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CHga Beresniewicz - Rajca 

ON THE SCHWARZLAN FOR THE FUNCTIONS 
OF SHAH - TAO - SHING 

In t h i s a r t i c l e we consider the c l a s s K^ of functions of 
.Shah-Tao-shing. This c lass consis ts of functions f that are 
holomorphic and single-valued in a simply - connected domain 
D, 0 6 D, normed by the condition f ( 0 ) = 0 and sat isfying the 
condition 

f ( z 1 ) f ( z 2 ) * -1 f o r z 2 e D . 

Necessary conditions are established in order that a function 
belong to Kp, similar to those given by Singh [ 1 ] for the 
c l a s s of bounded single-valued functions. In p a r t i c u l a r , the 
case D = K(0 ,1 ) i s considered. 

Let B be a simply-connected domain having the property 
that i f w t B , then - ^ $ B and l e t 0 € B. The boundary b of 

w 
B i s an analyt ic curve, 

b: w = w ( t ) , a < t ^ fl , 

which i s pos i t ive ly oriented with respect to i t s i n t e r i o r . 
The curve 
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2 O.Bere niewicz-Rajca 

b: w = w(t) = — - — , & ¿it ic fi 
w(t) 

has no points in common with B. The curve b is also posi-
tively oriented with respect to its interior, because the 
curves b and b have the same indices with respect to the 
point w = 0. In fact, 

1 I dw 1 
l a db 0 = TUT J W = "drears w = 1 > 

b 

i-i«-^/"-^/^ -
b b 

-1 - 1 = -gjf Aarg w = 2jf Aarg w = 1 . 

It is easy to see that if points • ••»•>_ belong 
SI 1 c . n 

to B, then the points - — , - =-, ...»-=— lie outside 
2 *>o. 

the curve b. Indeed, if e B, then 

/ 1 \ 1 /* dw 1 C-dw ^ 1 / dw 
y ) - zWTJ = 2 W T J + ^ J 

b ? k 6 * * 

= 1 - 1 = 0 . 

V.e now consider the function 
n 

(1) p(w) = Re]T 
»«f. c - ry 

where g(w,J) is the Green function for the domain 3 with a 
pole at p , ¿ 6 3, and <xv are arbitrary complex numbers. 

. J -
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Schwarziaa for the functions of Shah-Tao-shiog 3 

The function p(w) i s harmonic in B except for the points 
and i t vanishes on the boundary b . The singular part of 

p(w) has the form 
n 

S 1 (w) = j Re w-! 
»-1 ' 

I f we put 

( 2 Ï 
n 

S(w) = - £ Re- "•y w 
1+jLw 

then the function p(w) + S(w) i s harmonic in B and p(w) 
f o r w e b . Lot us observe that 

= 0 

(3) S ( - ± ) = S(w), 
w 

Next l e t V(w) denote a meromorphic function such that 

(4 ) Re |V(w)| = S(w). 

I t i s easy to ver i fy that 

(5) V(w) = V(-
w 

Let B be the region lying between the curves b and b. 
From Green's theorem i t follows that 

(6) z ^ f f |v (w)| 2 dw = Re | J J V(w)dV(w)J = 
B* -à+S 

| J ( 2 j Rejv(w) dRe |v(w)|+ 2 i J Rejv(w)Jdlm j v(w) 
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4 0.Bare s ni ewic z-Ra j ca 

- f V(w)dV(w))J = 2f-Re{v(w) dim V(w) 

Putting 

bjRe { v (w ) jd lrajv (w) j . 

= J Rejv (w) 
-b 

d Im 

J2 = J Re|v(w)|d Imjv(w) j , 
b 

and taking into account (4) , (5) and (6) we obtain 

= JS (w)d lm { V(w)| = J2 . 

Thus, the inequality (6) can be replaced by the following one 

(7) yRefvCwjjdlmjvtw)} > 0 . 

Let U(w) deaote a function meromorphic within B for which 

Re { u ( w ) } = p(w) . 

The fuactioa U(w) + V(w) is holomorphic in B. Heace, by 
Green's theorem, i t follows that 

Jj|u'(v;)+V'(w)|2 dw = Re | J/ {u (w)+V(w ) J d[u(w)+V(w) J = 

- -



S c h w a r z i a n f o r t h e f u n c t i o n s o f S h a h . - T 3 0 - s h . i Q g 

= 2 J R e j u ( w ) + V ( w ) j d l m j u ( w ) + V ( w ) j = 

b 

= 2 j R e j v ( w ) j d l m j u ( w ) | + 2 ^ R e j v ( w ) j d i m ' V ( w ) ) . 

b b 

P r o m a b o v e a n d f r o m ( 7 ) i t f o l l o w s t h a t 

/ E e { v ( w ) j d l m { u ( w ) | > / R e { 7 ( w ) } d l m { v ( w ) j > 0 , 

* -b 

h e n c e 

( 8 ) y R e [ v ( w ) ] d I m [ u ( w ) j > 0 . 

b 

S i n c e o n t h e c u r v e b w e h a v e p ( w ) = 0 , i t f o l l o w s t h a t 

( 9 ) y * R e j v ( w ) j d l m j u ( w ) j = y R e { v ( w ) + U ( w ) ) d I m { u ( w ) } . 
b b 

K o w o b s e r v e t h a t 

J | u ( w ) + V ( w ) J d U ( w ) = 
» 4 

y * [ R e { u ( w ) + V ( w ) J + i I m | u ( w ) + V ( w ) | j • d [ R e { u ( w ) | + i l m { u ( w ) } ] = 

t 

= / R e j u ( w ) + V ( w ) j d R e { u ( w ) j + i j I m { u ( w ) + V ( v ; ) j d R e j u ( w ) ) + 
4 * 

+ i / a e { u ( » ) + V ( w ) } « « { u ( w ) | - / l m ( u ^ ) + 7 ( W ) } d I m 1 U ( w ) f . 

* 4 

T a k i n g i n t o a c c o u n t t h a t R e { u ( \ v ) | = p ( w ) = 0 f o r w e b , w e 

o b t a i n 

/ { u ( w ) + V ( w ) [ e { u ( w ) } = 
b 

= i f R e ( u ( . w ) + V ( w ) | d I m | u ( w ) J - w ) j d l m { u ( w ) | 

* 4 
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6 0»Bere6aiewicz-Rajca 

from which, i t follows that 

(10) Re^JluM+VtwjjdTUw)^ yRe{u(w)+V(w)}dIm{u(w)}. 
b 

Since the function V(w) + U(w) i s holomorphic in B, we get 

/{v(w)+U(w)Jd{ V(w)+U(w)] = 0 
b 

and consequently 

(11) /{v(w)+U(w)}dU(w) = - J ' j v M + U t w ) } dV(w) . 

In view of (8) , (9) , (10) and (11), we obtain 

0 < Re ^y{v(w)+U(w)}dU(w)j = - Re[jyjv(w)+U(w)jdV(w)] . 
6 b 

With the help of integration by parts , we f i n a l l y obtain 

(12) Re| i / [u ' (w ) + V(w) ]v (w )dw} ,0 . 
b 

Next, observe that 

where q(w,?) i s a meromorphic function of w such that 

Re jq(w,})J 

= g(w>?)« ^ easy to ver i fy that 

3w c 3Hfir ' r< 

Taking into account that for w £ 
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Schwarzian f o r the funct ions of Shah-Tao-shing 

and in view of (13) we get 

W J u ' ( . ) I ^ 

77T L ' 

On the other hand, from (2) and (4} we obtain 

t ' W - J L 
y»f 

which together with (14) implies 

(15) U' (w)+V (w) = 

ill 
^3w 

' + 

Following Bergman [2] , we denote 

(16) 
* 3 w 3 ^ 

(16' ) 

Inser t ing (16) and (16 ' ) in to (15) we obtain 

U (w) +v (w) 

and consequently 
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O.Bere£niewicz~Rajca 

£ f [u' (w)+V' (w)] V(w)dw = X L «v , }M) -
t 

n 

Prom the equa l i t y above and from (12) we obta in 

(17) Re 
n 

T"1. g» 5a 

Hence, we have proved the fol lowing theorem. 
T h e o r e m 1 . I f B i s a simply-connected region with 

a n a l y t i c boundary such t h a t w t B implies - — 4 B and i f 
w 

0 6 B, then f o r any p o i n t s , B "^ere holds 
the i n e q u a l i t y (17); « -j »«2»• • • »wa a r e a r b i t r a r y complex num-
be r s and the func t ions K(wt(?) and X (w,?) are defined by (16) 
and ( 1 6 ' ) , g(w t(?) being the Green func t ion f o r the domain B. 

2 . Let f ( z ) be a f u n c t i o n which maps a simply-connected 
domain D conformally onto the domain B described i n sec t ion 1 . 
Then we have the wel l known r e l a t i o n s between the func t ions 
Kp and X D f o r the domain D and the func t ions Kg and 
f o r the domain B 

(18) Kjjtz tp) = E^(w,c5)'f' (z) f ' {}). 

( 18 ' ) x
D ( z , ? ) = * B (w,6>)f ' (z) f ' ( ; ) - u (z , ^ ) , 

- 3 1 4 -



Schwarzian f o r the func t ions of Shah-Tao-shiag 9 

where 

to = f ( j ) , w = f ( z ) , = l f ' ( z ) f ' ( ? ) _ 1 
[ f i z j - f i ? ) ] * (z-J) 2_ 

Let fy , V = 1 , 2 , . . . ,n , be a r b i t r a r y p o i n t s of D and ¡¡>vs 
= f ( ? „ ) t h e i r images under the map f . Then inequa l i ty (17) 
t akes t h e fonn 

(19) Re 
' M L * J r [ l + £ ( f f ) f ( f r f 

n 

- Z 1 a?<v[X(?i>» ^ 0 . 

Now, l e t us s u b s t i t u t e a s = oc,e , where 

We obta in 

Re 
n 

<*» *A 
1 

X(?p»h> -
f ' (fr.) 

= Re- -19 
n 

. 1 < , " * ' ) . K i t ) ] 2 . 
i8 

v ^ r , , f (?, i 
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10 0 . Bere ¿nlewic z-RaJc a 

Observe tha t 

Re «/»[*( + a C p y t g j j L 

Now, inequal i ty (19) can. be written, i a the for« 

(19') + N 
I v»» ' 

Hence, we have proved the following theorem. 
T h e o r e m 2 . If a funct ion f ( z ) oonformally maps a 

simply - connected domain D onto the domain B described i n 
sect ion 1 and , v a 1 ,2 , . . . , n , are a rb i t r a ry po in t s i n D 
and f ( ? 9 ) , then the inequal i ty (19') I holds, where ct/u. 
are a rb i t ra ry complex numbers and the functions 
ty»,?) are defined by (18) and (18 ' ) . 

Let us put D = K(0 , r ) , 0 < r < 1 . Then by [2] , we have 

V » ' ? * , 2 1 , x2 • *©<»•?> 3 
jrvr — pz) 

In t h i s case Inequali ty (19 ' ) takes the form 

(20) 
n 

L f t ?y ) f t f r . ) 
[ f ( ? y ) - f ( ? ( t t ) ] ; 

o 
1 1 

" |i+f(?(4<) f i ^ ^ J ' 
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Schwarzian f o r the f u n c t i o a s of Shah-Tao-shing 11 

3» Let K denote the c l a s s of func t ions of the form 

o 

f ( z ) = b^z + b 2z + . . . , b^ >• 0 , 

s ingle-valued i n the d isc £ (0 ,1 ) and s a t i s f y i n g the condi t ion 
f ( z 1 ) f ( z 2 ) * -1 f o r z 2 e K(0, 1) . 

Let B r c f ( D ) . I t i s easy t o see t h a t i f w e B r > then 
a 

- -± $ B r . Hence, B r s a t i s f i e s the same requirements as 

the domain B described i n sec t ion 1 . Consequently, every 
f u n c t i o n f 6 K s a t i s f i e s i nequa l i t y (20) . Taking l imi t i n 
(20) wi th r — - 1 , we obta in the fol lowing theorem. 

T h e o r e m 3» If a f u n c t i o n f belongs to the c l a s s 
Z, then the fol lowing inequa l i ty holds 

(21) 
/i 

L -
/U,V1 

t<*A 

n 

Z > 1 

I n p a r t i c u l a r , i f i n (21) we put o^ = <x2 = 1 and take l i m i t 
wi th 1 "^"z » then we obta in 

(22) m-i\m l i L L s l i 
( 1 - l z l 2 ) 2 ' [ l + | f ( z ) | 2 ] 2 ' 

The express ion {f»&} = - [ " f ^ ^ f j " ] i s known 

as the Schwarzian of the f u n c t i o n f . Hence, i nequa l i t y (22) 
g ives an es t imat ion of the Schwarzian i n the c l a s s K. We 
s h a l l sbjow i n the sequel t h a t t h i s es t imat ion i s exac t . 
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12 O.Bereéniewicz-Rajca 

4 . We now take up the problem of f i nd ing an extremal 
f u n c t i o n f o r the i nequa l i t y (22) . To t h i s aim observe t h a t 
i n order t h a t a homography h(z ) s a t i s f y the condi t ion 

h ( z 1 ) h ( z 2 ) # - 1 f o r Z/j * z 2 e K(0,1) 

i t i s s u f f i c i e n t t h a t 

h(z) ^(-^ i r ) 3 - 1 f o r z e K (0,1) . 
z 

Such a homography i s the func t ion 

h (z ) =-5=5- , | a | < 1 . 
1+az 

Let us form the compound func t ion 

^ = - Z - 1 " l a l ) ! 2 + a z 1 2 iz + 1 + lai 

The func t ion (23) n u l l i f i e s the l e f t -hand side of (22) f o r 
every z t K(0,1) . We are going to f ind f o r which z the r i g h t -
-hand side of (22) i s 0 , when we s u b s t i t u t e (23) . Since 

I f ( z ) l 1 ~ l a i 4 

1+ | f ( z ) l 2 4 ! a | 2 | z | 2 + ( 1 - i | a | 2 ) 2 + 4 ( 1 + | a | 2 ) R e ( a z ) + | z T O + l a p ) ' 

t he r ight-hand side of (22) i s 0 provided t h a t 

( o l L \ 1 - l a i 4 
5 5 5—5 H5 5 9 q = 

4 | a | | z | + ( 1 + | a | ) +4(1+|a | )Re(az)+|z | (1- |a | ) 

1 
1 - I z l 2 
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Schwarzian f o r the f u n c t i o n s of Shah-Tao-shing 13 

Let as put a = - z Q i n (23) , where z o f e K ( 0 , 1 ) . Then the 
r e l a t i o n (24) ho lds f o r z = z Q . This means t h a t f c r any 
zQ e n.10,1) the f u n c t i o n (23) wi th a = -zQ i s extremal f o r 
i n e q u a l i t y (22) . In p a r t i c u l a r , i f zQ i s r e a l , the f u n c t i o n 
(23) maps t h e c i r c l e K(0,1) onto t h e c i r c l e 

w -
6 z o 

T S 
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