMATICA 
VoLDi No 3 1976 

R.K. Vohra, K. D. Singh 

SOME ALMOST ANALYTIC VECTOR FIELDS 
IN (f, g, u, v, A)-STRUCTURE MANIFOLD 

0»Introduction 
The idea of almost ana ly t i c vector f i e l d s in an almost 

complex manifold has been studied by many mathematicians 
including Tachibana [3], Sasaki [ 4 ] , and Yano [ l ] . Recently 
Hideaki Suzuki [2] obtained some r e s u l t s in the product ma-
ni fo ld M2*1 * R where M2"1 i s an ( f , g , u, v , > ) - s t ruc tu-
re manifold [1] and R i s an 2-dimensional Euclidean plane . 
In the present paper , we def ine some vector f i e l d s in t h i s 
product manifold and obtain necessary and s u f f i c i e n t condi-
t i o n s f o r these vector f i e l d s t o be almost ana ly t i c * Later 
on, var ious p a r t i c u l a r ca se s have been s tudied . 

1 . Pre l iminar ie s , 
Let M211 be a 2n-dimensional d i f f e r e n t i a b l e manifold 

eqiipped with a (1 ,1 ) tensor f i e l d f , two vector f i e l d s U, 
V and two 1-forms u, v , such t h a t * 

( 1 . 1 ) f 2 = -1 + u ® U + v ® V j 

(1 .2 ) u * f = a v j fU = - AV j 

* Throughout the pa f9 r a l l the tensor f i e l d s considered 
s h a l l be C . 
This paper has been read a t the conference of I.M.S. held 
a t Calcutta (INDIA) in 1973. 

- 333 -



2 R.K.VohraD.Singh 

(1.3) vo f « - >u ; fV = *U $ 

(.1.4) u(U) » 1 - > 2 | u(V) * 0 } 

(1.5) v(V) = 1 - > 2 j v(U) . 0 ; 

1 being the unit tensor field while * is a function. Such 
a manifold is called an (f, U, V, u, v, structure mani-
fold and it is necessarily even dimensional. If an even di-
mensional manifold admits a positive definite Riemannian me-
tric g satisfying the conditions 

(1.6) g(U,X) = u(X); g(V,X) = v(X); 

g(fX,fY) = g(X,Y) - u(X)u(Y) - v(X)v(Y), 

for any vector fields X and Y in Hi211, then we say M211 is 
an (f, g, u, v, - structure manifold. 

We consider the product manifold M211 * R2. Let the co-
ordinates of an open neighbourhood IL c M211 be given by 
i * 

x and the Cartesian co-ordinates of the plane by x"\ x*"*, 
then (x1, x°", x-') can be considered as the co-ordinates in 
the neighbourhood (U * R2) in M211 * R2. 

Let U^ and Ujj be two coordinate neighbourhoods in M2*1 
such that U. n U! £ 0» then the intersection of the corre-2 ' 2 
sponding coordinate neighbourhoods U,j * R and U^ x R in 
the product manifold is also non-empty. Corresponding to the 
transformation 

— x (x |X 9 • * • | X ) 

in U^ n Û j, we define the coordinate transformation in 
(^ x R2) O (u,j * R 2) by 

k-
Throughout this paper the indices i,j,k, ... run from 1 to 
2n and A,B,C,... run from 1 to 2n+2. 
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Some almost analytic vector fields 

x1' = x1' (x1) , 

oa, o>t X 1 = X 

x-1 = x"' 
$ 

whose Jacobian matrix ^ ̂ T r ) i s 6 i v e Q by 

fdJ-\ 0 0 

\8?/ 1 0 1 0 

\ 0 0 1/ 

We define in the product manifold a (1,1) tensor field 
F whose local components are given by [1] 

f.1 a 1 v1N 

(F b
A) s - u.. 0 — x | , 

0 

It is easy to show that F is an almost complex structure. 
Moreover the product manifold admits a positive definite 
Riemannian metric G with local components 
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4 R.K.Vohra, K.D.Singh 

g ^ being the local components of the metric g in It can 
be easily proved that & is an Hermitian metric. 

Let 
h 
i 3 

and [BAC] be the Christoffel symbols corre-

sponding to the Riemannian metrics g and G respectively and 
let V and V denote the respective covariant differentia-
tion. After simple calculation, we get 

h " h ' 

i i .i i. 

while the remaining components are zero. The covariant diffe-
rentiation with respect to V of the (1,1) tensor field F is 
by definition 

V » A - + F D C B " H F B 

A ' 
LD C. 

- F-E 
E 

B C 

Thus the various components of ( ̂  F) are given by 

\ V = ! Poed = 7±ud , 

V F d = 7 v'"5 ; 
i 2 i 

V F k - = - V u. i i * 

7 i k -vi v V - ? = - V - P - V 

and the remaining components are all zero. 
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Some almost ana ly t i c vec tor f i e l d s 5 

2 . Vector f i e l d s i n the product manifold 

Let X be any vector f i e l d i n the base manifold with. 
i C l o c a l components X , then we define i t s C - extension (X) 

in the product manifold t o be a vector f i e l d whose l o c a l com-
ponents are given by 

M 1 . ( o 1 ) . 

These vector f i e l d s w i l l be ca l l ed P -extens ion , Q-extension 
and K-extension of the vec tor f i e l d X r e s p e c t i v e l y . 

Any vector f i e l d Z i n the product manifold i s ca l led 
almost ana ly t i c i f f 

( f )bA - 2 D V b A " f b D V A + *dA V = 0 • 

Q 
In case Z = (X) , then we have the following components, 
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in A  1 - ( ¿ A  1 + „ i W a. ^ 
( ° c u J , - x ) . u J , + v U L + 

+ a ^ a . k + v h \ k ; 

(2 .3 ) 

( « S T - - ^ ( f i • ^ ; 

( • é - r = v - + 5 

+ f 4 V S r ^ - tfT)fc. , 

'(X) ¿ I i 
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Some almost analytic vector fields 

These components are related by the following relations 

U f\ 1 u,fi = u.u ( r d F\ 1 + 

(2.4) 

- (1 - n P c i ? '(X) 

^ F ) 1 VjV*' = >u/ c oi p) 1 +>( ^ p) 1 V -
'(X)/3

 1 ^VC(X) A \C(X) /oo( 1 

r. - (1 oT P 
\C(X) 'co, 

V 
, «/ F) u vJ = ( o/f) 1 - f., c/ J -
a) J, 1 1 \c(x) A 3 y 

- (1 - > 2 ) { c/F] 

- -
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(2 .4 ) V°(X) A 1 d V M d V (X) A 

- (1 - A2) f ./ jA 
V * ( x > V - • 

Throughout the paper, we shall assume that (1 - A 2 ) * o, and 

«13 - V j - ' A 1 

V j - V i 

T h e o r e m 2 . 1 . A necessary and suff ic ient condition n 
for the vector f ie ld (x) in the product manifold to be 
almost analytic i s 

m- o, ( f i - o. 
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Some almost analytic vector fields 9 

P r o o f . The proof follows from (2.3) and (2.4). 
C o r o l l a r y 2.1. The vector field C (U) is almost 

analytic in the product manifold i f f 

<» (f) 1 . a> ¿V , 

( i i ) [u ,v ] = 0. 

C o r o l l a r y 2.2. The vector f ield C (V ) is almost 
analytic in the product manifold i f f 

(1) (vf)/a2* viV} 

( i i ) [> ,v ] - 0. 

In case Z ss ^(X), the components of <£ f \ are given by 
\ (X) / 

I'SV - (?)/ • ¿(t),•<* • 

(2.5) 
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10 R.K.Vohra, K.D.Singh 

(2.5) 

k = - X 1 V * - V1 • A + V-x^tL,? 
i Vx h 

- (Hi•m 

g ex) 
These components satisfy the following relations 

* Hi,!1 * '̂(¿.l1 1 
p) 1 . . < « * > fati -

(2.6) 

- Av 
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Some almost analyt ic vector f i e l d s 11 

(2.6) J 

- Av 

These re la t ions yield the following theorems. 
T h e o r e m 2 .2 . A necessary and s u f f i c i e n t condition 

f o r the P-extension P (X) of the vector f i e l d X in the base 
manifold to be almost analytic in the product manifold i s 

( x £ ) ± + ^ ( x * ) + ^ * * « 
3 J 

C o r o l l a r y 2 . 3 . The vector f i e l d P(U) i s almost 
analyt ic in the product manifold i f f 

= 2 X u H ^ ; U,V = 0. 
A 

C o r o l l a r y 2 .4 . The vector f i e l d P(V) i s almost 
analyt ic in the product manifold i f f 

( i f ) = o, [u .v] = 0. 
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la case Z = (X). then the conroouentB of oC F\ 
\ (X) I 

given by 

(2.7) 

are 

= 0; L ¿ I ) - c - X * V * 
VQ(x) L K i 

lk 

"» , vi _ + v V . l k • 

These components satisfy the following relations 

• + (««»I1+ 
- -



Some almost analytic vector fields 13 

+ u v4 (
 1 -*( ^ p V v . ; 

® ^(X) K v(X) 'e d 

L *C 1 v fjj = - (1->2)fo £ A " 1 + 
(2.8) Vi(X) / 1 e \Q(X) /« 

J 

e 1 V a n )-, 8 ly*(xi 

* ^ ( « è ' I 1 ^ w ' ) . 1 "i 1 

" 1 1 " • 

V*(x) b , • 

la view of the relatioas (2.7) and (2.8), we have the follo-
wing theorem. 
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14 R.K.Vohra, K.D.Singh 

T h e o r e m 2 . 3 . The Q-extension of the vector f i e l d X 
i n the base manifold i s almost ana ly t i c i n the product mani-
fo ld i f f 

( x f ) / + v i ( i v ) 3
 + v i x l V 0 ; K u ) = 0 5 ( i v ) = 0 • 

C o r o l l a r y 2 . 5 . The Q-extension of the vector 
f i e l d U i n the base manifold i s almost ana ly t i c i n the p ro -
duct manifold i f f 

( f ) - M - o . 
C o r o l l a r y 2 . 6 . A necessary and s u f f i c i e n t con-Q 

d i t i o n f o r the vec tor f i e l d (V) to be almost ana ly t i c in the 
product manifold i s 

( ? ) x . [ u , v ] = 0 . 

Let Z = H (X) , then the components of are given by 

1 = (oCf) i ; f H « f i ) 1 » ( « ¿ i ) 1 . 
V H ( X ) / 3 V x / j \H(X) X 

(2 .9 ) 

- [ r f - U , 
X / i 

(*&')?--(?)*' (»¿A: (?)' (*«>*)• 
= o. 
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These r e l a t i o n s g ive t h e fo l lowing 

( ¿ . 1 0 ) . 

L oc F\ = (1 
\ ( X ) J . 1 6 \ ( X ) )i 

- d - ^ ) 
(H(X)F)oo2 ' 

The r e l a t i o n s ( 2 . 9 ) and (2 .10) y i e l d the f o l l o w i n g g 
T h e o r e m 2 . 4 . The H-ex tens ion (X) of t h e v e c t o r 

f i e l d X i n t h e base manifold i s almost a n a l y t i c i n t h e p r o -
duct manifold i f f 

( f ) = 0» ( i u ) = 0» (&) = o. 

C o r o l l a r y 2 . 7 . A necessa ry and s u f f i c i e n t cond i -
f o r t h e v e c t o r 

p roduc t manifold i s 

TT 
t i o n f o r t h e v e c t o r f i e l d (U) t o be almost a n a l y t i c i n t h e 
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16 R.K.Vohra, K.D.Singh 

= O a ad [u,v] = 0. 

IT 
C o r o l l a r y 2.8. The vector field (V) is almost 

analytic in the product manifold i f f 

qff ) = O; [ü ,v ] = 0. 

We now study certain particular cases of the product ma-
nifold * R . 

3. Case 1. x R2 is a K&hlerian manifold 

The product manifold li211 * R2 is Kahlerian i f f 

( VP ) = 0. Thus 

(3.1) 

« V / » 0 Vk 1 - - Vkad • 

v k r - = vku- , 

T h e o r e m 3.1. The P-extension (X) of the vector 
field X in the base manifold is almost analytic in the pro-
duct Kahlerian manifold i f f 

(3.2) 

(3.3) 

f k 6 V e x i " f e i 7 k * e - 0 

( u \ + v ^ V f c X * = 0. 

P r o o f » Let the conditions (3.2) and (3.3) hold. 
Operating Vĵ  on (3.3)» we get 
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Some almost analytic vector fields 17 

d - ^ v ^ P = 0 , 

i.e. 

(3.4) vt, V, x P - 0 • P k 

Again operating u^ on (3»3)» we have 

(3.5) jjXP = 0 . 

The transvection of (3.2) with fj gives 

(3.6) V^X 1 + tftj-vg. 9 * 0 . 

Operating (3.6) by v^ and u^ respectively, we have 

(3.7) v^ = 0 and uJV.jXp = 0 . 

In view of the results (3.4), (3.7)i (3.3). (3.1) and Theo-p 
rem 2.2, (X) is almost analytic. 

p 
Conversely, let (X) be almost analytic in KjKhleriah mani-

fold then in view of theorem 2.1, and (3.1), we get 

if)/ + " 0 5 ( f ) = 0 a n d ( f ) = ° -

The relations (2.5) provide that 

(3.8) (tff) 1 = 0 , 
VX 'i 

i.e. x \ f / - f .k V ^ 1 = 0 - f / VjX* . 
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Heace i n view of ( 3 . 1 ) 

( 3 . 9 ) ^ ^ " ^ ^ = ° ' 

Again from ( 2 . 5 ) 

g i v e s ( x V ) i = 3 8 ^ X 1 1 ) ; } = ° ^ 

i . e . 

( 3 .10 ) v P v j j . V ^ s O . 

The r e s u l t = 0 g i ve s 

(3 .11 ) u 3 " u k 7 j x k = 0 ' 

Add i t ion of (3 .10) and (3 .11) y i e l d s t h e second c o n d i t i o n 
( 3 . 3 ) . Hence t h e p r o o f . 

T h e o r e m 3 . 2 . The v e c t o r f i e l d P (X) i s almost a n a l y -
C H 

t i c i f f one of t h e v e c t o r f i e l d s *(X) and (X) i s almost ana-
l y t i c . 

P r o o f . Theorem 3 . 1 y i e l d s t h a t (X) i s almost ana-
l y t i c i f f 

(a ) f , k V X® - f ® V Xk = 0 1 k K i 

and 
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19 R.g.Vohra, K.D.Singh 

0>) + v e v p )v xp = 0 . 

The relation, (a) gives 

(ff) = 0 , 

and (b) yields 

(with the help of ( 3 . 7 ) ) . 

Hence, in view of Theorem 2 . 4 , :_1(X) i s almost analyt ic . 
Vie also note that by ( 3 . 1 ) and (b) we have 

vl(iv)d = * S Y k - 0 

Hence (</f\ } + vV^v)' = 0 
x J * x ' 

and («ftj) = 0 ; (¿V) = 0 . 

Thus in view of Theorem 2 . 3 , the vector f i e ld Q(X) i s almost 
a n a l y t i c . 

Conversely, l e t ®(X) be almost analyt ic , tHen in view of 
Theorem (2 .3)» re la t ion ( 3 . 1 ) and 2 . 7 , we have 

(f) * ° » ( f ) * 0 » ( f ) * 0 

i . e . 1 a x k V f / - f .k 7 X1 T f V x * = 
\X /J k 3 O x * 3 

= f J - V Xk - f .k V X1 = 0 K J G k 
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Again the f a c t = ® gives 

(c ) v V v Xk a 0 
K i 

and the resul t ( 2 . 7 ) gives 

- " ff) i" ^ " 0 

i . e . (oCa\ = 0} as v V 0 ^ = 0 

\X J± \X Jj 
i . e . 
(d) uk Uj V j X^ = 0 . 

Hence (c) and (d) give 

( u V , + v^v.) V Xd = 0 . 
J J 

P TT Thus the vector f i e l d (X) i s almost analyt ic . In case (X) p 
i s almost analytic then i t i s very easy to prove that (X) 
i s also almost ana lyt i c . 

T h e o r e m 3 . 3 . The vector f i e l d s °(U), C (V) , P ( U ) , 
P ( V ) , Q (V) , H(U) and H(V) are a l l almost analytic in 
the Kahlerian manifold. 

P r o o f . The proof follows from coro l la r i es ( 2 . 1 ) , ( 2 . 2 ) , 
( 2 . 3 ) , ( 2 . 4 ) , ( 2 . 5 ) , ( 2 . 6 ) , ( 2 . 7 ) , (2 .8 ) and from the r e l a -
t ion (3*1) • 

4 . Case 2 . * R^ i s an almost Kahlerian manifold 
The product manifold x i s an almost Kahlerian i f f 

fABC = Y B C + + - 0 ' 
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Some almost analytic vector f i e lds 21 

where ? B 0 = ? B \ C * 

The components of « 0 are given by 

(4.1) 

F idh - f i j h 3 »am = pdhi = V i h + V h i + V h f i ^ = 

F - l j h - h - pJh-< = V A - V a 3 

= F , '2|jh - * i - 2 h " *dh~2 " V * " Vh Td 3 

F F — F F 00̂  hoô  ~ oô  h Ôô  3 0 

F_ F. ÔOÔh OÔOÔh 00 gh 00 

F . = • 3 F. 
002°°2 2 2 hoogwg 

A = 0, 

0, 

®oo oo oo 3 ®oe oo oo 3 ®oo oo oo 3 ôo oo oo 3 •» oo = 0» 
1 1 1 2 2 2 1 2 2 2 1 2 2 2 1 

T h e o r e m 4.1. The vector f i e ld (X) i s almost analy-
t i c in the almost Kahlerian manifold i f f 

(i'ŷ fev̂ teV0' [d,v]=o-
P r o o f . The theorem i s an easy consequence of the 

theorem 2.1 and 4.1. n 
T h e o r e m 4.2. The vector f i e ld (U) i s almost ana-

l y t i c in almost Kahlerian manifold i f f 
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f / 7m u i = I V ] = 
P r o o f . Theorem 4.1 and the relation (4.1) gives that 

C(U) is almost analytic iff 

( f ) / = 0 . [f.v] . 0. 
New 

( f ) / = v / - ̂ V 1 + v l + ̂ v . 

= ̂ i m V / " f J k o i m V 1 + f^imV3-uk 

= Vd* + Ykf*m * ^ V*» - V X \ " 

= ^ V d » + V ^ -^Vm " Vm\ = 
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Hence the proof. 
Similarly , we have the following p 
T h e o r e m 4.3* The vector field (7) is almost analy-

tic in the almost K&hlerian manifold iff 

f d l v m v i a I V I a 

T h e o r e m 4.4. The vector field (U) is almost ana-
lytic in the almost Kahlerian manifold iff any one of the 
veotor fields P(U), '̂(U), H(U) is almost analytic in the almost 
Kahlerian manifold. 

P r o o f . The proof follows from Theorems 4.2, 2.3, 2.4, 
2.5 and the relation 4.1. 

5. Case 3. V?n * R 2 is nearly Kahlerian 

The product manifold * R 2 is nearly Kahlerian iff 

V B C + * B FA C -

Thus in a nearly Kahlerian manifold, we have 

V k 3 + V i * - 0 » 7 i u d + V i a 0 ' 

(5.1) 
VivJ + Vdvi = 0 t = 0 | = 

v t > = o. 

Consequently 

V j = V a = 

T h e o r e m 5.1. In nearly Kahlerian manifold * H2, 
the vector fields °(U), and C(V) are almost analytic. 
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In view of the theorem 2.1, (X) is almost ana-

(iV • ¿iitii * -
(?) •0i (iT) • 

In case X = U; then in view of (5.1), we have 

(xV = ^ " fJk7kUl + V* " 
•-^V*1" ̂ v1 + ** v k = 

Also, 

it)*0* = 
n 

Hence (U) is almost analytic in the nearly Kahlerian manifold. C Similarly, we can prove that (V) is almost analytic. p 
T h e o r e m 5.2. The vector field (X) is almost ana-

lytic in nearly Kahlerian manifold iff 

uk V^x 1 = 0} v* Vj^X1 = 0. 

P r o o f . The proof follows from Theorem 2.2 and the 
result 5.1. P P 

C o r o l l a r y 5.2. The vector fields (U) and (V) 
are almost analytio in the nearly Kahlerian manifold. 

T h e o r e m 5.3. The vector fields 
(U) are 

almost analytic in the nearly Kahlerian manifold. 
P r o o f . The vector field is almost analytio in the nearly K&hlerian manifold iff 
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a ^ V ^ 1 - © » -i*^! 1 - o. 

Thus la case I = U we then have la view of (5*1) 

(u*)/ " ***** " **7fcal + ***** " 
Hence ^(U) is almost analytic. Similarly, ve oan prove the 

IT 
vector field (U) is almost analytic. 

On the same lines, ve oan also prove the following 
O H 

T h e o r e m 5.4. The vector fields and (V) are 
almost analytic in the nearly Kahlerian manifold. 
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