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PROPERTIES OF A CERTAIN SINGULAR INTEGRAL
AND THEIR APPLICATIONS TO SOLUTION
OF HILBERT PROBLEM IN THE SPACE

1. Introduction

Let S be a closed Ljapunov surface which is the boundary
of a domain DY in the Space EB' The complementi of the
set D*us .(in EB) we denote by D~. '

We shall use the following notation (of. [1], p. 168):

0O X 1T 2 0 X Y 2
’ X 0-~2 « ' X 0 Z =Y
D(X,Y,2) = s D(X,X,2) =
Z 0 =X : Y-Z2 0 X
Z =Y X O_ _ Z Y-X O
and
(1) M(A,Q) = - Tﬁ%" 30,'7" a_e;")lA%QI D(“UB’ J)p

where |A - Q| is the Buclidean distance of A(x,y,z)eDYyD7,

Q(¢ynyL)e S and N(ay,8,7) 1is a unit veotor orthogonal to the

surface S at the point 'Q, directed outside the domain D¥.
Let the elements qi(Q), i=1,2,%54, of the column-

~vector .

94 Q)

3 (Q)

a3(Q)

9, (Q)

() a(Q) =
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2 _ W. Sznitko

be defined and continuous on S. The surface integral

ZEJ_T M(A)Q)Q(Q)’dSQ ’
8

(Cauchy integral) is defined for every AeDYyuD.
It is known [1] that
1° The column-vector

3) P) = 5 [ua,da@asg

8
is holomorphic in DYy D™, i.e. it satisfies in this set the
elliptic system of equations

2° If the elements of (2) satisfy the Holder condition on
S, then for every PeS there exists a singular integral
(Cauchy principal value)

@) gy [MRQa(Q)asy

]

defined by the equality
) 7 [uE@a@asg = 7% fue,)[s@-a®)]asg+ 3 ae);
' 8 8

5esides, the formulae (corresponding to Plemelj formulae)

) =3 a®) + gk [ueoa@us,,

(6) 8
() = - a(®) + %fM(P.Q)Q(Q)dSQ

hold, where F¥(P) and F (P) are boundary values of the
column~vector F(A) defined by the equalities
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Properties of a certain singular integral 3

FY(P) = 1im F(A), F (P) = lim F(A).
A-+PeS A~PeS
(AeDt) (AeD™)
Moreover (of. [2], p. 43) the following theorem of Zakow-
gki holds.
If the elements qi(Q), i=1,2,3,4, of the ¢olumn-
~vector (2) satisfy on S the conditions

|0, @] < & Jay(@)-q,(q))] < K|aqy|", o0<n<1,

where K 1is a positive constant, then the elements Fi(P),

i=12,3,4, of the column-vector F(P) = é%;{M(P.Q)Q(Q)dSQ

s
satisfy the inegqualities

|ry@)| < cx, |Fy@)-ry 2y < ox|p-py|",

for Pe S,. P,eS, where C 1is a positive constant indepen-
dent of q(Q).

This theorem is an analogue of the theorem of Privalov in
the theory of one-dimensional singular Cauchy integral.

2. Investigation of a certain singular Cauchy integral in
the space EB'

Let Y_ denote the plane z = O in the space E5 of va-
riables x,y,z and D' and D~ be the upper (z >0) and
lower (z < 0) half-space, respectively. Suppose that the
elements gi(Q), i=1,2,3,4, of the column-vector g(Q) are
defined and continuous in the plane 2 _ and satisfy the ine-
qualities

|31(94 )-g5(Qp) { < C|Q,1—Qelh (in every bounded subset
(7) of 3_°), ‘
Isi(Q)|< I—Z—IF for |Q|>R°,

where Ro’ h, C are arbitrary positive constant.
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4 W. Sznitko

The integral

(8) ¢@) = {;]M(A.Q)s(cz)dq. Ax,y,2) € Bz=2., Q§,ni¢)ed
_ L | |
we define as a limit

(9) fM<A Q5(2)aQ = 1in me Qe@ia,

where @ is a s:mel.y connected domain in 3~ containmg the
origin O of coordinates, boundary of »whlch is a piecewise
smooth curve, and ¢ is the least distance of O to the
points of the boundary of Q. Because the elements (A Q)
(1 =1,2,3,4; k =1,2,3,4) of the matrix M(4,Q) have the
estimation

(10) LY k(A < l
the inequality (7) is §ufficient for the existence of the

integral (8) defined by (9).
We write the integral (9) in the following way

(1) z[';fM(A.Q)g(Q)dQ =

= lim {4,, fM(A Q)[s(Q)—s(P)]dQ + g% fM(A Q)g(P)aq +
K(B,R) . K(P,R)

+ g7 fM(A Q)S(Q)dQJ et fM(A.Q)[s(Q)-g(P)]dQ +
Q-K(P,R) K(P,R) '

+ 41 fM(A Q)s(P)dQ + 4,, f M(4,Q)g(R)dQ,
K(P,R) . ZK(®R)
where P(x,y) is an arbitrary point of the domain Q and
K(P,R) is a circle with centre in P and radius R such
that K(P,R) ¢ 2. We suppose that Qc K(O,Ro). In particu-
lar, for
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Properties of a certain singular integral 5

1
g(P) = lgﬂ
0
we have
1 zZ
A f : 3 dfdn
K(P R)(%x_ Pe(y- o)
1 ~(y- )
N (\'{ 2 2)2 2‘3d§d?
. 1 )
K(P,R) L ‘ et 3 e
KCP,R) (\(x- f)2+ (y- ’7)2+22)
0

Introducing the polar coordinates by the formulae x - ¢ =
=rcos¢, y-n=>rsing, we obtain

(12) % ‘ z 3 dgdn =
(\/(x-f)z + (- 7)2,+ zz)
K(EBR)
21 R '
= o f ——r—jdrdcp-—g— . S
T - 2|
N Gy
Similarly,
(13) e =(y=0) d¢dp = 0
f (V(x-i)z + -9+ z2)3
K(PR)
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and

“14) s f X-f d¢dp = O.

)<\AX-5)2 + (3- 7)2 + 22)3

In virtue of (12), (13) and (14), we obtain

K(BR

( %(’1 ———Z—>E for A e DV
R2 + 22
(15) e fM(A,Q)dQ: <
1 -z -
K, R) -1 < = ZE)E for A € D,

where E -is the identity matrix.

Let P(x,y) be the ortogonal projection of the point
A(x,y,2z) onto the plane }_ . Then we define the integral (9)
by the formula

(16) l;'TTfM(P,Q)g(Q)dQ=9}'m lin |- fM(P.Q)s(Q)dQ =

= Q -K(BS)

= 91355 }331 F; fM(P,Q)[s(Q) - g(P)]dQ +
K(®,R)
+ E}T f M(P,Q)g(P)dqQ + % f M(P,Q)g(Q)AQ |,
KPR »KEP,6) Q -K(P,R)

where 0< 6§<R.,

In particular, for g(P) = we have

o O O »
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Properties of a certain singular integral

0
1 -(y=-0) — agd
iy fdn
f (\/x—f)2+(y 9)2)
1 KER)}K(E,5)
a5 | M(®Qe®laq =
K(BRMK (8, 6) L:_Jr j (\f :'5—2) 5 dgdn
(x=£)%+(y-9)
K(P,R)-K(F;6) ’
0

Analogously as in the proof of (12), we obtain
27 R

2.

(17) l?—,r f Xt 5 dfdp =ff %’drdcp: o

<\/(x— €)2+ (y- 9)2) 046

E(PR)}K(, 5)
and
(18) = =G=0) ., agap=o0.
(%i- §)2+ (y- r;)2>
K(RR)»K®,6)

In virtue of (17) and (18), we may write

(19) = | u®Q)a = o],
K(P, R-K(E, 6)

where |IOI| is the zero matrix.
Thus we can write the singular integral (16) in the form

(20) 4,,fM(P Q)E(Q)AQ = 75 fM(P Q) [g@)-e(®)]aq +

i K(P,R)

v fM(P,Q)g(Q)dQ-

E -K@,R)
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8 W. Sznitko

By a simple calculation we can verify that the column-
—-vector ¢(A) defined by (8) is holomorphic separately in D*
and D.

Let ¢*(P) = 1im ¢(4), ¢~ (P) = lim ¢(4).

"A—P A—P :
(AeDY) (4eD™)
Lemmna, If elements gi(Q), i=1,2,3,4, of the

column-vector g(Q) satisfy the Holder condition, then for
the integral (8) the Plemelj formulae are satisfied

*@) = L e@) + 5 [ueQe@aq,
(1) =

¢~ (P)

- T ete) + g fur,0s@as.
b

Proof. We write the integral (8) in the form (11)
and, by (15), we obtain

a7 | 1,Q)[8(Q)-s®)] 4 g5 fM(A.Q)_s(Q)dQ+
K(P,R) = -K(®R)

1 Z +
+ 5 - —=—\g(P), Ae D",
< l/z2+R2>

(22) ¢(a) =
[ M, [e@-e@)]agr 5= fM(A,Q)e;(Q)aQ +
K(P,R) > -K(BR)
1 z -
-7 -—=__\g(P), A€ D",
L < sz + R2>
Since

:i‘;t‘:?f M(A.Q)[s(Q)-g(P)JdQ = %,fM(P.Q)[s(Q)-s(P)]dQ
K(P,R) K(P,R)
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Properties of a certain singular integral 9

and
pa g [ 0@ = g f M(P,Q)E(Q)a8,
S X(P,R) I -K(PR)
we have, in virtue.of (22),
3*®) = 3 6@ + 7 [ue,0)[s@-s@)]aq +
. K(B,R) '

+1£Iﬁ f M(P’Q)S(Q)dQ’

E"ch,R)
(23) ]

7(P) = - 3 £(®) + J—nfM(P.Q)[s(Q)-s(P)]dQ :

K(P,R)

+ & | e, .
r-RPR)

\

Then, making use of (20), we obtain (21).

Remark. Formulae (21) have been proved under the supposi-~
tion that the point A(x,y,z) e¢D'uD” tends to P(x,y) in
parallel to the z-axis., The truth of the Plemelj formulae,
when A +tends to P arbitrarily, follows from the fact that
$(A) uniformly tends to qSi(P) along the parallels to the
z-axis and from the continuity of boundary values ¢ i(P).

3. The Hilbert problem

Problem. Find a vector function ¢(4) holomorphic in D
and in D~ separately, bounded in whole space EB’ such that
the boundary values ¢+ (P) and ¢ (P) satisfy in every point
Pe X the condition

(24) ¢H(P) = &~ (P) + g(P).

- 189 -



1C W. Sznitko

We suppose that G 1is a matrix with constant elements of the
form

| By By B3 By
- Y
"ﬂ; ﬂ4 ﬁq 'ﬁé
“Fy =Bs  Pa A

(2]
1]

and the elements gi(P), i=1,2,3,4, of the column-vector
g(P) satisfy conditions (7).

In virtue of the Plemelj formulae (21), we infer that the
solution of the problem (24) is the column-vector

-1
(25) sy = X | ua,q) ') s@leq + XAk,
P
where
x*(4)
X“(A) = E, for AdeD”

G, for Ac¢D?
X(A) =

is a sclution of corresponding homogeneous problem

xt(P) = GX~(P), PeL,

C 1is an arbitrary constant column-vector and E is the iden-
tity matrix.
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