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KATAXCUHA JIHTCBCKS 

I I P H M E H E H H E M E T O f l A P O T È K I1EPBOH 3 A / I A H E 4 > y P b E 
flJI* n A P A B O J I H M E C K O i i C H C T E M b I 

B 3TOÜ paÖOTe flOKa3aHO cymecTB&Bamie no MeTOjy PoTe o t ì o 6 -
meHHHX pemeHHiì nepBOfi 3a,naiH gpypte jym HeKOTOpoß napaßoJ iH-
wecKOä C H C I E M H T M e i o ^ PoTe, npHMeiiaJicH K napaßojnmecKOMy y p a B -
HHHHK) B paßOTax [ l ] , [ 2 ] , [ 3 ] . 

PaccMOTpHM napaÖojiHiecKyio'cHCTeMy BH^a 

npH cjiejyjomHx rpaHHiHO—Haiajii>HNx yc^OBHHX 

^ I u ( x , 0 ) = cp(x), xeSl; 

u ( x , t ) 
SRJI 

S^ - a B M e i o a ÖOKOBOS noBepxHOCTBio UHjiHHflpa Q^,, 

& - opranmieHHafl ofijiacTi. n p o c i p a H c i B a E n , ( x , t ) e Q^ = 

= Ä *[O,T] , 
dSÌ - r p a m m a Q, , 

noBTopeHHe HH^eKca appoH3Be;neHHH o s H a i a e T cyMMHpOBaHHe OT 
1 Ä O n . 
KosifHiiHeHTH a ^ = H B J U H O T C H CKaJUipHoft H3MepHiiofi 

ÌyHKQHeft, a . . = a , v r a i max a . . ( x , t ) < co , a Taicxe 
10 ü i (x^eQj 

( 3 ) a i d ^ < 

r x e > 0 , K 2 = £ % f . 
i=1 

B = B ( x , t ) - MaTpnua H 3 N C T P O K H N- C T O J I 6 U O B O 3 a e u e H i H Ma-
i p m p j B xaKze > ITO 
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2 K.J lKT&BCKa 

v r a i max B ( x f t ) < X , X - c o n s t < «"> 
(x,t)eQT 

( a , B u ) d x > 0 iJLff B c e x u £ W2* (Qq,). BeKTOp-

- fyHK i iHH f = f ( x , t ) , (p = <p(x) npe^CTaBJiHioT H3 ce6a c i o j i f i i p i 

H3 N - KOUIIOHeHT t KOTOpHe HBJIHBTCa 3JieMeHTaMH H3 I ^ Q q i ) , 

I^C^) COOTBeTCTBeHHO. 

BBejeM o6o3HaueHHH 

( u , ) 2 1 2 ± ) 2 , 
L=1 k=1 k 

a ^ ( x f z ) g = * - ^ [ u ( x , z ) - u ( x , z - h ) ] , 

a^.(x,z) £ u ( x , z + h ) - u ( x , z ) j . 

B flajiBHeSmeM mh Sy jeM A M coKpameHHa 3anncH nHcaTB 

u ( k ) = u ( x , k h ) . 

Pa306i>eM ipuiHHflep Q^ i i j iockocthmh t=kh," k = 0 , 1 , 2 , . . . , m , 

h > 0 Ha cj ioh h npeanojxoacHM, ^jlh cOKpamehhh 3anHCH, n o - £ = m -

qeJioe i h c j i o . 

I lycTB e c u . n epe ce i eHne i i j i o c ko c t h t =.kh c Q ,̂, a S^ -

e r o r p a m m a . SaMeHHM CHCTeMy ypaBHeHHfi (1) flHf$epeHn;HajibHO-

-pa3H0CTH(0H CHCTeMO& 

(4) ^ ( k ) - + B h ( x , k ) u ( k ) = f h ( x , k ) , -

r^e 

kh 

f h = f h ( x , k ) = I f f ( x , r ) d r , 

kh-h 

kh 

B h = B h ( x , k ) = J / B ( * , r ) d i r , 

kh-h 

kh 

3 a £ j ( x ' k ) = E / a i d ( x » r ^ d T -
kh-h 
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IIpHMeHeHHe MeTOfla PoTe . 3 

K CHcieMe ( 4 ) n p H c o e í h h h m rpaHK^Hoe a H a i a j i B H o e j t c j i o b h h ( 2 ) : 

Í u ( x f O ) = <p(x) 

I u ( x , k h ) L = 0 . 

Tax KaK f e L 2 ( Û ) , TOi\na Ha KaatflOM. ( 4 ) , (.5) 

0 í H 0 3 H a i H 0 pa3pemHHa B W^Cfi). IIojiyqHM ä k e ë pemeHHÍi u ( x , k h ) 

oueHKy D H e p r e T H t i e c K o r o rana, He 3aBHcnmyio OT h . Rax B T O T O 

yMHOacHM CKaaapHO ( 4 ) n a 2 h u ( x f k h ) , no j iyqeHHoe paBSHCTBO n p o -

cyMMHpyeM n o k B n p e ^ e j i a x OT 1 ä o K a K o r o - j i n d o k Q ^ m h 

OKOHiaTejiBHOe paBeHCTBO npOHHTerpnpyeM no ß . B p e 3 y j n > T a i e 

noj iy iHM 

ko kg 
( 6 ) a , s / ( . W . t f c > ) « - - 2 h 2 - i ( « í j 

K= 1 Q k—1 B \ 1 ¡J / 

+ f ( u ( k ) , B h u ( k ) ) d x = 2 h ¿ / ( u ( k ) , f h ) d x . 
k=l a k=1 c 

Jifia n p e 0 6 p a 3 0 B a H H H n e p B o r o TjjieHa Hcnoj i i ,3yeM TOsc,jjecTBO 

k k 
2 h 2 ( u o o . u s o o ) = u 2 ( k 0 ) - u 2 ( o ) + h 2 ¿ ( ^ ( k ) ) 2 , 

k=i k=1 

H n o c j i e HHierpHpOBaHHÄ n o q a c i H M n o j i y q a e M 

( 7 ) / a 2 ( k 0 ) d x - / u 2 ( 0 ) d x + h 2 ¿ / ( u ç i k ) ) 
a a Ok 

ko -
+ 2 h 2 7 ( u ( k ) , B h a ( k ) ) d x = 

k a1 a 

= 2 h ¿ / ( u ( k ) , f h ) d x . 
k=1 

2 , d x + 
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4 K..JlHT3BCKa 

Kpoue OTORO, C HOMOQBK) ( 3 ) , OUEHHU CHH3Y ^JIEH 

• 6 = ^ ± ^ ) > % < * > ) 2 ' 

i t o npHBOflHT nao K HepaBeHCTBy 

K 
(8) f u 2 (k Q )dx + 2 - > h ¿ / f e f r ) ) 2 * * 

h 2 2 y ( u ^ k ) ) 2 « * + 2 h ¿ / ( i i ( k ) f B h u ( k ) ) d x < 
k=1 k = 1 % 

06o3HaiHM qepe3 JieByio lacTB nocjiejHero HepaBeHCTBa H 
oiijeHiiM eë cjieayiomKM 06pa30M 

(9) I h ( k o J " / u 2 ( k o ) d x + / ( u x ( k ) ) 2 d x + 

N Q. 

+ H 2 

¿2 % 

2 y ( u t O O ) 2 d x + 2h 2 y 7 ( u ( k ) , 3 h u ( k ) ) d x ; 

<f(j> 2(x)dx + 2h ¿ y ( u ( k ) , f h ) dx ^ 

< / ' u 2 ( x , 0 ) d x + h ^ 2 / u 2 ( k ) d x + h - | 2 

a ^ s¿K k=1 

« / V C X . O F C X a P U , ç it-f a t 

rj;e ç ECTB NOCTOFLHHAA, 3ABHCAMAA OT FLIIAMEIPA oßjiacTH £2» 
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üpuMeHeHHe Meio.ua P o t e 5 

flajiee, h3 ( 9 ) c j ieayeT, i t o 

do) ih(k0)-hv¿/(Ux(k))2dx<e(W|fS2+ llfh III Q ), 
»- i àfc ^o 

c nocTOHHHoS E = max ( 1 , " ^ ) , He 3aBHCHnieii o t h. 

B CHJiy oiteHKH ( 1 0 ) , moxho cf lej ia iB npeaejiBHHM nepexo.ii; no 

h - * 0 h í O K a 3 3 T B , qTO npeaeJiBHaa fljia { u ( x , k h ) , k = 0 , 1 . . m } 

BeKTop-fyHKi iHH u ( x , t ) ecTB o6o6meHHOe pemeHHe 3a jaqH ( 1 ) , 

( 2 ) H3 

J[JLK 3 TOPO 0603Ha^IHM 

r m 
u a ( x , t ) a ( x , k h - h ) . % ( t ) , X 6 Û , 

^ (IJ(h-h,kh)J 

r » w t } -

1 , AJIH t e [ a , b ) 

O, JJI.1 t i [ a , b ) . 

BeK TOp —(JyHKIÎKH U h ( x , t ) Ê f ï J ' 0 ( ^ ) paBHH HyJIIO Ha S T H, B 

cKJiy ( 1 0 ) , EMe»T paBHOMepHO orpaHimeHHHe hopmh b " ^ ' ^ ( Q ^ ) * 

™ P l i . ^ t è l ^ « « . 
B j i a r o j a p n ( 1 1 ) , mojkho sußpaTt nocjieflOBaiejiBHOCTB h-, ( 1 = 1 , 2 . . . ) , 

í h l l OXOíHqy»Ca H HyJIK), flJIÍi KOTOpOß BeKTOp- íyHKUHH SU f H HX 
j 3 U " 1 I ' 

np0H3B0£HHe i r c x o j h t c . i cjiaöo b L 2 ( Q t ) k HeKOTOpoñ 
L " i J q 

BeK TOp —(JyHKHHH U 6 ;72 ' (Qg,), paBHOÜ HyJIIO Ha S T , H K eë 

np0H3B0^HHM ¡g^T" COOT Be TCTBeHHO. 

Tenepb nOKaxcew, ^ t o Bek top —$y hkiíhh u ( x , t ) ecTB. o6o6meH-Q 
Hoe pemeHHe 3axsw ( 1 ) , ( 2 ) 113 W 2 ' (Qrr), t o e c t b y z o B j i e i B O -

paeT HHTerpajiBHOMy rorsaecTsy 

( 1 2 ) / [ - ( i ü ^ l , tt(Xft)) + a i á ( x , t ) + 

Qy ^ 0 

+ ( y ( x , t ) , B ( x , t ) u ( x , t ) ) ] d x d t + 

" i / dxd t , 
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6 K . J l H T I T B C K a 

st st 

n p H a » 6 o ñ y H 3 W g ' ( Q j ) » ' p a B H O ä H y j i i o n a S T h n p H t = T . 

Ç o o T H O m e H H e ( 1 2 ) ^ o c T a T O i H O y c i a H O B H T i > j i a m i . fljia H e n p e p H B H O 
St St 

Ä H $ $ e p e H q H p y e M H X l ? e W 2 ' ( Q ^ ) , p a B H H x H y j i » H a S T h b Ö j i h -

3H t = T» n o T O M y c o B O K y i m o c T t o t h x 6 e K T O p - $ y H K i i H H ä b -

j i a a e T C H n j i O T H O f t . 

x I t o Ô h 3 t o n O K a 3 a T b , yMHOKHM C K a j i a p H O ( 4 ) H a h y ( x , k h ) , 

n p o c y M M H p y e M n o k, b n p e , n e j i a x o t 1 s o n t h O K O H ^ i a T e J i B H o e 

p a B e H C T B O n p o H H T e r p n p y e M n o S I 

+ h S / ( 7 0 0 , B h u ( k ) ) d x = h 2 / ( V ( k ) , f h ) d x . 
k = 1 ¿2* k = 1 % 

I l e p B H a q j i e H ( 1 3 ) n p e o 6 p a 3 y e M c n o M o n j B i o $ o p M y j i H " c y M i m p O B a H H a 

( 1 4 ) h ¿ ( u î ( k ) , V ( k ) ) = 

*-1 

= - § ( u ( k ) , V t ( k ) ) + ( u ( m ) , v ( m ) ) - ( u ( 0 ) , 7 ( 0 ) ) , 
k = 0 

H n o j i y T O M 

( 1 5 ) - h 2 / ( u O O , ? t O O ) d * - f ( t p ( x ) , 7 ( x , 0 | d x + 

% S 

+ h S / C ? ( k ) , B h u ( k ) ) d x = h f / ( y O O , f h ) t a , 

b KOTOPOM MH c ^ m a e M ^ ( x , t ) = O n p H t > i n ( h - l ) . T o a c ^ e c T B O 

( 1 5 ) n e p e n a m e M b b h a $ 

(16) - y ( ? t ( x , t ) , u h ( x , t ) ) d x d t - / , ( i p ( x f O ) , ( f ( x ) ) d x + 

QT Ö 
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IIpHM6H6HZe MeTOfla foxe 7 

h a 

+//(ip(x,t) fB h(x,t)a h(x,t)jdxdt = 
A S 

r ~ 

= f f ( 7(x,t),f h(x,t))dxdt, 
/I £2 

rae Tiepia CBepxy Haa $yHKrçHJiMH 03HaiaeT, ito b TOnce (x,t) 
Kaxjoro cjioa {xe Ä , t€[k(h-1), k h ) | 3HatieHHa <J>yHKiÇHÔ cob-

nafla»T co 3naiehhamh b Toute (x,k(h-1)). 
KycoqHO-nocTOHHHHe no t BeKTop-fyHKiiiiH y ( x , t ) e x o t i c a 

paBHOMSpHO K Tj>(x,t), a BeKTOp-$yHKi;iIH (x ,t ) paBHOMepHO 
annpoKCHMHpyioT npoH3BO,nHyio ^ (fljia BcaKOft *y(x , t) - HenpepHB-
HO ,nH$$epeHHHpyeMoft BeKTop—<$yHKHHH ) • 

¿Us $yHKQHÖ a^. (XjtJ.B^CXjt) H f^(x,t) MOSCHO BHÓpaTB 
H3 l^il no^nocjieflOBaTeJiBHOCTi) j h ^ J ,p=1,2..., no KOTOpofl 
3TH (fyHKQHH CXOflSTCa K a^.. (x,t ) ,B(x , t ) H f(x ,t ) H01TH BCD— 
Ay h chjœbho b L2(Qqi), npimeii h IB*3! <ac . 

B cHJiy cjiaßofi cxoahmocth a h(x,t), 3 u k a z 

cooTBeicTBSHHO.j h yiHTHBas npejjHHymee, MOKHO B paBeHCTBe (16) 

nepeñia k npe^ejiy no iro,nnocjieflOBaTejii>HOCTH j h T i , î t o ho3bo-
1 iP' 

JIHT HaM yÖeflHTBCJI B TOM, *ITO BeKTOp-$yHKIÍHH u(x,t), HBJIHIOUa-

aca npejeJiOM u^Cxjt), yaOBjieTBOpaei ToacjecTBy (1£). SL Ta?. flOKa3HBaeTca Hajmque o6o6rçeHHHx pemeHHfi H3 W^' (Q j). 
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8 K .JlHTWBOKa 

[3] 0. A. JI a fl h at e h c |k a a» H.H. y p a ji i q e 1 a: 
JlHHefiHHe is. KBa3HJiHHe3HHe ypaBHeHHH 3 J i J i i i n T m i e c K o r o Tnna |» 

MocKBa 1964. 
£4] B.H. C m h p h o b : Kypc BHcmefi mstsmsthkhf tom V, Mo-

CKBa 1960. 

Katar^yna Litewska 
INSTITUTE OF MATHEMATICS, TECHNICAL UNIVERSITY OF WARSAW 
Received July 9, 1974-u 


