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ON TOTALLY UMBILICAL SUBMANIFOLDS
OF CARTAN-SYMMETRIC MANIFOLDS

Introduction
In [2] Miyazawa and Chuman have proved the following.

Theoremn. Let us suppose that a Vm is a totally
umbilical surface immersed in a Cartan - symmetric space.
Then, in order that the Vm is also Cartan ~ symmetric, it is
necessary and sufficlent that the mean curvature H is a con-
stant,.

In this paper, we determine some conditions for a totally
umbilical submanifold with mean curvature different from zero,
imbedded in a Cartan - symmetric manifold, to be a manifold
of constant curvature.

1. Preliminaries

Let V be an m ~ dimensional Riemannian manifold 1mbedded
in an n - dimensional Riemannian manifold V n? and let ut= d%w
be the parametric representation of the submanifold V in V
where (u*) are local coordinates in V and (w ) are local co-
ordinates in V . Let Bi = aiu ’ where = 3/dw".

If G, is the fundamental tensor of the manifold V , then
844 defined by sji = Bj Bi G, 1s the first fundamental ten~
sor of the submanifold Vm. In the sequel the Greek indices
take on velues 1,...,0 and the Latin indices take on values
Tyeseom (m < n). '
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2 Z,01szak

Let N; (X = m+1,+..,0) be pairwise orthogonal unit normals
to Vm' Then we have the relations

2 _ A x
(1) GAwaNx‘ex’ leNxNy-O(x;éy), G, NxB i = 0,

where ex is the indicator of the vector N .
The Schouten s curvature tensor Hji of the submanifold
Vm is defined by

A A
(2) Hji = \7:]]3i ,

where V. denotes covariant differentiation with respect to
the fundamental tensor gji of Vm.
If we put

(3) j zle >

Jix x ’

then the second fundamental tensor Hjix for Nx is given by

A
(4) Hysx = Hyy Nga

w
where Nea= Nx Gya o
The Gauss and Codazzi equations for Vm can be written in

the form

3 F R P R~ _
(5) Rypys = Raww By B By By *; ex(Hyyx Hrgx = Hyjx Briy)
and

)

1 w _ _ -
Apvw Bl Bk Bj Nx - Vlﬂij VkHljx * %:ey (Llyxﬂkjy kalejy

j=e]}

(6)

respectively ([1]), where Lixy defined by

. A
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is the third fundamental tensor with respect to the normals
2 ~
Nx , and leji’ Rxpvw are curvature tensors for Vm and Vn’
respectively.
We have also the equations of Weingarten

A
(8) LA RIS +Z ey Ligy Ny s

I . rj,
where Hi x = Hirx g

Let C* be a vector field defined along V and orthogonal
to V s then

(9) Zex . x’

and consequently by (8)

0 A
(10) vc

a ' -
;ex(aicx) Nx +Zexcx('1x r +§eybixy y)'

X

r Al A
- Ex e, H C B + gex (3,C, + %ey Liyx Cy) Ny o

Thus, if we put
(11) 'ViCp = (,C%) N,

we get from (10)
(12) | VG = 2,C  + }y:ey Liyx Oy

If \7’10'1 is tangent to V , that is, if'V&cx = 0, we.say
that ¢* 1s parallel, i

Lemma 1. Let .us suppose that c* 18 a veotor field
defined along V and orthogonal to V . If ¢* is parallel then
CAC = oonstant.

Proof,., From (9) and (1) we find

= ;ex (Cx)2
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4 Z.0lszak

Since 'V;C, = 0, from (12) we get
9,0, = -%ey Liyx Oy

Thus, by the above equations and (7), we have

A - - =
81(07_(_3“) =2¥'ex Cx 9Cy = 2%;61! y %% Cy Ligx = O

as desired.

If Vi is a submanifold of codimension 1, then the third
fundamental tensor vanishes, and conseguently the following
lemma holds good.

Lemma 2., Lét us suppose that ¢* is a vector field
defined along V and orthogonal to V ’ and that codim V =1,
Then, CAC = constant if and only if ¢t is parallel.

2. A totally umbilical submanifold
If Hji defined by (2) satisfies the relation

(13) ij = &34 ",

where the vector Hl,called the mean curvature vector, is given
by

21 51
then V is called a totally umbllical submanifold.
We assume that the V is a totally umbilical submanifold.
Putting H = H W S we obtain from (4) by (13)
(15) Hjix = gji Hx’

and from (3) by (14)

(16) :E:ex H, N .
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Hence, using (1), we have
(17) HHY = > e ()2,
X

The mean curvature H of V s l.e. the scalar H such that
42 IEE:e (H ) l, may be then written as

(18)

Substituting (15) and (17) into (5) we see that

_ B A M v w A -
(19) Rypys = RpwBr By By By + HH" (84 &y = 814 8y)s
and substituting (15) into (6) we see that

w

= A u v _ -
(20) meBk 13‘_J By N, = 834 Vg - 84 Vij +
+;ey Hy (Lyr 855 = Dyyx 81

From this, using (16), (17) and (7), we obtain

= A I ‘\) w _ 1 A 1 A
(21) RowwBk By By H =3 v, (H,H )gji -3 VJ(HAH )8yq e
The assumption that the mean curvature H of Vm is a con-
stant implies that (21) may .be written in the form

= A M v w
(22) RyuvoBr By By H = 0.

3. A totally umbilical submanifold of a Cartan-symmetric -
manifold '
A Riemannian manifold is called Cartan-symmetric, if its

curvature tensor Rapvw satisfies

(23) VeRa;ww =0,

where V; denotes the covariant differentiation with respect to
the metric,
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In the sequel we suppose that the manifold Vn is Cartan~-
-symmetric, and that the submanifold V of Vn is a totally
umbilical submanifold, and n >m > 2,

We first prove

Lemma 3. Let Vm be a totaliy umbilical submanifold
with the mean curvature H £ 0, of a Cartan-symmetric manifold
V_. Then, Vm is of oconstant curvature if and only if H =

n
= const. and

(24) Ayg = A 8440

where

(25) Ayy = Ze %) (GH), A = 1git By
and 'V, is defined in (11).

J
Proof. Suppose that H = constant. In this case (22)
holds. We differentiate (22) covariantly with respect to wi
and by (23), (13) we find

¢ 5 A M v w 5 A M v w
(26) &)y R,y H" By" By’ HU+ gy Ry B HY By HT +

= a '3 Vv oW = A n v _
+ 84 RAINUJBk Bj H H +R3~}“’“’ Bk Bj Bi VlH = 0.

)
But by putting ¢* = 8%, ¢ =B (12), (15) and (17) into
{10), we have

w ' w
(27) ViE® = - H, B B + Ze ('VH ) W

From (26) with the aid of (27) we obtain

.

a )] v - A w
81k Rauvw B By By HY 815 Ruavw B Bk B, H”+

¢ 5 a u v w
- BB R, ,, B ByY By By +

) = A s v (A
+ ;ex CVHR) Ry 0, B By By Ty =0,
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and by (19), (20) and (12)

=S A » v w = I3 A v w
(28) _g3y R, p, H By By H' -gyy R, B B By H +

A
- HeHg[B’kjil - HH (8yy 834 = 8y 331)} +

+D ey ('vyH) [ (TH) 85y = ('VyHp) 31:1] = 0.

Contracting the equatlon (28) with glk and using the de~
notations (25), we get

A ® vV LW 0 1 ¥
(29) B0 B By B HY = HH ( 5=3 Ry - HyH' ggq) +

+'E%T (Aji -m A gji)‘
We substitute (29) into (28) and find
(30) - BE® [Regyy - 57 (8 Ry - 853 Ryy)] =
= g-7 4 (8 84y - 815 Byy) - 57 (&g Byy - 857 Byy) -

= Ay 831 * 843 Bkye

Let now Aji = A g,4 holds, as desired in (24), and H =
= const. # O. Then, since by (18) H?He = oonst. £ 0, from (30)
it follows

1 .
(31) Regi1 = m=7 (Bxa Byy - 843 Byy)e

We can easily verify that then Vm is a manifold of constant
curvature, i.e. that the condition

R
Res11 = mlm=1) (k1 831 - ki &51)
is satisfied,
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Conversely, if Vm is of constant curvature, then (31) is
sgtisfied. Moreover, Vﬁ is then Cartan-symmetric, and by the
theorem presented in the introduction the mean curvature H =
= constant. Then (30) yields

m 1
a1 A (B1x 841 = 815 &y) = moy (8 Ay = 841 Ayg) +

= Ay 8y4 * Ay 8y = 0.
Summing this equation with gji
completes the proof,

In the case codim Vm = 1, the assumption H = constant
implies by Lemms 2 that the condition (24) is satisfied. Thus
we have

Theoremnm 1. Let Vv (m = n-1) be a totally umbi-
lical submanifold with the mean curvature H £ 0, of a Cartan-
-symmetric manifold Vn’ Then,‘Vm is of constant curvature if
and only if H = constant.

As a consequence of Lemma 3, we obtain

Theoren 2. Let Vm be a totally umbilical subma~
nifold with the mean curvature H # 0, of a Cartan-symmetric

manifold V . Then, if zg:ex(‘vhﬂx)('viﬂx) = 0 and H = const.,

, we find Alk = A &1x0 which

Vo is of constant curvature,

Furthermore,‘V'jHx = 0 also implies the condition (24) and
by Lemma 1 it implies H = constant. Hence, we may formulate
the following

Theorem 3. Let Vm be a totally umbilical subma-
nifold with the mean curvature H # 0, of a Cartan-symmetric
manifold Vn‘ Then, if the méan curvature vector H* 1s parailel,
Vh is of constant curvature.
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