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SOME PROPERTIES OF LINEAR CONNECTIONS 
ON RIEMANNIAN MANIFOLDS, I. 

1. I n t r o d u c t i o n 
Let M = (M,A) be an n-dimensional Riemannian manifold of 

c l a s s C°°, A - t h e a t l a s of t h i s mani fo ld . 
FM and BM deno te , r e s p e c t i v e l y , the r i n g of smooth 

f u n c t i o n s on M, and the module of "smooth v e c t o r f i e l d s cn M. 
F u r t h e r , l e t g denote the me t r i c t ensor and V - an a r -
b i t r a r y l i n e a r connect ion on M. 

D e f i n i t i o n 1 . 1 . Every tensor f i e l d CO: BMr —"" PM 
1 n 

s a t i s f y i n g , i n t he domain of an arbi t rary chart x = (x , . . . , x )cA, 
t he i d e n t i t i e s 

(1 ) (or* * 1 = w, 
" f r h] * ^ 

( 2 ) 
i r ] " 

(3) S l d V i < « V i i = ° 
J » 1 2 '* * * r 

i s c a l l e d a f i e l d of harmonic t e n s o r s [ l ] . 
D e f i n i t i o n 1 . 2 . Every t enso r f i e l d U): BM1^—*-FM 

s a t i s f y i n g , on an a r b i t r a r y cha r t x £ A, the i d e n t i t i e s (1) 
and (3) as we l l a s 

(4) Vfo u). -i = V1 h), * 

[a. i-] , . . . , i r j x x̂  , . . . , x r 

i s c a l l e d a f i e l d of' K i l l i n g t e n s o r s [ 1 ] . 
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D e f i n i t i o n 1 .3 . Let n = 2p. A tensor f i e l d 
io : BMp+1-*-FM i s cal led a f i e l d of s e l f - d u a l 1 /p- tensors if 
in the domain of an a r b i t r a r y chart x £ A1 the following identi-
t i e s hold: 

Wi l i i "1 = w i i i J. I -L-j , . . . , ip l I ' * * * ' J (5) , _ ^ 

w i i i - T 7 i 1 1J"] I • • • > J-p A'* 1 ' * * * • p -LJ'l>»«»»Jp 

n where I BM —»-FM i s a l i n e a r n-form on M such tha t 

0 i P 
I = I i ± - 1; 8 - + 1. 

A tensor f i e l d CjJ i s said to be s e l f - d u a l of the f i r s t 
kind i f 9 = +1. S imi la r ly , a t ensor f i e l d ^ i s said to be 
s e l f - d u a l of the second kind i f 0 = -1 [2] . 

For s e l f - d u a l 1 /p- tensors the fol lowing theorem hoMa (see 
[ 2 ] ) . 

T h e o r e m 1 .1 . For two a r b i t r a r y s e l f - d u a l 1 /p - t en -
sors and , of d i f f e r e n t kindjs i f p = 2k, and of the same 
kind i f p = 2k + 1, the i d e n t i t i e s 

/ \ 1 » * * • 1 Tl-1 (7) 44 4 r 00 . p 1 i - 0 

hold i n any c h a r t x e A. 

2. Some p rope r t i e s of l i n e a r connections on Riemanniaii ma-
n i f o l d s 

Let M be a four-dimensional Riemannian manifold, x - an 
a r b i t r a r y chart in the a t l a s of t h i s manifoldj. Next, l e t S ^ ^ 
be the coordina tes , in the chart x , of any s e l f - d u a l 1/p-ten-
sor S. By d e f i n i t i o n , the fol lowing i d e n t i t i e s hold: 
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scc [id] = s « ± y soi±i = 2 ^ j k i S51 

where 0 = +1 or -1. 
We shall prove the following theorem. ^ 
T h e o r e m 2.1. Two linear connections V and V on 

the Riemannian manifold M̂  d i f f e r by a self-dual 1/p-tensor 
S of the f i r s t kind (resp. of the second kind) i f and only 
i f f o r any self-dual bi-vector to of the second kind (resp. of 
the f i r s t kind) the following identity holds 

Va, - Vco. 

P r o o f . Let S = V - V where V and V are linear con-
nections on M^. Then for any chart x from the atlas of the 
manifold M̂  we have the ident i t ies 

s k - r k - r k 
S i d ; . - ' i 3 ' i j 

k n k P 
where S ^ , I ^ and I ^ are, respectively^the coordinates 
of the tensor S, and the coe f f i c ients of the connections V 
and V in the chart x. 

Now let be the coordinates cf an arbitrary self-dual 
bi-vector. By def in i t ion we have 

f ^ ? 
^ i j - 3o t « i j - r^ i co j - r ^ a,! 

(8) J . 

Prom the identity (8) we obtain 

- ^ " i j - Soci Wd<? " " i * 

or equivalently 

(9) - V ^ = 2Sa[i<? 
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By Theorem 1.1 this implies that ^ j ] 3 = 0 

are the coordinates of any se l f -dual 1/2-tensor of the oppo-
s i t e kind to that of the sel f -dual bi-vector <u(see [ 2 ] ) . 

Theorem 2.1 implies the fol lowing coro l lar ies . 
C o r o l l a r y 2.2. I f two l inear connections V and V 

on the Riemannian manifold M̂  d i f f e r by a self/dual 1/2-ten-
sor S, then every fiel^l of se l f -dual bi-vectors lo of the 
opposite kind to S is a covariant constant f i e l d with res-
pect to the connection V whenever i t ^ i s a covariant constant 
f i e l d with respect to the connection V . 
^ C o r o l l a r y 2.3. I f two l inear connections V and 
V on the Riemannian manifold M̂ i d i f f e r by a sel f -dual 1/2-

-tensor S, then every f i e l d of se l f -dual bi-vectors uj of the 
opposite kind to S is harmonic with respect to the connection 
Vwhenever i t is harmonic with respect to the connection V . 

Now let IiL be an arbitrary n-dimensional Riemannian ma-
oo ^ nif old of class C , and let V and V be two linear connections 

3 
on II . Further, l e t SsBI/r—-FM be a f i e l d symmetric with 
respect to i t s arguments sa t i s f y ing , within the domain of an 
arbitrary chart x £M, the ident i t i es 

(10) g i ; ] s , - u = o. i j k 

Let us put 

, . n k X k lk ¡k 
(11 ) " . - " - S g = S 

iJ i j i j 
p 

Consider now any antisymmetric tensor f i e l d OJ: BM — P M . 
Then, by de f in i t i on , in the domain of the chart x the follow-
ing ident i t ies hold. 

(12) 

, = a . r ^ 
" ^ l V W l l ' ' • ' ' S> " w a i l ' I l + 1 l p 

p 
V u , i =3.0), * - y e , . 0), , a t e* i • • • i lp a. « • • • i Lp 1' ' " * ' 1—11+1 ' * " *' p 
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Taking into account (11) we obtain from (12) 
p . 

Ci3> V,»- t - V^i , = - Z V i wi i o i i <*. i1f*>lp «^S ip 1-1 eili •••lip-

In view of the assumptions concerning the tensor S, we 
obtain from (13) the identities 

v [ < A , . . . . i P r v [ A s i (u) V r ^ < i = v i 

and 
OCi r-7 OCifÎ 

(15) g V « i » S V <0 . ± . ex. 1I2 »..., ip * * • » p 

Prom (14) and (15) we obtain the following theorem. ^ 
T h e o r e m 2»3« If two linear connections V and V on 

the Riemannian manifold Ll̂  differ by a tensor S satisfying, 
in the domain of any chart x from the atlas of the manifold 
M_, the identities n * 

(16) 
S(ijk) * Sijk ' 

id 
Sijk - 0 

then the rotation as well as the divergence of any p-vector 
with respect to both connections are the same» 

In particular, the above theorem implies the following co-
rollaries. 

C o r o l l a r y 2.4. Assume that two linear connections 
V and V on the Riemannian manifold M n differ by a tensor S 
satisfying the identities (16) within the domain of an ar-
bitrary chart x from the atlas of the manifold Mn. Then 

1) Every tensor field on harmonic with respect to 
the connection Vis also harmonic with respect to the con-
nection V . 
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2) Every field of Killing tensors on M^ with respect to 
the linear connection V is also a field of harmonic tensors 
with respect to the connection V. 

It is not difficult to see that the following theorem also 
holds. ^ 

T h e o r e m 2.5. If two linear connections V and V on 
the Riemannian manifold IV̂  differ by a tensor S satisfying, 
within the domain of a chart x from the atlas of the mani-
fold M^» the identities 

S(ijk) = Sijk' 

then every field of Killing tensors with respect to the linear 
connection V is also a field of Killing tensors with respect 
to the connection V . 

It is known that the torsion tensors T and T of two 
linear connections on a differential manifold. NL are iden-
tical if and only if the connections V and v determining 
these tensors differ by a symmetric tensor. 

Accordingly, (2.5) implies the following corollary. 
C o r o l l a r y 2.6. If the torsion t«nsors T and T 

of two linear connections V and V on the differential mani-
fold Mn are equal, then the rotation of an arbitrary tensor 
hit with respect .to the connection V equals the ro-
tation of this tensor with respect to the connection V . 

In particular, we obtain the following' corollary. 
C o r o l l a r y 2.7. If the torsion tensors T and T 

of two linear connections V and V on the Riemannian manifold 
N^ are equal, then every Killing tensor O) with respect to 
the connection V is simultaneously a Killing tensor with res-
pect to the connection V . p 

In turn we consider a tensor field S : BM —"-BM satis-
fying the identities 
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i n t h e domain of a char t x from t h e a t l a s of the manifold 
Mn. Then we have 

f i k k p i k t ? p;<? k k 
7 « s i 3 = 3 c c s i d s i d « j si<? - U i s < ? r 

Hence we get 

k ~ k k q 3 k S k 

V ( * S i ) j ~V(oCS i)d = S(oc|g| S i ) j " S ( c c | ^ | S i ) ^ * S ( « i ) S
R j " 

= S(cc 1^1 S i ) j - SU'\]\Soch> ' S ( J ) * 

Consequently, we o b t a i n the f o l l o w i n g c o r o l l a r y . 
C o r o l l a r y 2 . 8 . I f a t e n s o r S i BM2 —• BM s a t i s -

f i e s t h e i d e n t i t i e s (17) i n the domain'of a cha r t x from the 
a t l a s of the manifold M^, t h a t i s , i f i t i s a K i l l i n g 1 / 2 -
- t e n s o r wi th r e s p e c t t o the connect ion V , then i t i s also, a 
K i l l i n g t e n s o r of type 1/2 wi th r e s p e c t t o t he connect ion V = 
= V + S. 

Example. Let f » BM — F M he any symmetric f i e l d of 1/1 
harmonic t e n s o r s on By d e f i n i t i o n we have ( c f . [ 3 ] ) . 

V f l f c 3 0 A g i 3 v i f d i a 0 -

Let us put 
k n k ~ k i k 

S i j i;J " i j i j i e ' 

I t i s easy to see t h a t S ^ s a t i s f i e s | the assumptions of 
Theorem 2 . 3 . 
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