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REDUCTION OF THE EQUATION F[xuxlt x3,x,)=0 TO THE FORM 
/i (xil/jfo) +gi (xiVi fo)fo) +/4(x*)= 0 

Nomogram f o r the equation, f ^ (x^ ) f 2 (x2) + g^ (x^ ) f^ (x^)+ 
+ h 1 (x 1 ) + f 4 ( x 4 ) = 0. 

Let 
(1) f 1 2

 ( x2 ^ + g1 ( x 1 ) f J ( x 3 5 = * • 
then the considered equation has the form 

(2) a + h 1 ( x 1 ) + f 4 ( x 4 ) = 0. 

We may wr i te equations (1) and (2) in the form 

(1* ) 

(2' ) 

0 

1 

g1 tej) 
g1 (x1 

a 
k„ 

f 3 ( x 3 ) 

t^ (x^)f^(x^) 
^ - g 1 ( x 1 ) 

o£_ 

W 

- i , 

= 0 , 

0 , 

where k 2 > 0 and 0 ^ k^ ^ g(x^) in the i n t e r v a l in which 
x^ v a r i e s . Hence we obtain t ha t f o r equation (1) there e x i s t s 
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2 S. Kwiecien 

a collineation nomogram (cf. [2]) with two scales on parallel 
straight lines (the scale for a is regular) and with two 
functional scales (the curves x^ are straight lines) 
(cf. [4]). Further, for equation (2) there exists a collinea-
tion nomogram with three scales on parallel straight lines 
(the scale for a is regular), wow we can infer that for equa-
tion 
(3) f1(x1)f2(x2) + g1(x1)f3(x3) + h1(x1) + f^(x4) = 0 

we can construct a nomogram with uniform dummy axis oc . 
Because of the simplicity of construction of this nomogram, 
considerations announced in the title of the present paper are 
of the great interest. 

2. The necessary and sufficient condition for 
G(x,j ,x2,xj,x4) to be of the form G = f^ (x̂  )f2 (x2) + 
+ g^x^fjixj) + h ^ ) + f4(x4), (cf. [4]). 

We consider the function G : D — E , where 

D = j(x1,x2,x3,x^) : a.< bj, i = 1,2,3,4] 

and GeC5(D)k 
T h e o r e m 1. The function G is of the form 

G s f1(x1)f2(x2) + g1(x1)f?(x3) + h^ (x̂ j) + f4(x4) 

if and only if the following conditions are satisfied in the 
set Ds 

<a> fori = 1,2,3, 

<*> cJ^H b 

f o r k = 2'3, 
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Réduc t i on of the equat ion 3 

(d) 3 x i 0 x k
 l n 

3 G 
ax,. 

= 0 f o r k = 2,3 . 

P r o o f . The necess i t y o f c ond i t i o n s (a), (b), (c) and 

(d) i s ev i den t . Now we prove t h e i r s u f f i c i e n c y . From (a) and 

(b) i t f o l l o w s tha t there e x i s t f u n c t i o n s A ( x 1 t x 2 ) , 

A? (x̂ j ) and B^(x^) const "such tha t 

(<0 

Hence 

(5) 

G = A 2 ( x 1 f x 2 ) + A? (x̂ j ) + B^(x^). 

3G 3 A ( x1» xk> 
f o r k = 2 ,3 . 

From (5) and (d) we ob t a i n 

a 2 

ôx„a : i d x k 
In 

9A ( x i , x k ) 

ôx,. s 0 . 

Hence we i n f e r tha t there e x i s t f u n c t i o n s a * - ^ ) , a £ ( x k ) 

(k = 2 ,3 ) such t ha t 

In 
3A ( x 1 f x k ) 

dx. 

or 

a A k ( x 1 f x k ) 

oxT = exp [ a 1
k ( x 1 ) ] . e xp [^ (x k ) ] 

Hence 

(6) A k ( x 1 t x k ) = B ^ x ^ - B * ^ ) + ( k *= 2 , 3 ) , 

where 

B^Cx,,) = expfoc^Cx^)] , 
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x k 

= f expio^x^W, 4e<ak,bk> 

i 
k / 

and C^Cx^) are arbitrary functions of x^. In virtue of 
(4) and (6) we have 

(7 ) d U , )B| (X2 ) + B^ U , )B| (x3 ) + C* ( 2 l) + C^ ) + B^ (x4 ) . 

We put 

= f 1(x 1), = g 1(* 1), 

C^(x^ ) + C^(x^ ) = h^ (x^ ), = f k(x k) for k = 2,3, 

B^(x^) = f^(x^). 

Then we obtain 

(8) G • f 1(x 1)f 2(x 2) + g 1(x 1)f 5(x 3) + h 1(x 1) + f^(x4). 

In the last equality, in virtue of (c), the functions f^x^), 

S^fe])» a r e non-constant, q.e.d. 

3. Reduction of ,x2)x^,x^) = 0 to the form (3). 

Let the function F : D R 1 of the class C^(D) sa-
tisfy in D the condition 

n U r ^ o . 
i=1 1 

T h e o r e m 2. The conditions 

F" F" 
(A) ( l a 1,2,3), 

F F F F 
x i x 2 x3 
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Reduction of the equation 5 

(B) (k = 2 , 3 ) , 

(C) a x i a x k 
In 

F' 
= 0 , (k = 2 , 3 ) , 

(D) a 2 
l n 

f : 
= 0 

( in the se t D) are necessary and s u f f i c i e n t f o r the ex is tence 
of anamorphosis ( c f . [ 5 ] ) : H1 — R 1 , $ e C ? ( R 1 ) , tf'(u) ¿ 0 , 
such t h a t » G. 

P r o o f of s u f f i c i e n c y . Let 

(9) 
X2X3 

F' F1 
x 2 x 3 

We s h a l l prove t h a t t h e i e e x i s t s a f u n c t i o n V(u) such t h a t 

(10) H(x 1 ,X 2 ,X 3 ,X 4 ) = V(V). 

From (9) we ob ta in 

(11) 
J" F" F" j" x^x, x , x . 

p1 F1 F' F' X., Xo X, Xj 2 3 i 
x 2 x 3 x i 

_ 2 3 2 1 2 3 T 1 

f o r i = 1 , 2 , 3 , 4 . Hence f o r i = 3 we have 

(12) 3 _ 
K K K 3 2 3 

<Fx x 2 3 
X2X3X3 

F" F' 
x 2 x 3 x 3 x 3 
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6 S. Kwiecien 

Using condition (D) which takes the form 

x3*3 = 0 

or 

F 
2 2 3 

f" r XpXp XgX^ 

(f' )* 
X2 X3 X3 

we obtain 

(13) 
F' F x ( Fx 2 3 

Fl 

F" F" 

(Fx )* 
3 

X2 X2 X3 
F" p" 

(Pl Y 

<Px X >' 2 3 
(f; )% 2 3 L 

1: X2X2X3 
X2X2 X2X3 

F'. 

x >' 2 3 

The last identity follows from identity (11) for i = By 
condition (A) and equality (9) we have 

Therefore 

(14) k _ 

H = 
X i X 4 

F' F' 
Xi X 4 

F. F' F' F' 
xi xk x 4 

F. 

for i = 1,2,3. 

xi xk x4 

F F" 
ciX4 Xi"k 

f: 
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Reduction of the equation 

for i = 1,2,3 and k = 1,2,3,4. Putt ing i = 2, k = 1 

we get 

F" F" F" p" 
p<" _ X2X4 X2X1 X2X4 x1 x4l 

p ; F' PL F' V X2X1X4 F' FL 
1 2 1 4 2 4 

F" Fh F" F" 
X2X4 X1X2 x1 x4 x2 x4 

X1 x2 x 4 * x2 x 4 
F' P' FL \ X1X2X4 F„'„ F' 

X1 x 

by (A) we have 

F" F" 
X1X4 X2X4 
P' P1 

X1 x2 

Hence 

HL / P" P" F" P" 
(15) — 1 = 1 /j.»' _ X1X4 X1X2 _ X1X4 X2X4 

F' P' P* P' \ X1X2X4 F1 F' X1 X1 x2 x4 \ X1 x4 

which fo l lows from (14) fo r i = 1, k = 2. In v ir tue of 
ident i ty (11) f o r i = 4 we have 

Kr / F" F" p" F" 
4 _ 1 / pin X2X5 X2X4 X2X3 X3X4 

F' F ' P L P' \ X2X3X4 ~ F' F' 
4 *2 x 3 X4 \ x2 x3 

In v i r tue of condit ion (A) we get 

f: 
X2X3 X2X4 

Fi 
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8 S. Kwiecien 

Hence and from (14) we get 

Hi. / F" F" F" F" \ HL 
(16) — 1 „ 1 /p-" _ X2X3 X2x4 _ X2X4 3 

4 ^ x A Px V ^ ^ " / x 4 2 x 3 4 \ x 2 x 4 / x 3 

Using (13), (15) and (16) we ob ta in 

^ H i ^ Hx js.2 
F' ~ p' = p ' ~ = p" X1 x 2 x 3 

Thus we can i n f e r t h a t t h e r e e x i s t s a f u n c t i o n V(u) (c£ [ l ] ) 
such t h a t 

H ( x 1 f x 2 , x 3 , x 4 ) = f ( F ) . 

Let the f u n c t i o n $(P) be a so lu t ion of the d i f f e r e n t i a l 
equation 

(17) - ^ = - ¥ ( F ) . 
y 

Then we have the i d e n t i t y 

V(P) = 0 . 
$'(F) 

We s h a l l prove tha t the f u n c t i o n $(F) defined above i s the 
required anamorphosis. Let 0(F) a G ( x ^ , x 2 , x j , x ^ ) . The f u n c -
t i o n G s a t i s f i e s the condi t ion of Theorem 1. The condi t ion 
(a) i s s a t i s f i e d , because 

X i X 4 

F." 

t ' K . K . £ + (•£ + *<»)Y- o X4 x i I F' F' x i X4/ 
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Redaction of the equation 9 

f o r i = 1 , 2 , 3 . Condition (b) i s s a t i s f i e d , because 

(F 

£ +
 X2X3 \ s 4> F' F' ' x 2 XJ/ 

Fur the r , f o r k = 2 ,3 , we have 

+ - t ' K . K 
<r x 1 x k 

X1 x k x 1 x k X1 x k \ F' F. 
X1 xk/ 

- t ' K X 
X1Xk X1X^ \ _ x' TJI1 = ?>F 

ET F F' x k x 1 X4X1 x k 
X1 x k \ F' F' FL F' F'. (F' )' x 4 

- ¿ F ' 4 -x 4 \ F. 

( in v i r t u e of assumption (B)), which proves condi t ion (c) . 
F ina l ly we have 

l n G' 

<f>V F" 
^k x k x k 

I $ f ' l ~ dx-
x k x k 

'1\ F', 

Hence, f o r k = 2, we ob ta in 

X2X3 
F' F' 

x 2 x 3 

, (k = 2 ,3 ) . 

In d 
= T x : 

P" F" XpX/j XrjX^ 
dx̂ TTx̂  ln 

F, 
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and for k = 3 

dxldx 

Therefore, in virtue of condition (C), we have 

dx1dxk 
In G' = 0 for k = 2,3 

k 

i.e. condition (d) is satisfied. According to Theorem 1 there 
exist functions f1(x^), g1 (x^), h^ix^), f2(x2), t^(x^), 
f 4(x 4) such that G = <f> (F) ̂  f ^ + + ^ + f^ . 

Thus the function being a solution of equation 
(17) is a required anamorphosis, this completes the proof of 
sufficiency of conditions in Theorem 2. 

Necessity of these conditions may be proved by simple 
operations with the function Ffc^,x2,xj,x^) a 

+ g^f, + h. + O , where <f>~ is a function in-
verse to the anamorphosis <f>. The existence of is 
assured by definition of as a solution of equation (17). 

1 1 2 «1 T h e o r e m ' 3. Anamorphosis <p : E — B , (¡p e C^iE ), 
cp'(u) ̂  0 reducing the equation " F(x^ ̂ x^x^jX^) = 0 to the 
form (3) exists if and only if the conditions (A), (B), (C) 
and (D) of Theorem 2 are satisfied in the set D. 

P r o o f . It is easy to show that the required anamor-
phosis is the function cf(u) = $(u) -0(0), where $ satis-
fies equation (17). It follows from the fact that <p is an 
anamorphosis reducing function F to the form 

f1(x1)f2(x2) + g1(x1)f3(x3) + h^ (x̂ j) + f^(x4) 

and <p(u) = 0 if and only if u = 0 (by definition of cf> and 
in virtue of the condition (p1 (u) 0), q.e.d. 
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