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SOME PROPERTIES OF LINEAR CONNECTIONS
ON RIEMANNIAN MANIFOLDS, I

1. Introduction

Let M = (M,A) be an n-dimensional Riemannian manifold of
class C%°, A - the atlas of this manifold.

FM and BM denote, respectively, the ring. of smooth
functions on M, and the module of smooth vector fields m i,
PFurther, let g denote the metric tensor and V-a ar-
bitrary linear connection on M,

Definition 1.1, Every tensor field w:BUM —= FM
satisfying, in the domain of an arbitrary chart x = (x1,...,xn)eA,
the identities

(1) =
ol ECTPURE 1 B VNS B
(2) V. =0
[i'wi.‘,oo',ir]
11
(3) gaviwj’-iz’”.ir=0

is called a field of harmonic “temsors [1].

Definition 1.2, Every tensor field w: BMT — FM
satisfying, on an arbitrary chart x€ A, the identities (1)
and (3) as well as

(4) : v =V
[iwi1’.0.'ir] iwi‘]’.l.’ir

1s called a field of Killing temsors [1].

- 321 -



2 MJ.Jaszczak, Z.Z%ekanowski

Definition 1.3, Let n =2p. A tensor field
w? BMPH—’FM is called a field of self-dual 1/p-tensors if
in the domain of an arbitrary chart x € A the following identi-
ties hold: .

(5) w ' =W
1[11,...,ip] E PPN
__9__ j1)-.009jp .
(6) PP BT e P “13q10000dy

n
where I : BM —FM is a linear n-form on M such that

2 i19..o’ip
1" = I. 1 =13 8= *1,
11’0-0’ p
A tensor field is said to be self-duat of +the first

kind if ©= +1. Similarly, a tensor field ‘5’ is said to be
self-dual of the second kind if 0= -1 [2],
For self-dual 1/p-tensors the following theorem holds (see
2. :
Theorem 1,1, For two arbitrary self-dual 1/p-ten-
sors & and ‘é’ , of different .kind;'s if p=2k, and of the same
kind if p=2k + 1, the identities

i ,o.o,i
(7 ! =1 -
‘1’ 111 geoe ,ip_1 [j ‘é‘) Ikl l]

hold in any chart x€A,

2, Some properties of linear connections mn Riemannian ma-
nifolds '

. Let M be a four~dimensional Riemannian manifold, x - an
arbitrary chart in the atlas of this manifold4|. Next, let SoLi,j
be the coordinates, in the chart x, of any self-dual 1/p-ten-
sor S, By definition, the following identities hold:
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% ts] = Swiyr Swiy = 2 Tiga S
where 8= +1 or -1,

We shall prove the following theorem.

Theorem 2,1, Two linear connections V and V on
the Riemannian manifold M4 differ by a self-dual 1/p-tensor
S of the first kind (resp. of the second kind) if end only
if for any self-dual bi-vector w of the second kind (resp. of
the first kind) the folldwing identity holds

Vo = Vo.

Proof, Let 8§ =V~-V where V and V are linear con-
nections on M4. Then for any chart =x from the atlas of the
manifold M4 we have the identities

k k ™k
i;i;f"'rij -I“ij

k k
where si;j R l“ij and Fi are, respectively,}the coordinates

of the tensor S, and the coefficients of the connections Vv
and V in the chart x,

Now let wij be the coordinates of an arbitrary self-dual
bi-vector., By definition we have

9 e

~8 ~

S
Vu“’i;j = 0y 4 -Pding -y W; o

From the identity (8) we obtain

~

) ¢
Vawurg = Voo @1g = &3 9ge = B @1

or equivalently

(9) Vd_wij -V, Wiy = 2sd[i9 ©5]q -
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By Theorem 1.1 this implies that S,[;% Wilg = O s ]
are the coordinates of any self-dual 1/2-tensor of the oppo-
site kind to that of the self-dual bi-vector w(see [2]).

Theorem 2,1 implies the following corollaries. ~

Corollary 2.2, If two 1linear connections V and \%

on the Riemannian manif‘old M4 differ by a self/dual 1/2-ten-
sor S, then every field of self=-dual bi-vectors w of the
opposite kind to S5 is a covariant constant field with res-
pect to the connection V whenever it _is a covariant constant
field with respect to the connection V.
.~ Corollary 2,3, If two linear connections V and
V on the Riemannian manifold M4f differ by a sel"i’-dual 1/2=~
~tensor S, then every field of self-dual bi-vectors w of the
opposite kind to S is harmonic with respect to the connection
V whenever it is harmonic with respect to the connection V.

NWow let Mn be an arbitrary n—dipensional Riemannian ma-
nifold of class C°, and let Vand V be two linear connections
on i, Further, let S:BM’—FM be a field symmetric with
respect to its arguments satisfying, within the domain of an
arbitrary chart =x €M, the identities

i
(10) g sijk=o.
Let us put
k ~k 1k k
(11) R - =S .
i 13 ij1 ® ij

Consider now any antisymmetric tensor field w: BMp—> FM.

Then, by definition, in the domein of the chart x the follow-
ing identities hold.

( )
Vw = w - l"g w
11....,1p o 1'1""'1;: é aiy 1‘1’""11-1’9'1‘l+1""’1p

~ P~
] ¢
2011.....ip‘9¢“’i1,...,ip PN REOTERRL NPT N STPTPROeL
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Taking into account (11) we obtain from (12)

~ P
] .
(13) Voo -V =- 2.8, W .
w0 i a911,....1p = T M SPPPRYS SR 2% SYPTRIINE W

1.00-,

In view of the assumptions concerning the tensor &S, we
obtain from (13) the identities

~o

(14) Viw =Viw
[« 11 gooo’ip] [d i1-,a.o-ogip]
and
ol iy
\Y) - W
(15) g a.“iiz,...,ip iVL 15 0eee sy

From (14) and (15) we obtain the following theorem,

Theorem 2,3, If two linear connections Ve Von
the Riemannian manifold Mn differ by a tensor S satisfying,
in the domain of any chart x from the atlas of the manifold
Mn’ the identities

S(1k) = Sigx

i
& Sijx

(16)
=0

then the rotation as well as the divergence of any p-vector
with respect to both connections are the same,

In particular, the above thecrem implies the following co-
rollaries,

Corollary 2,4, Assume that two linear commections
V and ‘\7 on the Riemannian manifold Mn differ bya tensor S
satisfying the identities (16) within the domain of an er-
bitrary chart x from the atlas of the manifold Mn. Then

1) Every tensor field on M, harmonic with respect to
the conngction V is also harmonic with respect to the con-
nection V ,
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2) Every field of Killing tensors on Ms with respect to
the linear connection V is also a field of harmonic tensors
with respect to the connection V,

It is not difficult to see that the following theorem also
holds, ' ~

Theorem 2,5 If two linear connections Vand V on
the Riemannian manifold M differ by a tensor S satisfying,
within the domain of a chart x from the atlas of the mani-
fold Mn' the identities

S(13x) = Sigk

then every field of Killing tensors with respect to the linear
connection V is also a field of Killing tensors with respect
%o the conmection V,

Tt is known that the torsion tensors T and T of +two
linear connections on a differential manifold. are iden~
$ical if and only if the connections V and determining
these tensors differ by a symmetric tensor.

Accordingly, (2.5) implies the following corollary.

Corollary 2,6, If the torsion tensors T and T
of two linear connections V and V on the differential mani-
fold Mn are equal, then the rotation of an arbitrary tensor
w: BMP —=FM with respect 30 the connection \Y, equalithe ro-
tation of this tensor with respect to the connection V',

In particular, we obtain the following corollary,

Corollary 2.7 If the torsion tensors T and T
of two linear comnections V and V on the Riemannian manifold
Mn are equal, then every Killing tensor w with respect to
the comnection V is simultaneously a Killing tensor with res-
pect to the connection V.

In turn we consider a tensor field S : BM2—’BM satis-
fying the identities

k k

k
(17) V[etsi]ﬁ = 03 sij = = Sji; g i °jk =
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in the domain of a chart x from the atlas of the manifold
M_. Then we have :

n.
k ¢ k‘ ¢ . k
V815 = 2,843 +I"s 3= Tag 510 =T Soq
7 S
V5 j =2 si‘_j +["°<q Si:] -r‘,‘:j 1g l;'(i e:i

Hence we get

k =~ k k Q Q k - 3 k
Vied1)3 = Vie1)5 = S(ajel 51)3 = Staly) S1)g = Stat) So3 =

L I ¢
= 3o g1 %1)5 7 S(1131%x0g T Blxt) Sy = O

Consequently, we obtain the following corollary,
Corollary 2,8, If a tensor S BMZ —= BM satis-

fies the identities (17) in the domain ‘of a chart x from the
atlas of the manifold M.n, that is, if it is & Killing 1/2-
=tengsor with respect to the connection \% » then it is alsg a
Killing tensor of type 1/2 with respect to the connection V =
=V + 8.

' Example, Let f BMZ—’FM be any symmetric field of 1/1
harmonic tensors on M . By definition we have- (cf.[3]).

=0 /\gidvif 0.

Vit

b

Let us put

k = 1k

It is easy to see that si? satisfies| the assumptions of
Theorem 2,3.

- 327 -



8 M.,Jaszczak, Ze.Zekanowski

BIBLIOGRAPHY

[1a\K. Yano, S¢eBochner: Curvature and Betti numbers. Prin-
ceton-New Yersey 1953.

[2) 2. 2ekano wsk i: On certain generalization of the concept

" of a self-dual tensor, a harmonic tensor and a Killing tensor in

" a V,+ Demonstratio Math, 1 (1969) 77~137.

[3] We.S1ésarska, 2. 2ekanowski: On certain genera-
lization of the concept of a harmonic and Killing tensor in a Vn,
Demonstratio Math, 2 (1970) 201-221.

INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY OF WARSAW

Received November 7, 1974.



