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Z-AGGREGABLE SETS OF FUNCTIONS 

I n t r o d u c t i o n 
The n o t i o n s of a Z-computable f u n c t i o n and a Z-computable 

s e t of f u n c t i o n s have been in t roduced i n [1] . The n o t i o n s of 
a Z-aggregable s e t of f u n c t i o n s and a * - c o n n e c t e d Z-compu-
t a b l e s e t of f u n c t i o n s a re i n t roduced i n t h i s p a p e r . The aim 
of t h i s paper i s t o show t h a t : 

1 , a Z-aggregable s e t i s a sum of equiva lence c l a s s e s and 
t h a t t h e s e equiva lence c l a s s e s a r e Z-computable s e t s ; 

2 . a Z-aggregable s e t and a Z-computable s e t a r e sums of 
equiva lence c l a s s e s and t h a t t h e s e equ iva lence c l a s s e s a r e 
• - c o n n e c t e d Z-computable s e t s . 

The n o t i o n of a base of the Z-aggregable s e t i s i n t roduced 
i n t h i s p a p e r , t o o . The n o t i o n of * - c o n n e c t e d , Z-computable 
s e t p l a y s the most fundamenta l r o l e i n t h e const ruct ion of t h e 
b a s i s f o r a Z-aggregable s e t . 

1 . Bas ic no t ions and d e f i n i t i o n s 
Let 2 be the s e t of a l l r e a l numbers, and & + - t h e se t of 

a l l nonnnegat ive r e a l numbers. By ( t , x ) we denote the p o i n t 
( t , x 2 , . . . , x n ) e ft11 i f n > 2 , and the po in t ( t ) e & i f n = 1 . 

Let = * ft n ~ 1 . For any s e t Z 5 f l and f o r any a £ + 

we denote ZD = { ( t , x ) e O : ( t - a , x ) 6 Z) . Let X be an a r -
& I H J * x 

b i t r a r y non-empty s e t , t o be f i x e d i n t h e seque l . By T 
we denote the s e t of a l l mappings f : Q n — X , and by 
t h e s e t of a l l mappings f : Z X, where Z Q fi . The r e -
s t r i c t i o n of f e 3 " ' n ) t o Z Q C l n we denote by f | Z. 
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2 I.Nabialek 

By the shift operator we mean the operator 3> ̂  which. 
assings to every mapping f : Z & — X the mapping f * : Z —• X 
such that f*(t,x) • = f(t+a,x) for every (t,x)e Z. I f e ? ^ , 
then we put f z = (f | Z &) and, in particular, f & = • 

81 
W.fcakowski [1] introduced the notion of a Z-computable 

function. The most characteristic property of such a function 
is that a function is Z-computable iff 

V Ca.b^o) [(f z & = (fa = fj)~ . 

In [1] a set F £ is said to be Z-injective iff 

V (f ,g 6 F) [(fz = g z) (f = g)] , 

and a set F is said to be closed under the operatien of 
shift iff 

V (f e F) V (a e 9l+)(fae F). 

In [2] for any H £ i ^ the set H* = jf &:ffeH, a e $ + j is 
said to be the *-closure of the set H. The set is 
Z-computable iff F is Z~injective and F* = 5 (F* = F iff 
F is closed under the operation of shift, i.e. if F is the 
#-closed set). 

2. Z-aggregable sets 

Let be the set of all Z-computable functions f: 
n x. 

D e f i n i t i o n 1. Functions f,g e. 7 ^ are said 
to be commonly computable (in symbols f ~ g) if there exists 
a Z-computable set F c f t ^ such taht f,g&F. 

C o r o l l a r y 1. The relation ~ is reflexive and 
c \ * symmetric in the set ^ ( z ) • 
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Z-aggregable sets of functions 3 

f ~ f a . 
T h e o r e m 1 . For smy and f o r any a t 9 t + , 

The 

fri"! + r n* P r o o f . For any a n d f o r 81117 a e & > f » f a e l f } ' 

set [ f | is; Z-computable (see Corollary 9 in [ 2 ] ) . 
D e f i n i t i o n 2. The set F £ 5" i s s a id to be 

Z-aggregable i f f the r e l a t i o n ~ i s t r a n s i t i v e in the se t F 
and F * = F. 

C o r o l l a r y 2, For any' Z-aggregable set F the 
re l a t ion ~ in an equivalence re l a t ion in the set F. 

T h e o r e m 2. For any Z-aggregable se t F and f o r 
any f e F the equivalence c l a s s [ f ] i s a Z-computable s e t . 

P r o o f . The set [ f ] ^ i s * - c l o s e d , because if g e [ f ] ^ 
and h e ( g } , then g ~ h , hence he [ f ] ^ . The set [ f ] i s 
Z- in jec t ive , because f o r any g , h e [ f ] , g ~ h , hence {g»k] 
i s Z- in jec t ive . Hence [ f ] ' i s Z-computable.. 

3. ^-connected Z-computable s e t s 
D e f i . n i t i o n 3. For any f , g £ w e ¿e f i 1 1 8 the 

re l a t ion * as fol lows 

( f r g ) ^ 3 ( a , b e a + ) ( f a = g b ) . 

T h e o r e m 3. The r e l a t i o n * i s an equivalence re -
l a t i on in the set T • 

P r o o f . I t i s evident that the r e l a t i o n * i s reflexive 
and symmetric in the set S 7 ' ^ ) • f = 8 a n < l g = h, "then 
3 ( a t b , c , d e Si ) ( f a = g^, g c = h d ) . We denote m = max (b , c ) 
and a '= a+Jn-b, d'= d+m-c. Then f & ' = gĵ  and gm = h^1, hence 

f a ' = h^ , f ~ h. Hence the r e l a t i o n = i s t r a n s i t i v e in the 

set ' 

C o r o l l a r y 3. For any Z-aggregable se t F the re-
l a t i on * i s an equivalence re l a t ion in the se t F. 
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T h e o r e m 4. For any Z-aggregable set F and f o r 
any f , g e F i f f = g, then f ~ g. 

P r o o f . I f f = g, then 3 ( a > ' b 6 Since 
f ~ f & , g-j3~ g, and F is the Z-aggregable set , we infer that 
f ~ g. 

C o r o l l a r y 4. For any Z-aggregable set F and 
for any f e F we have [ f ] ^ £ [ f ] „ * 

T h e o r e m 5. For any Z-aggregat>le set F and -for 
any f e F the equivalence class [ f ] * i s a Z-computable set. 

P r o o f . The set [ f ] * is Z- in ject ive , "because 
[ f ] , c [ f ] and [ f ]^ i s the Z - in ject ive set. I f g e [ f ] * 

and he jg}.*, then h * g, hence he [ f ] i . The set [ f ] * i s 
*-closed. Hence [ f ] # is Z-computable. 

D e f i n i t i o n 4. The set F C ? ^ i s called 
*-connected i f f 

V ( f . g S F ) ( f 5 g ) . 

T h e o r e m 6. Let F "be a Z-aggregable set such 
thet G £ F and f e G. The set G is Z-computable und 
*-connected i f f G* = G and { f } *£. G c [ f ] s . 

P r o o f . I f the set G is Z-computa"ble and *-connected, 
then { f } * £ G and G c [ f ] , and G* = G. I f G = G and 

G Q [ f ] * , then G is Z-computable because [ f ] * is Z-compu-
table, The set G is »-connected because [ f ] # i s * -connec-
ted. 

C o r o l l a r y 5. For any Z-aggregable set F and 
for any function f e F tae set { f ] is the minimal set, and 
the set [ f ] * is the maximal set of a l l Z-computable and 
»-connected sets G such that GCF and f e G. 

4. Basis of Z-aggregable set 
D e f i n i t i o n 5. For any Z-aggregable 

set G£F is called a basis of the set F i f f F 
and 

set F a 

= U [ f ] . feS = 
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V ( f , g e G) {(f * g)=> [ ~ ( f ? g) ]} . 

Let F/# be the quot ient space of the equivalence r e l a -
t i o n = . 

T h e o r e m 7« I»et F be Z-aggregable se t and l e t 
G £ F. G i s a b a s i s of the se t F i f f the se t G has exactly-
one element i n common with every se t , 

P r o o f , I f G has exac t ly one element i n common with 
every se t [f] „ e F/* then U [f] * = F, and i f f , g e G and i — feG = 
f i g , then f e [if]*, ge [y]*and (>]g t | > ]^hence ~ (f * g ) . 

I f U Q [ f ] S = P and V (f ,g e G) | (f t g) =*> [~(f I g ) ] | , 

then f o r every [ f ] f 6 P^* t h e r e e x i s t s and element g £ G n [ f ] # . 
If g ,h are d i f f e r e n t elements of the se t G, then^Cg = h ) . 
Hence f o r every [f] * £ F/* the re e x i s t s exac t ly one element 
g € G n [ f ] $ . 
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