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NON-LINEAR BOUNDARY VALUE PROBLEM OF STATICS IN THE
THEORY OF ELASTICITY FOR MULTIPLY CONNECTED DOMAIN

1. Statement of the problem

Let E3 be the three-dimensional Euclidean space. Suppose
that D° c E3 is a domain bounded by a surface So‘ Further,
suppose that inside Do there are m disjolnt surfaces
S1, S2’ ooy Sm’ each of them being a boundary of a simply
connected domain Di (L = 1,2,4ee.,m), where D, N D = ¢ for
J+£ k (ik‘.:—“,a,éoo,mm). Denote Dk = Dku %k (k = O,1,.oo,m),
D = DO U Dk, = kl=Jo Sk.

We shall consider the following problem: Find a vector
u(x) = [u1(x), uy(x), u3(x)J satisfying in D' the system

(1) 2(5%)u@ = -5 (x,ulx)

and the boundary conditions

(2) [7 (& 1) u2)]" +6(2)u*(2) = ¥(z,u(z)
for z € S, (k = Oy1y000,73 O & <m),

(3) ut(z) = £%(z)

for z e S, (k=T + 1,...,m).
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2 J.Chma j

A (§%E>’ T(-gz, n) are matrix operators of the theory of
elasticity: the first is the Kelvin matrix, the second - the
stress operator. The elements of these matrices are given by
formulae

2 2 2\ 2
2. 2 9 ) (aa )
(0 4y (7%) = Ja(—;*a—xg‘*a?)“““m'
9 - 9 , 9 9
(5) T35 (o5 n) =any az; *H%y Bz #Oi59m

where i,j = 1,2,3 and A, 4 are Lame constants, dij - the
Kronecker symbol, n = [n1,n2,n3] - a unit vector normal in
a considered point, 6(z) is a 33 - matrix with elements
6;4(2).

$ (x,u), (2 su), T £%(z) are vectors with coordinates
éj (x,u1,u2,u3), ? (z,u1,u2,u3), f?(z), j=1,2,3, respecti-
vely.

We suppose that

I. The surfaces Sk (k = 0,1,¢0.,m) satisfy the Lapunov
conditions. One of these conditions concerning the measure of
the angle between the normals to Sk in the points y,z has the
form

(6) (ny,n ) < Clyz!” ,

- where |yz| 1is the Buclidean distance between y and z, C and
a are positive constants, 0 < < 1,

II. ¢j (x,u1,u2,u3) are real functions defined for x ¢ D+,
|us| <R (8 =1,2,3) satisfying the Hdlder~Lipschitz condi-
tions

3
(7)-| ¢j (x’u1’u2'u3) - ¢j (i’ﬁ']’ﬁz’ﬁ})l ‘é K¢|Xilh + ko g Ius - ES"
whereK§> Oy k3 > 0, 0 <h<a < 1.
III. £5(z) are real functions defined for z € 8 (k=

= r+1,s..,m) satisfying the Holder conditions
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Non-~linear boundary problem 3

(8) |25 (2) - 25 (@] <, J22?

where Kf > 0,

Iv. F?(z!u1,u2,u3) are real functions defined for z e Sk’
lug] <R (s = 1,2,3; k = 0,1,e.¢.,1) satisfying the Holder-
~Lipschitz conditions

3
(9) ,FIJ{ (z_,uq,ug.uB) - FI; (Z,ﬁ,l,'ﬁz,ii'}), < KF<lz2|h + g{ ,us - ﬁs!) .

where KF3> 0. Moreover, the functions Fg are differentiable
with respect to ug (s = 1,2,3) in their domains and their
derivatives satisfy the HO0lder-Lipschitz conditions

2 x 2 kK /o~ ~ =
(10) T Fy (2yuq,5u5,u3) = 7u Fy (2,04,8,,0,) ! <
N th 3 N
éKF( l22]% + 5 ]us - us!>. (1 =1,2,3),

where KF > 0.
V. 6i. (z) are real functions defined on the surfaces Sk

{(k = 0,1,404,1) satisfying the HOlder conditions
~ . -1h
(1) IGij (z) - 6 5 (2)] < Ky |22[7,

where Ky > O, Moreover, we suppose that the quadratic form
ZZGU(Z) & &y 1is positive definite.

2. The Green tensor
Let S be the closed Lapunov surface which is the bounda-

m+1
ry of the domain Dm « Suppose that all surfaces Sk (k =

+1

14
= 3 \1‘) - ™
= 0,15000om) lie inside Dyyqe Let Doty = Dpoa\ k§g+1 Dy.
Consider the problem -
2 _ (z)
(12) A(a—x)u(X) = O, X € Dm+1
(13) ut(y) = fk(y). YE Sy ko= r+l,e..,ml
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4 J.Chmaj

In § 9.4 of the monograph [1] the existence of the Green
tensor G(x,y; Dmi1) for the problem (12), (13) has been pro=
ved and its pro?ertiés have been investigated. In-§ 9.6 the
tensor GQx,y; Dmf% | has been used to prove the existence and
uniqueness of the solution of the problem (1), (2), (3) in

the linear case i.e., when the vectors & and Fk are indepen~
dent of the vector u.

In the present paper we shall use the tensor G(x,y; Déf%)
to solve the problem (1), (2), (3). For brevity we shall write
G(x,y) instead of G(x,y; Déf1). In the sequel we denote the
transpose of a matrix by an asterisk, s.g. G’(x,y) denotes the
transpose of G(x,y). One can prove that G(x,y) = G*(y,x). We

shall use the notation
(14) d(x,y) = T(%, n) ¢ (x,y).

3. The integral equations of the problem
We seek a solution of the problem (1), (2), (3) in the
form

r .
(15) u(x) = —% i f & (x,y)£5(y)dy + % { G(x,y) p (y)ay +
k = k

+3 f &(x,y) 9 (youly))dy, x e D%,
D+

Suppose that the coordinates of the vector ¢ satisfy the
Holder conditions on the surfaces S  (k = 0,1,...,7). Taking
into account the properties of the tensor G(x,y) and substi-
tuting (15) into the boundary condition (2), we obtain the
followlng integral equation for the vector ¢
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Non-linear boundary problem 5

r

(16) 9(2) + 32 [ [629) +6 (2)aCeum)] ol)ay =

= [z9 ‘% 2 f & (z,5) e (y)ay + %{ G(z,y)p(y)dy+
1 1

<+

%f G(z,¥) ¢ (y,u(y))dy] +

m

[7(Z ») +s@)] [

" l=r+

+
VTN

~
[ & Gyteay -
1 Sl

4; 6(z,y) $(y,u(y)) dy],

r .
where z € éﬁo Sk' Thus we have arrived at the system (15),
(16) of strongly singular non-linear integral equations with
unknown vectors u and . ¢» We shall prove the existence and
uniqueness of a solution of the system (15), (16) using the
Banach fixed-point theorem ([4], p. 37).

4, The 'functional space
Let X be the set of all systems of real functions

U =Iu‘1(x). uy(x), u3(x). v (2), pp(2), 503(2')1

. r
defined and continuous for x € D' u S, z e &{o S+ Moreover,

we suppose that the functions uj(x), ¢3(z) (j = 1,2,3) satisfy
the conditions

(17 |ugx)| <R, |¢jy('z)]sg , lgoj(z) - %ml < &, |20,

where ¢ and K, are positive constants which may be chosen
arbitrarily and the exponent h, is fixed and satisfies the
inequality O < hy < he.
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6 J .Chma}j

Let Uy =J:u%, u;, h%, ;«%,_tp;, (p;. » 1= 1,2. In the set X

we define jthe distance by the formunla
2 - 7.4 2 1 2
(18)  a(u,,U,) = mgx sup ’uj(X) - uj(x), + m;x sup ¢J(§) - ¢5(2) |+
1., ‘2, T
H- - : = 1,2,
+ ng;x H%(Z) |¢3(2{g y @ 3}y
w:here

Lfl’.](z) -ﬁ(i)l
P

(19) H -Egojf(z)},c sup
2,2

The set X with the distance (18) is a complete metric space.,
In the space X we introduce the operator 4 mapping the points
U= Eu1,u2,u3,¢1,¢2,¢ﬁ of this space into the points V =

= Ev1,v2,v3,zy1,1,/2,¢3} 'according to the formulae

k=r+1

1 h - k r .
(20) v(x} = =5 Z_ j & (x,3)f (y)dy + Z/G(X.y)w(y)dy +
sk' k=0 Sk

+ % 1./; G(x.y)@ (y.u(}‘:))dy.
D

(21 =) + kzro S [6(z3) + 6(2)6(z,9)] pi)ay = g(2),
= Sk X )

where

(22) g(z) = F(z,i(2)) + %[T(a—az, n) + 5)] [ 3= f & (z,0)2 (y)ay =

1=r+1
. 54

- f 6(z,y) Q(y.u(y))dy] ,

D+
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Non-linear boundary problem 7

1 Ir
(23) d(z) = -— Z. f & (z,y)f (y)dy + Zf d(e,y) ¢ (v)dy +
1=0 S

1-r+
1
+ %f &(z,y) o) (Utu(Y)) dy.
D+

5. Properties of the operator A

Lemma 1. If the constant K, and the least upper
bounds of funotions h¢ (x, TPPLPPUSY ) and PFk(z CPPLPALH g
are sufficliently small and if the constants R 9 K, are suffi-
olently large, then the values of the operator £ belong to the
space X.

Proof . Letus consider the integral equation (21),
Equations of this type have been investigated by V.D.Kupradze
(eege [1], PP+170-201). From his results it follows that if
the vector g(z) satisfies the H4lder condition, then the equa~
tion (21) has a unique solution which is given by the formula

(24) v(z) = B(z)alz) + 3= [ Wz,3)e(y)dy,
k=0 sk

A

‘where B(z) is a matrix whose properties have been investigated
in [2], N(z,y) is a matrix resolvent of the equation (21).
In order to use formula (24) we must show that the vector g(z)

satisfies the Holder condition. Let Z,z¢ L} Sk We have
k=0

(25) g(z) - g(2) = [F(z,d(2) - F¥(7,a(2))] +

m . "
11=r+1 {I[T(aiz’n) ¢ (z,y) - T('gi'“) G(ZJ)] £ (y)dy

+

s 362 -6()] = f 6" (2,302 (3)ay +
l=r+1
1

rie@ > [[Eey - T Ey) e .
1=rs+1
1

+ ;— [T (—a%_,n) G(Z,y) - T (—%,n) G(z,y)] ¢ (y,u(y))dy +
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8 J.Chmaj

+ %[6(2) - 6(z):| f G(Z,y) §(F,u(y))dy +
D-P

+3 E(z)f [6(2,5) = 6(2,3)] 8(3,u(3)) dy.
D+

We introduce the following notations

M

max sup lfﬁ(z)l (kK = T+1y000om; § = 1,2,3)

f
Jok z€S,

m;x ::l;+ |¢J(I’u1,u2.u3)l (Jos = 192}3)
fug| <R

L=
[}

M; = max sup lﬁij(z)l (k = 0,1,e00,73 1,3 = 1,2,3).
1,J ze§, '

Making use of the assumptions and taking into account the
well-known properties of surface integrals we obtain from (25)
the following inequalities

(26) |gy(2z) - g5(2)| < [Mp(a +a K +al +a,Kp) +
+ Mg(a5+36K5+a7M6+a8KF) + KF(a9+a1og)] Izzlh, (§=1,2,3),

where the constants a1,..;,a1o‘depend on Lamé constants. For

brevity we write the inequalities (26) in the form

(27) lgy(2) - gy(2)] < K, l23]B, (3 =1,2,3).

Thus the vedtor g(z) satisfies the HSlder condition.
Analogously as in [2], we introduce the following nota-

tions

M, = max sup |B,,(z)] (k = 041,000,715 1,3 = 1,2,3)
B i,j zeS 13
k
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Non-linear boundary problem _ 9

EN = ;l;aJx 2ueps 'f Nij(z’y)dyl (k = 0415000, 1,5 = 1,2,3).
From formula (24) (see [3] formula (52)) we obtain the esti-
mations

(28) le(z)l < (Mp + My) M+ DK (j = 1,2,3),

g
where Mg = Mg + b1Mf + bszms + b3M¢ and b1,b2,b3,b4 depend
on Lamé constants., We denote M, = (Mp + My) Mg + BK.

+From results of V.D.Kupradze it follows that the vector
y(z) satisfies the Hblder condition. Namely, taking into
account the inequalities (27) and (28), as well as the estima--
tions (36) and (38) given in [2], we obtain

(29) [uy(2) - w(2)] & (DgCUHMGK +bCK, ) |2z ]|R¢  (3=1,2,3),

where b, b6'depend on Lamé constants.
Wext we write the inequalities (29) in the following form

(30) loy(2) - wy(2)] <k, lzzlfe (3= 1,2,3).

From the formula (20) defining the vector v(x) and from the
inequality (28) we obtain

(31) Ivj(x)l <M, (§=1,2,3),

where Mv = b7Mf + bsmv + b9M25 and b7,b8,b9 depend on Lame
constants.

From (28), (30), (31) and the definitions (20), (21) of
the operator 4 we deduce that the sufficient condition for
A(U) ¢ X is the system of inequalities

(32) M, <R, My<p , K< Koo

From assumptions concerning the constants Mﬁ, MF' KF it,}
follows that there exists 9= 0, for which My,s.g. It is
easy to see that if p is fixed then the inequalities M, < R,
K,< K, are satisfied independently of Lamé constants.
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10 J.Chmaj

Lemma 2 . If the constants kg KF' 'KF &re suffi-
ciently small and the inequalities (32) are satisfied, then
the. operator A is contractive, i.e. there exists a positive
constant o« <1 such that for every polnts U1,U2 of the spa~
ce X we have '

(33) a(auy), A(U,)) € o a(U,,U,)..

Proof. We denote A(U;) = Vis(L = 1,2), where

i 1.1 i . 1.1
Vi = [V-l 0729"3’#’1:4)2’11)3]'
To prove inequality (33) we consider the expressions

lzp}(z) - ng(z)l . lv;(x) - v?(x)’ R [wj(z) - zpj(z)]

The vectors 1;)1(2) 2(2.) satisfy the integral equation (21).
We substitute them into (21) and subtract, then we get an in-
tegral equation which is satisfied by the difference w (z) -

-y (z). The right-hand side of this equation is

(38)  &(z) = F(z,0'(2)) - F(z,a(z)) +

é'f[ 2,n) +6(2)] alzi) [y +

- @(yvuz(y))] ‘dy!

(35) u'(z) = -% i fﬁ‘(z,y)fl(y)dy + Zr:f 6(z,3) ¢ (y)dy +
l=r+1 g =0

+ %f 6(z,y) ¢ (y.ui(y)) dy, (i =1,2).
pt _

'The vector g(z) has a similar form to that defined in [3]
(formula (67)). Hence by (77) of [3] we can write the follow=-
ing inequalities
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Non~linear boundary problem 11

- _ sl
(36) Igj(Z) gj(z)}
<ikglec +c K +c M +c, K +c K (e, +e M +e. 0 ) max su lu1(x)-u2(x),»+
95[1263641-'51?12@3905.}(1’5 s

+[061&\*‘0721;(31"'32%*9390)] m:x s:p,é(z)—é(z)'} IzE'h?,
(j,S = 1,2,3),

where CqseeesCrs€q,€5,€3 depend on Lame constants. For bre-
vity we write (36) in the form

. . C a0l < MNen 1_ .2
(37) |gj(Z) gj(z)l < [ 5N max sup Ius usl +
+(06KF+R'FM2) m:x sup I‘P; = (Pg ”IZEIh‘P’ (Js8=1,2,3).

The vector g(z) satisfies the Hélder condition, thus +the for-
mula (24) with p'(z) - w2(z) instead of y(z) and g(z) in-
stead of g(z) holds.

Now we may give estimations for lqﬁ(z) - w?(z)' similar
to (81) in [3]

1 2 | 2
(38) |'Pj(2)-lpj(2)| < k¢[(p1+p2KF)(M-B+MN)+p3M1J max s]t:plu:(X)-us(X)l +
+ [pl;-KF(MB+MN)+p5(c6KF+iFM2)] max sup l?:(z)‘?g(z)lv (iss=1,2,3),
s zZ

where pyse.e,p5 depend on Lame constants.
Similarly, using the estimations (83), (89) from [3] we
obtain

(39) l";(x) - V§(X)}é
< k¢[p6+(p1+p2KF)(MB+MN)+p3M,]] nax sup|ug(x) - ui(x)l +
s x

+P7[P4KF(MB+MN)+p5(06K?+KFM2)]m:x Slzzp l(f::(z);sag(z), , (3,821 '?.3) .
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12 J.Chma j

o) w [§)(2) - y3(2)] <
<K I:(p +0,K. ) (paC+Dy )+, AM M] max sup qu(x) - uz(x), +
] 1°%2°F 8 9 10B 1 s % s s

+[KF(p11C+p12)+p13MB(CGKF"'KFMZ)] nax s;“’lém-?ﬁ(z)f, (5,5=1,2,3),

where the constants Pgsees9Pq3 depend on Lamé constants,

We put
(1) o= max{ kg [p6+(p1+p2KF)(2MB+2MN+p80+p9) + M1(2p3+p1OMB ],
KF[p4(MB+MH)(1+p7)+p11C+p12+06(2p5+p13MB)] + KFM2(2p5+p13Mb)}.

Suppose that the constants kp, KF’ kF are such small that

o <1. Then from inequalities (38), (39), (40) and from defi-
nition (18) we infer that,d(v1,V2) écx;d(U1,U2). This proves
the thesis of the Lemma 2,

6. Solution of the problem

Theorem. If the assumption I-V are satisfied and
the constants Mé, MF’ kp, KF, ﬁF are sufficiently small, then
there exists a unique regular vector of the form (15) satisfy-
ing in D the equation (1) and boundary conditions: (2) on the
surfaces S, (k = 0,1,00.,7) and (3) on the surfaces Sy
(k = r+1,0.0,0),
. ¥roof, -From Banach's fixed-point theorem it follows
that if the hypotheses of Lemmas 1 and 2 hold,then the system
of integral equations (15), (16) has in the space X a unique
solution which we denote by u*(x), ¢*(x). From the representa-
tion of the solution in the from (15) and from the properties
of Green tensor it follows that u* (x) satisfies the boundary
conditions (2), (3) on suitable surfaces.

Moreover, from the properties of volume integrals (Theorem
2 from [3]) and from the assumptions about the vector @(x,u(x))
it follows that there exist second derivatives of the vector
u* (x) and this vector satisfies equation (1) in pt.
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