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Z-AGGREGABLE SETS OF FUNCTIONS

Introduction

The notions of & Z-computable function and a Z-computable
set of functions have been introduced in [1]. The notions of
a Z-aggregable set of functions and a =% -connected Z-compu-
table set of functions are introduced in this paper. The aim
of this paper is to show that:

1. a Z-aggregable set is a sum of equivalence classes and
that these equivalence classes sre Z-computable sets;

2. a Z-aggregable set and a Z-computable set are sums . of
equivalence classes and that these equivalence classes are
#-connected Z-computable sets.

The notion of a base of the Z-aggregable set is introduced
in this paper, too. The notion of +-connected, Z-computable
set plays the most fundamental role in the construction of the
basis for a Z-aggregable set,

1. Basic notions and definitions

Let R be the set of all real numbers, and R ' -the set of
all non-negative real numbers. By (%,x) we denote the point
(t9%pyeeeyx )ER™ if n>2, and the point (t) € & if n=1,

Let nn=R+X 22, For any set ZC Q_ and for any ae®*
we denote Z, = {(t,x)e Q, 3 (t-a,x)€Z; . Let X be an ar-

we denote the set of all mappings f :Qn—> X, and by ¥ (n)

the set of all mappings f : Z — X, where ZS Q The re-
striction of feF (B 4o 7 €Q_  we denote by f | z.
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2 I,Nabialek

By the shift operator we mean +the operator :p(n) which
assings to every mepping f: Z — X the mapping £%: 72 — X
such that £*(t,x) = f(t+a x) “tor every (t,x)e Z. Ife?(n>
then we put f, =(f| 2 ) and, in particular, f_ = f(Q)a

W, Zakowski [’I] introduced the notion of a Z-computable
function., The most characteristic property of such a function
is that a function fe ‘f(n) is Z-computable iff

Y (a,b=0) [(fza - fzb> = (fa = f.[D]

In [1] a set FE F™ is said to be Z-injective iff
Vo (tiee ®[£, = g) = (£ = 0],

and a set F 1is said to be closed under +the operation of
shift iff

4 (fe F)\V/ (ae §{+)(fae .

In [2] for any HC‘é—(n) the set H ={ :feH, aeQ’ } is
said to be the #* -closure of the set H, The set FCSF(n)
Z-computable iff F 1is Z~injective and F¥= 1 (F = F iff
F 1is closed under the operation of shift, i.e. if F 1s the
*~closed set).

2, Z-aggregable sets

Let ?Erzlg be the set of all Z-computable functions £

QO — X, '

n . c-(n) .
Definition 1. Functions f,g € J'(z) are said

to be commonly computable (in symbols f~g) 1if there exists

a Z-computable sevu F§Q<n) such taht f,gelF.
Corollary 1. The relation ~ is reflexiv.e and

symmetric in the set ?E?g .
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Theoremnm 1. For any feggng and for any ae®’,

f"'f .
Proof. For any feg(ng and for any ae R ,f,fe{f}

The set {f} ig Z-computable (see Corollary -9 in [2]).
Definition 2. The set FCS'() is said to be
Z-aggregable 1ff the relation ~ is +transitive in the set F
and FY=7p v
Corollary 2, For any Z-aggregable set F +the
relation ~ in an equivalence relation in the set F,
Theorem 2, For any Z-aggregable set F and for
any f€F +the equivalence class [f]~ is a Z-computable set.
Proof, The set [f], is x-closed, because if ge[f]_
and he{g} , then g~h, hence he[f]_ . The set [f] 1is
Z-Iinjective, because for any g,he [f]~ s &~h, hence {g,h]
is Z-injective. Hence [f]N- is Z-computable,

3. ¥*-connected Z-~computable sets
Definition 3. For any f,ge?%% we define the
relation % as follows

(£ % g)e> J(ave RI(E, = &)

Theorem 3, The relation % is an equivalence re-
lation in the set ¥ Elzlg .

Proof. It is evident that the relation £ is reflexive
and symmetric in the set ?En% . If £2g and g= h then
E(abcdeﬂ ) (£, = &,y 8, = hy). We denote m = max (b,c)
and a'= atm-b, 4'= d+*m~c. Then f, =8, and g =hy', hence

f,' = by 4 £~h, Hence the relation * is transitive in the
(n)
set ?(Z) .

Corollary 3. For any Z-aggregable set F the re-
lation = 4is &n equivalence relation in the set F.

- 493 -



4 I.,Nabialek

Theoremn 4, For any Z-aggregable set F and for
any f,g € F if f':'g, then f~g,

Proof., If f % g, then J(a,be R (£, =g,). Since
f~fa, Bp™ By and F 1is the Z-aggregable set, we infer that
frg,

Corollary 4. For any Z-aggregable set F and
for any f€F we have [f] < [f] .

Theorem 5. For any Z-aggregable set F and - for
any f€F the equivalence class [f]x is a Z-computable set.
Proof. The set [f], is Z-injective, because
(f]. c [£f]_ and [£f], is the Z-injective set. If ge [£] .

. * a* <
and he {g y then h £ g, hence he [f]% . The set [f] x 1is
*-closed, Hence [f], is Z-computable.

Definition 4. The seb FQ?%IZ% is  called
*¥-connected iff

\V/ (f,gef) (£ = g).

Theorem 6., Let F be a Z-aggregable set such
thet GEF and feG. The set* G is Z~computable und
¥-connected iff G* = G and {f} cCGC I:f:]t .

Proof. If the set G is Z-computable ang.*—connected,
*
then {f}' € G and G C[f], and ¢ =G. If G =G and

¢ € [f]., then G is Z-computable because [f], is Z-compu~-
table. The set G is x-connected because [£],. "is % -connec-
ted. -

Corollary 5, For any Z-aggregable set F and
for any function fe€F tae set {f}* is the minimal set, and
the set [f], is the maximal set of all Z-compubtable and
#=-connected gets G such that GCF and fE€G.

4, Basis of Z-aggregable set
Definition 5. For any Z-aggregable set F a
set GCF is called a basis of the set F iff F = fUG [£]
€
and

h*
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\/(f,g € G) {(f f=> [~ 2 g)]}.

Let F/« be the quotient space of the equivalence rela-
tion 2.

Theorem 7 Let F be Z-aggregable set and let
GSF, G 1is a basis of the set F iff the set G has exactly
one element in common with every set [f], €F/, . .

Proof, If G has exactly one element in common with
every set [f],€F/, then iLEJG[:]g = F, and if f,g € G and
f # gy then fe[f]x, g€ [V]gand [¥]x # [w]#hence ~(f % g,

If fLeJG[f]; = F and V (£,g€@) {('f £ => [~(2 ég)]} ,
then for every [f]zeF/[g there exists and element gEGn[f]é.

If g,h are different elements of the set G, then~(g % h),
Hence for every [f]i €F/, there exists exactly one element
g€Gn [f], . T
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