DEMONSTRATIO MATHEMATICA
Vel. VIII Ne3 1975

Danuta Przeworska-Rolewicz

CONCERNING NON-LINEAR EQUATIONS
WITH RIGHT INVERTIBLE OPERATORS

In the present paper we shall give some results concerning
mixed boundary value problems and initial value problems for
quasi-linear equations and some non-linear equations with right
invertible operators,

Let X be a 1linear space over an arbitrary field of
scalars F, Let L(X) denote the set of linear operators
A mapping linear subsets :D (called domain of A) of X
into X amd Ly(X) = { A€L(D): &, = X} . Writes Z,=kerA=

{xe $ Ax = O}

An operator De L(X) is said to be right invertible (¢,
[1]), if there is an operator R €Lo(X) such that D < RX
and DR = I, where 1 denotes the identity operator., The seil
of all right invertible operators belonging to .L(X) will be
denoted by R(X), The set of all right inverses of an operator
DeR(X) will be denoted by :RD. The set 2; = ker D is said
to be the space of constants for a DeR(X),

An operator Fe€ L(X) is said to be an initial operafor
for a DeR(X) corresponding to an Re€ Rp, if F is a pro-
jection onto the space of constants (i.e, if F2=PF, FX = Zp)
such that FR = O, By Theorem 2,2 of [1] an operator FeL(X)
is initial for DeR(X), if and only if F =I ~RD on &,
for an Re€ Rp. Denote by 3'D the set of all initial opera-
tors for DeR(X). By Theorem 2 of [2], if F is an initial
operator for DeR(X) corresponding to an Re Ry, then

(1) Ry = {R+Pa s AeLo(X)}, Fp = {F(1-4D): Ac LO(X)}.
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2 D.Przeworska-Rolewicz

Theorenmn 1. Suppose that Fo""'FM+N-1 are Initial
operators.for D€ R(X) corresponding t0 RgyeessRy 4 € Rp

respectively, Write:
N

(2) alp) =2 q, 0¥,
. | ]

where Qgye..,Qq_q€ L(X), Qy = I,

Let A be a non-linear mapping of X .into itself, Suppose
moreover that ~1 is not eigenvalue of the operator Q, where

B=1
(3) Q= g Qk Rk ) RN_“ ’
then the mixed boundary value problem

(4) a(p)o% + Alx) = 3, yeX, (M30),
(5) Py D = ¥y y € Zp (k= 01,000, M48-1)

is reduced to the following equation

(6) x + ‘K‘(x) =y,
where

A Ac=1
(7) A =Ry eee By g (I+Q) 4,

N e neB-1
(8) y= RO.. .RM+N-1 (I+Q) yn_l_n + yo + g RO‘..Rk—1 yk’

=1 | = )
(9) Taew =¥ - % Qm[_,, RygeeoRypoq 9y + .Vm] .

Proof, Write equation (4) in the form

(10) a(p)p¥k = F,

where ¥ = y-A(x).
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Concerning non-linear equations 3

Theorem 1.3 in [3] implies that the problem (10), (5) is
well-posedK and has a unlque solution‘ ,

>
!

. _'] =1 W1
= R oooBRy o o (I4R) [5 - _z_o: Qm(§1 RpeeoRy q ¥ * ”m)] +

) )
+ y + 2 R ..'Rk -1 yk =R .0.RM+N 1(I+Q) [y - A(x) +

]

Z Qm(z R ..B oy te ym)]+ Yot 2 ByeesBy g ¥y =

asl

Matt
A Ac=1 “A A
- A(x) + R eeoRy nq (I+Q) Yies * y9‘+ Z R eeeR 4 ym=-A(x)+y

which was to be proved,
This thedrem immediately implies the following
Corollary 1, Suppose that all assumptions of . Theorem
1 are satisfied. If +the transformation I+A where A 1is
defined by formula (7), is invertible, then the problem (4),

(5) is well-posed and its unique solution is of the form
=l A
(11) - x = (I+A)

where y is defined by Formulae (8), (9),

Corollary 2, Suppose that all assumptions of Theorem
1 are satisfied and that moreover the operatora Qo"“’QV 1
commute with D, If the <transformation I+A where A is
defined by formula (7), is invertible, then the mixed

boundary value problem for the equation
(12) oM Q(D)x + A(x) =y, vyeX  (u>0),

with conditions (5) is well-posed and its unique solution is
of the form (11),

Putting F,=F, R, =R for k=0,1,.,.,M+N-1 we obiain

%) i.e, this. problem has a unique solution for every y € X,
VoreoerTyyq € 4p (efe [10).
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Corollary 3. Suppose that F is an initial operator
for De€R(X) corresponding to an R ERpe Define Q(D) and
A as in Theorem 1, If the transformation I+A, where

A=RMV(1.9)" 1\A, is invertible, then the initial value problem

(4) Qo) + A(x) =y, yeX (x>0),

(1'3) FDkx = yk’ yk € ZD (k=0'1 g0 ,M+N—1 )

is well=-posed and its unlque solution is of the form
. - e -1 Welt
(14)x = (I+4) {RM+N(I+Q), [y Z ( R" yk+ym)]+ 2 ®yp.
ba+l : =0

Corollary 4. Suppose that all agsumptions of Corollary

3 are satisfied and that Q. ,...,Qy_4 ocommute with D, If

the transformation I+A, where A = R (1,4)"1a A, is in-
vertible, then the initial value problem (12), (13) is well-
-posed and its unique solution is of the form (14).
Corollary 5. Suppose that all apsumptions of Theorem
1 are satisfied. If the transformation I+ﬁ, where K is
defined by formula (7), is invertible, then every solution

of equation (4) is of the form

-1

(15) x = (I+ﬁ)-1{R°...RM+N_1(I+§)—1[y- g (z RoeeeR 42 +2, )]

m a1

0]
tzo+ g, R...Rk,] k}
where Zoeeee 2N eZD are arbitrary.

If -1 is an eigenvalue of the operator Q defined by
formula (3), we can obtaln conditions of solvability of prob-
lems under considerations in a similar way as in Theorem 3,2
of [1]. as regards the invertibility of the operator I+A and
the solvability of equation (6) we have the same situation.
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Concerning non-linear equations 5

This means that we can assume various conditions of solvability
of the equation (6) leading to different solutions of our
problems,

Theorem 2, .Suppose that DeR(X) and ReRp.Let
{Hx}xeX' be a family of mappings which depends in & non-
=linear way on x€X and such that for every fixed xe X the
operator H,€L(X) is invertible. Then every solution of
the equation

(16) Dx = H y,
where y€JX4 is a solution of the equation
(17) x - RHY = z,

where z€Z; is arbitrary.

Conversely, every solution of equation (17) is a solution
of equation (16),

Proof, Suppose that xe€X is a solution of equation
(17). By our assumptions Dz=0, Thus we find

Dx - H.y = Dx - DRH_y = D(x-Rny) =Dz = 0,

This means that x is a solution of equation (16),

, C‘onvgrsely, suppose that xeX satisfies equatibn (16_).
Then x = Rny + 2, where 2zZ€ ZD is arbitrary. ﬁence X is a,
solution of equation (17).

§9F2¥}§?X__§: Suppose that =all assumptions of Theorem
2 are satisfied and that F is an initial operator for
D corresponding to R. Then every solution of the initial
value problem for the equation (16) with the condition

(18) Px = x X_ € Z

o’ 0 D
is a solution of the equation
(19) x-Rny = X,

Conversely, every solution of the aequation (19) is a'solution
of the problem (16), (18),
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Indeed, by our assumptions FR=0 and Fxo=xo. If x sa-
tisfies the equation (19), then, by Theorem 2, X is & 80O~
lution of equation (16), Moreover, Fx = F(RH.y + x,) =
= FRH_y + Fx, = x,, Hence the condition (18) is also satis~
fied, Conversely, suppose that x is a solution of the prob-
lem (16)=-(18), Since x satisfies equation (16), by Theorem
2, x satisfies equation (17) for a z € Zp.

Since =z GZD, we have Pz = z, Thus

z = Fz = ‘F(x-Rny) = Fx - FRHy = Fx = x
which proves that =x satisfies equation (19),

Obgerve that Theorem 2 and Corollary 6 generalize the
method of solving of ordinary differential equation of the
form y’ = £(x) g(y) for equations with right invertible ope-
rators, Another way of generalization is the following.

Theoren BL Suppose that

1) DER(X) eand RgyeeesRy y 1€ Rps

2) The operator Q(D) is defined by formula (2);

3) The number -1 is not an eigenvalue of the operator
B-1

(20) Q=2 Q Ry, ooe Ry s

4) The family {Hx} ex satisfies the assumptions of Theorem 2,
: x
Then every solution of the equation

(21) ) % =H 3y, yex (m>0)
satisfies the equation

: ~ =1

P ) ] B=1
= R oo.R (I+Q) ( oo'R )
00 * *Fy+N-1 2 Q2 RyeeeRy g 2tz )+
Ml
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Concerning non-linear equations 7

where 2z seeesZy . 16 Zh are arbitrary.Conversely, every so~
lution of equation (212) satisfies equetion (21).

Fr oo f, By our assumption the operator I+ is inver-
tible, Virite

z A M A ~ -'1
(2!3> D = Q(D)D s R = Ro... M+l —1 (I+Q) .

We £ind .

AN

DR

]

=
QDI R e Ry g (14Q) =

-1
i ~
Q(D)[D IRO' . .RM—1-]RM. . .RI\t'I+N-1 (I+Q) =
~y =1 L Kk =
Q(D)Rye . Ry g 4 (T+4Q)7 = § Qe D* Ryew Ry o4 (349 =

[}

X S ~ ~. =1
2 9 Ry By (TR = (LANTAQ) =1

Thus DeR(X) and %{635. Theorem 1,3 in [3] implies
that

¥ et
~ =1 , L
(44) zZ§ = {z: z=R°...RM+N_1(I+Q) g Qm( Z;n RoeeeR 42 + zm)"
Hant

tz o+ ; Ro'"Rk-'l Zies ZoesaZyin g G‘ZD} .

This formula and Theorem 2 together imply the
our theorem.

conclusion of

From Theorem 2 we obtain the following corollary,
« Corollary ‘7. Suppose that all assumptions of Theorem

3 are satisfied and +that, moreover, Ro S eee = RM+N 1= R.
Then every solution of equation (Zh) satisfies the equation

(25) x - gV (I+'d')- Hy =

=1

1 B=1 K Mi=1
~oy" -m
RN q, &R T+ D 8
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8 D.Przeworska-Rolewicz

where ZoseeesZynag € ZD are arbitrary and
b1
~ N-k
v= 3 YR .
X=0

Conversely, every solution of equation (25) satisfies equation
(21).
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