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SOME ALMOST ANALYTIC VECTOR FIELDS
IN (f, ,u, v, )-STRUCTURE MANIFOLD

O.Introduction

The idea of almost analytic vector fields in an almost
complex manifold has been studied by many mathematicians
including Tachibana [3], Sasaki [4], and Yano [1]. Recently
Hideaki Suzuki [2; obtained some results in the product ma-
nifold W2 y R where M°P is an (£, g8y uy Vv, A)=structu-
re manifold [1] and R® is an 2-dimensional Euclidean plane.
In the present paper, we define some vector fields in this
product manifold and obtain necessary and sufficlient condi-
tions for these vector fields to be almost analytic. Later
on, various particular cases have been studiled.

1. Preliminaries.

Let EEn be a 2n~dimensional differentiable manifold
eqUdpped with a (1,1) tensor field £, two vector flelds U,
V and two 1-forms u, v, such that”

(1.1) P2+ uU+v oV ;

(1.2) ue £f= Avy f£U = - AV ;

'Throughout the parer all the tensor filelds considered
shall be C*,

This paper has been read at the conference of I.M.S. held
at Calcutta (INDIA) in 1973.
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2 R.K,Vohra,K.D.Singh

(1.3) Vof=~2uj; £fV= AU ;
(1.4) w(U) =1 =22 ; uwV) =0;
(1.5) v(V) = 1 = 2% 3 v(U) =0

1 belng the unit tensor field while A is a functlon. Such
a manifold is called an (£, U, V, u, v, )~ structure mani-
£0ld and it is necessarily even dimensional. If an even di~-
mensional manifold admits a positive definite Riemannian me-
tric g satisfylng the conditions

(1.6) g(U,X) = u(X); g(V,X) = v(X);

g(£fX,£Y) = g(X,Y) - u(X)u(¥) - v(X)v(¥),

for any vector fields X and Y in M?n, then we say ¥R is
an (£, g, 1, Vv, A) -~ structure manifold.

We consider the product manifold M2n X R2. Let the co-
ordinates of an open neighbourhood U1 c M?n be given by
xi" and the Cartesian co-ordinates of the plane by x™, x*?%,
then (xi,‘x"‘, x™t) can be considered as the co-ordinates in
the neighbourhood (U x R°) in M2 « R°.

Tet Ui and Ua be two coordinate neighbourhoods in M2n
such that U, N Ui # ¢, then the intersecgion of t?e cogre—
sponding coordinate neighbourhoods U1 * R~ and U1 x R in
the product manifold is also non-empty. Corresponding to the
transformation

Xl = Xi(x1 ’XE.QQ.’ in)

in U1 n Ull, we define the coordinate transformation in
(U, x R°) N (U « B°) by

*
Throughout this paper the indices i,j,k, «.. run from 1 to
2n and A,B,Cysee run from 1 to 2n+2.
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Some almost analybtic vector fields

xr = x* (xi) ’
o, o0y

"
x*? =

I
L]

whose Jacobian matrix (S—E}) is given by
X

il
0x~ 0 0
. axt
(ﬁ) }
axt/ | o 1 0
0 0 1

Ve define in the product manifold a (1,1) tensor field
F whose local components are given by [1]

i
A
= - . 0 -A Y
(Fg™) uy
- 0
\F

It is easy to show that F is an almost complex structure.
Moreover the product manifold admits a positive definite
Riemannian metric G with local components

gi,j 0 0
(GAB) = 0 1 0
o] o} 1



4 R.K.Vohra, K.D.Singh-

gij being the local components of the metric g in Mzn. It can
be easily proved that G is an Hermitian metric.

i3
sponding to the Riemannian metrics g and G respectively and
let V and V denote the respective covariant differentia-
tion. After simple calculation, we get

h h ]
h i J
while the remaining components are zero. The covariant diffe-

rentiation with respect to Vv of the (1,1) tensor field F is
by definition

Vo FA -aFBA +FD[ A]‘FEA[BE]'
cfp =756 *% (b ¢

h
Let { } and [BAC] be the Christoffel symbols corre-

Thus the various components of ( V F) are given by

° J _ j .

Vi By = Vifk ; Vi F,,,J = Viu:j .
6F~23=Vv'1; VFk“'=-Vuk,
i 1 1 i

S o2 _ . “% _ - % _
ViRt = - Ve TyFet = - VyFe | = V42

and the remalning components are all zero.
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Some almost analytic vector fields 3

2. Vector fields in the product manifold

Let X be any vector fleld in the base manifold I?n with
local components Ii, then we define its C - extension c(X)
in the product manifold to be a vector fleld whose local com-
ponents are given by

xi
A
(2.1) (c(x)\) = xhy
xtv,
We also define three more vector fields in M2n x R2 by
A i A xt
'(P(X)) Xi (Q(XD = 0 .
= X* 1 I H
(2.2) : 1
X vi
xi
H A
((x)) =| 0
0

These vector fields will be called P-extension, Q-extension
and H-extension of the vector field X respectively.

Any vector field Z in the product manifold is called
almost analytic iff

A_ Dyph_pDo A, pdho D _q.
'(°z£F)B = ZPVpR"t - B V2t + PR V20 = 0

In case Z = C(X), then we have the following components,
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o[F) i ( :{f) i i(o(u) i(Jv
c = + u + Vv +
( (x) 3 X i X i X )j
+ ui}(ku:jk + vikaJ.k H
o«F\1 ( ) i i Vi
C = w of F ol
( (x) )oo, 4 H (C(x) )9"3 = (xv} ;
LB\ o £, Kx0y - £ X (u _(o(u
(C(X)> ek T i | )k X )1 *
i
(2.3)4 +7«x1‘vki -A(g{[v\) ;



Some almost analytic vector fields

N

Thesze components are related by the following relaticus

o F u,f d = u.u ( JF) i
((x))d rhe” = Bt (0 (%) '
% .
+ v (c JF) ' (1-12)(0"”') (qu) e
e \C(x) @) & \C(x) :

) 1 ( of F) t
( (olg)F>3 ifej = uevi<c(x) )c‘ + VeVi\C () oy +

oF) 1 2 ofF\ ™2
+A(C(x))e U.i - ('l-—ﬁ )(C(X))e H

(2.4) |

i
c[F) uiuj.-: -Av(o[F) J - au (JF) J -
Cay / I\C(x) 3 \Cx)
- -7\2)< Jr) ™,
(X)
i . i i
£ F vd = 2 (Jr) z< JF) V. -
((x)) "1 NC) oy T NCR) Jeo L
- (1-32)<.,[F>°’
C(x) /o0,
/ i i NS
(Aol F vd 22 o[F) v (oL 7)Y
t\ \x)> E ui<'°(x) ooy Y3 \¢(x; )oo

oo
| —(1-7«2><°[I-> ‘
) C(x /ooy
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8 R.EK.Vohra, K.D.Singh

§

i J J
. L P J =A F - AV ( ol F)
(2.4) (C(x) )J = ("(x) )_m NC(x) /oo

'(1‘“2)( ) .

Throughout the paper, we shall assume that (1 - A2) # O, and

Theorem 2.,1. A necessary and sufficient condition
for the vector field c(x) in the product maprifold to be
almost analytic is

X

(%’f)di + ut (oéu)d +‘vi(e(7)3 = |.1:"xkuk;j + ‘vj'xlﬂrkd .
(o (£
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Some almost analytlic vector fields 9

Proof. The proof follows from (2.3) agd (2.4).
Corollary 2.1. The vector field ~(U) is almost
analytic in the product manifold iff

i
i off i
(1) (U\)J’”“v:)“
(11) [v,v] =o.

Corollary 2.2, The vector field c(V) is almost
analytic in the product manifold iff

i
ot i
(1) (v );) = 2} V'V4A g

(11) [v,v] = o,

In case 2 = P(x), the components of (é(d%F) are given by
’ X

’ 1 1
o«F ot 1(d
), =(&); e e u
(P(x)),,' ’(xn) ; (P(x))‘,.,z ’(xv) ;

ofF\ % of k
(2.5) (I’(x))i = ‘(xu):t -y k- fikxeu'ke j

T NEEE R
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10 R.K.VOhI'a, K.D.Singh

(P(o)f F)ﬂl =-xi v A - vt (ﬁu)i + vixFu s
= e - k .
(2.5) 4 (éﬁ) (s * (1), "Mt

LF\ =3t v,
(m) 1

(('f)p) =0

These components satisfy the following relations

( i : i
oL F f3=-(1-x2)( JF)"'-( JF) vV, +
<P(x, )a' e Pxy e \Fay ), 1t

\

i 1
+ . u of F) + v, ( :
t e("(x)»w« (x))

(246) ¢




Some almost analytic vector flelds 11

i i,
ey (P&[)F)», - (P(§[>F) ’

(2.6) ¢ ; i 3
oL F 32 (1-22Y o F 24 oL B =
< Py )j I )»<P(x) ) * MR )w

004 1

3
= (\P&[)F) ‘

oL ¥ fi=-(1-7\2)(oCF>2 oL F) 1
((x)) it P(x) P(x) )e ko

i i
(oo ® of ¥ .
+ uevi<P(x) )o“1 + vevi<P(x) )Mz

These relations yleld the following theorems.

Theoren 2 2. A necessary and sufficient condition
for the P-extension (x) of the vector field X in the base
manifold o be almost analytic in the product manifold is

-(ff)aii- ot (‘{ud + u° Xkujk = 0;

(,[ U) =0 ; (,( v) =
X X

Corollagry 2¢3. The vector fleld P(U) is almost
analytic in the product manifold iff

\

i .
(‘éf) = 2xu1vjz i U,V = 0.
J

Corollary 2.4. The vector field P(V) is almost
analytic in the product manifold iff

(ﬁf) =0, [uv]=0
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12 R.K.Vohra, E.D.Singh

In case 2 = Q(x), then the components of (QE£SI) are
: X

(Q(x)> (ﬁ) PRy T

given by

1 1 1 1
C&T), =6 ¢ G &)

£ F\ ™
(2.7) o (Q(x))

bt

03 OfF °"'::-]I:LV) ;
&%) i

(Q&[)F): = (@) M) St

(Q F)f)F).MZ

1

* (‘i[ v)z: - fikxevke ;

i
1
/}:
P
-
P-la

xtv

A -ty - 1(?) :

( (°)€)F) v i

(Qf{)F)mf v (3[{") s F A

These components satisfy the following relations

i . - 1
oL F) uwifd = _('1-%2)( LF) '+ L7 T+
[ ("(X) >j e Q(X) )a ot Q(X) )°°1
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Some almost analytic vector flelds 13

+ ueV °[ F "7*(
8(x) &)

c(F) RS (1-22)< JF>“2+
(2.8) ¢ <°(x) 5 17e Rix) Je

i i
+ uv £ ¥ + V.V of F) +
el (Q(x> ).,., e 1(%() e

2

+ VvV L FY I o(F)i L.
°1<Q(x) )-, ((x) R

-(1_12)( o[F) =z
| Q(X) oo, *

In view of the relations (2.7) and (2.8), we have the follo-
wing theorem.
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14 R.E.Vohra, K.D.Singh

Theorem 2¢3. The G~extension of the vector field X
in the base manifold is almost analytic in the product mani-
fold iff

(o}[{f)ji+ vi(pjlc'v)j + vixkvjkr:O; (oéU) = 03 (JV) =0,

Corollary 2.5. The Q-extension of the vector
field U in the base manifold is almost analytic in the pro-
duct manifold iff

(nU(f) =0; [vu,v]=o.

Corollary 2.6 A necessary and sufficient con~
dition for the vector field Q(V) to be almost analytic in the
product manifold is

i
(ff)j = avhavyy,  [uv]s

Let Z = 5(X), then the components of (H(J)F> are given by
X

(Gz‘)F> - ("fzf)gi : (Hé)?)“*j =(°x[u)i ’
(5. (@ gdr =-(¢9),

{(2.9) A
(H(x)) =0 (HG?)F):= '('3?)’
oog

(X(x) ) (dv) (H(E()F).:: (£ » (Hcf)F>~z

=0-
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These relations give the following

oL F a we d = (1=72%) )'
+
(m) “1%e (() e
+uiue< °(F) i+ vx(HJF) i-)v.(H"[F)J;
Hx) ooy 717" \E(X) Jes, J\E(x)

(2.10) | ,(F>’ £ 2 2 (13, £ F\ ™
<(x) e = - (Hm )

«F) v, L P\ Lo au.f. oL F> 3
+ viu0<H(x) )"1 + vlve (H(x) )”, M u-j(H(x) A H
oL F = A oa .(e( J_
( Hx) ) ui(H(X) >o°q s\ F )”z

- (%) JF) =,
L (H(x) oop

The relations (2.9) and (2.10) yield the following

Theorem 2.4, The H-extension B(X) of “he vector
field X in the base manifold is almost analytic in the pro-
duct manifold iff

(«{f) = 0; (3{11) = 0; (§v) = o.

Corollary 2.7. A necessary and sufficient condi-
tion for the vector field H(U) to be almost analytic in the
product manifold is
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16 R.K.Vohra, K.D.Singh

) =0 ana [u,v]=o0.

Corollary 2.8. The vector field H(V) is almost
analytic in the product manifold iff

) =05 [u,v]=o.

We now study certain particular cases of the product ma-
nifold M2 x R%,

(4
3, Case 1. M°2x R® is a Kéhlerian manifold

The product manifold M2 x R° is Kihlerian iff
(VP) = O. Thus

( S i i 7 = _ _
0= VBl = V£ 0= Ve By o= = Vily

s p ™2 PR S | i

[] i _ i - 3 “‘_ L] .‘- -
ko=\7]!:‘r"“z.vk\r; °-‘7k1’u,-‘7k"«..- vkz,

Theorem 3,1, The P-extension 1)(X) of the vector
field X in the base manifold is almost analytic in the pro-
duct Kahlerian manifold iff

e i i e
(3.2) £V X" -V x°=0,

(3.3) (u:l'up + v:l'vp)VkJ[p = 0.

Proof: Let the conditions (3.2) and (3.3) hold.
Operating v; on (3.3), we get
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Some almost analytic vector fields 17

2
(-2 ), v x? = 0,
i.e.

(3.4) vkaxp =0,
Again operating uy; on (3.3), we have

The transvection of (3.2) with fjk gives

1 Ko Lo g0 _
(3.6) ij + f:i fe V.kx =0,
Operating (3.6) by v:j and uj respectively, we have

(3.7) vJ vaP =0 anda wvagP.o,

In view of the results (3.4), (3.7), (3.3), (3.1) and Theo~
rem 2.2, P(t) is almost analytic.

Conversely, let T(X) be almost analytic in Eihleriah mani-
fold then in view of Theorem 2.1, and (3.1), we get

(o![f}:ji + ui(uéu) =0 ; (P(

xu’)=o and (,-xlv‘)=o.

J
The relations (2.5) provide that

(3.8) (éf)di = o0,

k i k i i k
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Hence in view of (3.1)
(3.9) fkivdxk - kaV =0

Again from (2.5)
PLF\™ = —(e[v +A(Ju) - Au, XK

gives (o(v) =0, as ui(o[u)
X /i X /3

i.e.

0 by (3.8)’

i

k
(3410) v, VXt = 0.
The result ui(e{u) =0 gives

k

(3.11) uluy vt =o0.

Addition of (3.10) and (3.11) yields the second condition
(3.3)s Hence the proof.

Theorem 3.2. The vector field P(X) is almost analy-
tic iff one of the vector fields Q(X) and H(X) is almost ana-~
lytic. _

Proof. Theorem 3,1 yields that P(X) is almost ana-
lytic iff
(a) £, ¥ vkxe -° \7ixk =0

and
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19 R.E.Vohra, K.D.Singh

(b) (uegp + vevp)vsxp =0 .
The relation (a) gives
% -o.
a2nd (b) yields
CORERINCURY.

(with the help of (35.7)).

Hence, in view of Theorem 2.4, ~(X) iz almost analytic.
Wwe also note that by (3.1) and (v) we have

v1(§v)j = vivk ijk =0
i i ,
Hence (éf)j + vl(g‘gv)j =G
and (éﬁ) =0 ; (év) =0,

Thus in view of Thecrem 2,3, the vector field Q(X) is almost
analytic.

Conversely, let Q(K) be almost ashalytic, then in view of
Theorem (2.3), relation (3.1) and 2.7, we have

(g{f)zo; («;’(:):o; (§V)=o

lece (;{f)Ji Y Xk kaji - fjk Vxxi - fxivjxk =
.S

k

s toxk_skoxioo
=tk Yy I Tk
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20 R.K.Vohra, K,D.Singh

. i
th o =
Again the fact v (Xv)d 0 gives
(c) vivkv x* 20
J

and the result (2.7) gives

(Q(c)’c[)F)i“°1 ) (3?1)1 B (ggv)i - Xry = 0

i.e, <°Gn) = 03 as viélv) =0
X A X /3
i.e.
k J_
(d) u ujViX =0,

Hence (¢) and (d) give

(ukud + vkvj) v XJ =0,
i

Thus the vector field P(X) is almost analytic. In case H(X)
is almost analytic then it is very easy to prove that P(X)
is also almost amalytic,

Theorem 3.3 The vector fields C(U), c(V), P(U),
Py, ), Yv), %(U) and (V) are all almost analytic in
the Kdhlerian manifold,

Proof. The proof follows from corollaries (2.1), (2.2),
(2.3), (2.4), (2.5), (2.6), (2.7), (2.8) and from the rela-
tion (3.1).

4, Case 2, R x B° is an almost Kdhlerian manifold
The product manifold B x R® is an almost Kédhlerian iff

Foon = YV Fom + VFa, + VF o =0
ABC 4 BOC g CA o AB !
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where FBC = FBAGAG'

The components of FABC = O are given by

( Fygn = Tygn = Pyan = Fypy = Vifjh + v‘_}fhi +Vptyy =0,
F°'1.jh - F;jm B> th"« = Vjuh --thd = 0,
Fe2gn = Fymp 0 = Fapmy V3" =0 Ty 7 O
(8.1) 4 fogmih = %oy By = Ty i ooy = 0
Fayoph = Foogogh = T hooy =V = °
Fogep B = Fooghimy = Fhesyny = O
Fooooyimg = Foom 0y = Foo oy = Fongoio = Fagopey = O

Theorem 4.1, The vector £ield C(X) is almost analy-
tic in the almost Kahlerian manifold 1ff

(oxl f)ji + u:"(aéu);j + v (ax[v);j =0, [U,v]=o.

Proo#?f, The theorem is an easy consequence of the

theorem 2,1 and 4.1,
Theorem 4,2, The vector field c(.U) is almost ana-

lytic in almost Kdahlerian manifold 1ff
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22 R.K,Vohre, K.D.Singh

fjiVmui = 0, [u,v] = o.

Proo f. Theorem 4,1 and the relation (4.1) gives that
Y(U) is almost analytic iff

(olljf)ji =0 ; [U,v] = 0.

How
(e[f) Lok Vfi-fkvui-l»Vui-}-fkiVu .
U /j

i k i k i i k
gim(JUI)j = ugp Vi fst - 0, VT + I e, VU =

_ .k k_ .k _
= u kaa.m«r fkmvju f;j Vmuk =

k k. k k
u kajm + Vju fkm - u ijkm - f;] Vm W

n
L]

k
"u(kam jm)-)\Vv-ijmuk

- U (V fkj) —)‘V‘_j Vo - fjkvm w =

L]
i

i k
Vfa -AVV -)\Vv +uka

T i =
= 2wy V£ - AV 3V * vaj) =
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Hence the proof,

Similarly, we have the following

Theorem 4,3, The vector field c(V) is almost analy-
tic in the slmost K&hlerian manifold iff

tdivmvi = 0, [U,v] = 0.

Theorem 4.4, The vector field C(U) is almost ana-
lytic in the almost Kiahlerian manifold iff any one of the
veotor fields F(U), ¥(u), E(U) is almost analytic in the almost
Kdhlerian manifold,

Pr oo f, The proof follows from Theorems 4.2, 2.3, 2.4,
2.5 and the relation 4,1.

5. Case 3, ¥R« R 1g nearly Kahlerian
The product manifold u2n x RZ is nearly Kidhlerian iff

4 v

c

v B A

Thus in a nearly Kdhlerian manifold, we have

,

J J .
vifk + kai = O3 V:,_u.‘_j + Vjui = 0,
= = J_
V’ivJ + thi = 03 viu = O3 Viv = 0,
kviz = 0,
Consequently

viu,'j = O3 Vivj = 0.

Theoremnmn 5.1, In nearly Kihlerian manifold ¥ Ra,
the vector fields C(U), and c(V) are almost analytic,
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24 R.K.Vohra,K,D.Singh

Proof. In view of the theorem 2.1, °(x) is almost ana-

lytic iff
(éf)ji * ui(fru)d ¥ vi(év);; =9

(O[U) = O3 (O(V) = 0,
X X
In case X = U; then in view of (5.1), we have

Lo\ Lo Ky e lo g
(x)a k

k i i k
J Vku +fk‘7u=

J J

— k i - i k =
="V 2, AVjv1+fk vyt = 0,

(e (@) ()

Hence C(U) is almost analytic in the nearly Kiahlerian manifold.
Similarly, we can prove that c(V) is almost analytic.

Theorenmn 5.2, The vector field P(X) is almost ana-
lytic 1in nearly Kéhlerian manifold iff

()" = - e

Fvxl -0 Fval-o,

Proof, The proof follows from Theorem 2.2 and the
result 5.1,

Corollary 5.2. The vector fields P(U) and P(V)
are almost analytic in the nearly Ka&hlerian manifold,

Theorem 5.3, The vector fields Q(U), Hy) are
almost analytic in the nearly Kdhlerian manifold.

Pr oo f. The vector field Q(x) is almost analytic in
the nearly Kihlerian manifold iff
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Some almost analytic vector fields 25

e[f) 1ivhvy v k:o,
(x 3 Vgt
ukvkxi = O3 kakxi = O,
Thus in case X = U we then have in view of (5.1)
i k 1 k i i

Hence Q'(U) is almost asnalytic. Similarly, we can prove the
vector field Z(U) is almost analytic.
On the same lines, we can also prove the followlng
Theorem 5,4, The vector fields Q(V) and H(V) are
almost analytic in the nearly Kdhlerian manifold,
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