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INVESTIGATION OF REGULAR CONTINUITY 
FOR SOME SINGULAR SURFACE INTEGRAL 

1 . Introduction 

Let S be a closed Lapunow surface bounding a region D+ in 
the space E^. We denote by D- the complement of the se t D+u S 
to the whole space. 

We introduce the following notat ion (see [ l ] , p .168) 

J)(X ,Y,Z) 

and 

where |A—Q| denotes the Euclidean dis tance between the points 
A ( x , y , z ) € D+u D" and Q S , and N(a.,/3,y) i s the ver -
sor normal to the surface S at the point Q directed outsdde the 
region D + . 

Let the elements q^CQ), i = 1 , 2 , 3 , 4 » of the column 

0 X Y z 0 X Y z 

X 0 -Z Y X 0 Z -Y 

Y z 0 -X Y - z 0 X 

Z -Y X 0 Z Y -X 0 

o ; q(Q) = 

q-] (Q) 

q2(Q) 

q3(Q) 
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2 tf.Sznitko 

be defined and continuous on the surface S. The column 

(2) p ( A ) = d r / m ( a » q M Q M S q » 

called integral of Cauchy type, is defined for every A e D + u D ~ . 
It is known (see [l] p.170) that the column (2) is holomorphic 
in D + u D~; that is, it satisfies in this set an eliptic system 
of equations 

(3) j l ) p ( a ) . o . 

Moreover, if the elements of column (1) satisfy Holder's 

condition on the surface S, then for every Pe S there exists an 

integral (singular in the sense of Cauchy's principal value) 

(4) j ^ - J M(P,Q)q(Q)dS 

which can be expressed by the formula 

(5) ¿jM(P,Q)q(Q)dS Q = ¿-jM(P,Q)[q(Q) - q(P)]dSQ + ±q(P) . 
S s 

We have also the following formulas 

(6) 

P+(PÎ = \ q.(P) + J M(P,Q)q(Q)dSQ 

S 

P"(P) = - j q(p) + 4 Y J M(P,Q)q(Q)dSQ 

which correspond to Plemelj's formulas. Here F+(P) and P~(P) 

&re boundary values for the column F(a) defined by the formu-

las 

F +(P) = lim P(A) , F~(P) = lim P(A) . 
•A —1 PeS A-PeS 

(A 6 0*) (AiD~) 
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Investigation of regular continuity 3 

Concerning the singular integral ( 4 ) W.Zakowski has pro-
ved a theorem (see [ 4 ] p.43) which is an analogue of Privalovs 
theorem known from the theory of singular integrals (over a 
closed flot curves) in the sense of Cauchy's principal value. 

The aim of the present work is a generalization of the a-
oove mentioned theorem of Zakowski to the case of integral 
with parameter of the form (9). 

2. The investigation of a singular integral 

Let g(Q,B) = [g q(Q,B), g 2(Q,B), g 3(Q,B) f g4(Q,B)j denotes 
a column with elements defined for Qe S, B e 12 , where S and ZZ 
are bounded closed Lapunow surfaces arbitrarily situated inthe 
space E^. 

T h e o r e m . If the elements g ^ Q . B ) ,i=1,2 ,4, of the 
column g(Q, B) satisfy for every system of points Q e S , Q^ e S 
and B e ZL , B^ e £2 the conditions 

(7) |g±CQ,B)| < K , 

(8) |g i(Q,B)-g i(Q 1,B 1)| < K |Q-Q1 |h+|B-B1 , 0 < h < 1 ,o<M<, 1, 

where K is a positive constant, then the elements 0^(P,B), i= 
= 1,2,3,4iOf the column $(P,B) defined by a generalized sin-
gular integral of the Cauchy type 

(9) tf(P,B) = ¿ f M(P,Q)g(Q,B)dS Q, 
s 

(P 6 S , B e ^ , ) satisfy the inequalities 

(10) 1 ( P , B ) | < K(J + C) 

(11) 1 ( P , B ) J — ^ ( P ^ B ^ I < C^K [|P-P^ | h + |B - B J ^ " 8 ] , 

where F^e S, and C as well as C^ are some positive constants 
independent of the column g(Q,B), and £ is an arbitrary posi-
tive constant satisfying the condition /i> ¿> max(0,,u-h). 

P r o o f . Tie represent the integral ( 9 ) in the follo-
wing form 
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4 W.Sznitko 

P,B) = ̂ ¿jM(P,Q)[g(Q tB) - g(P,B)] dS Q + \ g(P,B) . 

Next, talcing into account inequalities (7),(8) and the 

following estimation of the elements M i k(P,Q) (i,k=1,2,3, 4) 

of the matrix M(P,Q) 

(12) |M.k(P,Q)|<
 1 g 

' - ' |P-Q| 

see ((4) p.39), we obtain 

s 

This implies 

(13) |0±(PfB)| < 0) , 

where 
1 f <^0 0 = s ? p ' 

<5 

Hence inequality (10) has been proved. 

To prove Holder's condition (11) we consider the diffe-

rence 

(14) |^(P,B) - </>i(P1,B1)|< |0±(P,B) - ^ ( P ^ B ) ! + ^ ( P ^ B ) -

- )| , i = 1,2,3,4. 

The following inequality 

i i lh 

(15) |0l(PfB)-0l(P1,B)| < C'kIp-P.,1 , i=»1,2,3,4, 

where C' is a positive constant independent of the column 

g(Q,B), result immediately from ¿akowski's theorem on preser-

ving Holder's class by the sinjgular integral 

= h /M(P,Q)g(Q)dS Q . 
5 
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Now we are going to prove Holder's condition with respect 
to the parameter B. To this aim we consider the difference 

<p{P,B) - (j)(P,B.,) = ^rjM(P,Q)[g(Q,B) - g(P,B)]dSQ + Jg(P,B)-

~ j j f MCP.QîfgCQ.B,) - gCP.B^JdSQ - l g (P, R,) = 

-J[sCP,B)-g(P,B1 ) P,Q)|[s(Q,B)-g(P,B) - g(Q,B1 )-g(P.B^jdS^. 

Since in view of assumption (8) we have 

(17) |-|gi(P,B)-gl(P,B1)|<lK|B-B1|
M
t i=1,2,3,4 , 

it remains to consider the integral 

(18) I = ^Jm(P,Q) [g(Q,B) - g(P,B) - g(Q,B.j ) - g(P,B^ ) dS 
Q ' 

To this integral we apply the classic method of potential 
theory (see,e.g. [ 3 ] p.593). It suffices to investigate the 
case, where | B—B^ | < <573, and <5" is a positive number so small 
that the measure of the angle cp between normals at the points 
P and Q of the part S^ of the surface S included inside the 
ball with radius 6 and center at the point P satisfies the 
condition cos cp > 1 / 2 (see [2] p.41). 

Consider a circular cylinder W(P,R) with radius R = |B—B̂  | 
and axis along the normal to S at the point P. We assume that 
the height of the cylinder is selected in such a way that the 
set W(P,R)n (S-Sk) is empty. Let denote the part of the 
surface S cut off by the cylinder W(P,R). We have S k. We 
place the origin of the coordinate system Pxyz at the point 
P of the surface S, where the axis Pz is directed according to 
the exterior normal at the point P with respect to the region 
D +. Then the remaining axes lie in the plane JTp tangent to 



6 W.Sznitko 

the sur face S at the considered point P.Next we represent the 
i n t e g r a l I in the form of two i n t e g r a l s 

(19) °1 I = I 1 + I 
S-6. 1 

spread over the parts 6^ , and S-6"^ of the surface S , r e s p e c t i -
ve ly . In view of the r e l a t i o n ( 1 8 ) , assumption (8 ) and the e -
st imation (12) of the kernel M(P,Q) we have 

(20) < 1 f -
^ J IP-Ql 

h , h 
K|P-Q| + K|P-Q| « V ? f J h -J Ip-Ql 

J1 

f o r i = 1 , 2 , 3 , 4 . This implies 

( 2 1 ) V < 2K f dSQ . 2K i dlQ' 
" J |P-Q|2"h^ » J |P—Q'l 2 - t l c o s cp 

where 52 i s the p r o j e c t i o n of the surface onto the plane 
jr , ip denotes the measure of the angle between the ax i s Pz 
and the e x t e r i o r normal to the surface S^ at the point 
Q(f»i?»i) a Q d Q' (£»?) i s the pro ject ion of the point , )£ ff^ 
onto the plane jrp . 

Introducing polar coordinates x = <p cos 1} , y=9sin 1?, where 
9 = | P-Q' |, in the plane or-p and making use of the i n e q u a l i t y 

1 
g- < cos cp < 1 which i s s a t i s f i e d at every point Qf e S^, we 
obtain 

(22) 
2tr [ a - s, | 

f / / - A^B-B, ! 

S -6 , 
where Â  > 0 . V/e represent the i n t e g r a l I as fol lows 

l S ^ " h f M(P,Q)|[s(Q,B)-g(P,B)]+[g(P,B 1 ) -g(Q,B. l ) 
S-5. 

dSQ = 

(23) 

= y J M(P,Q) [g(Q,B) - g t Q . B ^ j + f g t P . B - P - g t P . B ) ] dSQ . 
S-6, J 
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Taking into account assumption (8) and conditions (12) we ob-
tain 

(24) 
s-eL < 1 M-2KB-BJ' 1 -i1 - 1 

lr ' ? dSn=8K B-BJ i- —' 7 dSn f 4ir J |P-Q | Q 1 11 ^ J | P-Q | Q 

5-C, 
i=1,2,3,4. 

The last integral appearing in formula (24) can tie split into 
a sum of two integrals: 

S S , S-60 6,-6, 

where 6Q is the part of the surface S cut off by the cylinder 
W(P,(f/3) with axis coinciding with the axis of the cylinder 
W(P, |B-B-j| ). For that part &Q of the. surface S we hawe the 
inclusion c c S^. 

Projecting the part 6Q - of the surface S onto the 
plane tfp and using the inequality cos Cf > 1/2 we obtain 

(26) 

and 

h 0 ' 6 ^ fcj/ff-*?*8 " / f d 9 = l n f - l n | B - S l | 
0 |8-8,l Ifl-fl.l 

(27) 

Zir (5/3 // 
0 18-8, 

° < k ® lSl = a2 ' 

6/3 

< 

I In y | + | In |B-B1 j I = A3 + | In |B-B11|, 

for i=Ti2f3,4, where I Si denotes the area of the surface S, 
A 3 > 0. By inequalities (24,), (25), (26) and (27) we have 

(28) 
S-51 

<8K j B-B^ | (A2+A3+|ln|B-B1|| )< 
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< 8 K ( A 2 + A 3 ) | B - B 1 + B K l B - B j ^ £ | B - B 1 | £ | l n | B-B-j || , 

i = 1,2,3,4. 

Since for sufficiently small | B-B-j | the inequality 
| B-B-j |£ In|B-B^| <1 holds, we can write condition (28) in the 
following form 

(29) 
S- 6., 

<8K(A2+A3+A4+1)|b-B1|^"£ , i=1 , 2 , 3 , 4 , 

where £ is a positive constant amaller than /j., and 
A. = sup sup | B — i e . Combining inequalities (22) and (29) 
we obtain 

(30) ILJ < A^JB-B^ h+A 4K|B-B.,A 5K|B-B 1 |m-£ , 

1=1,2,3,4, 

where £> max (0, ¿u-h), A^ > 0. Prom (16), (17) and (30) it 
follows that 

(31) |0l(PtB)-0l(P,B1)|<c"K|B-B1|/l"£ , i=1,2,3,4 , 

where the positive constant C" depends on the choice of £ 
and on the surface S. 

Finally, taking into account estimations (14), (15) and 
(31) we obtain inequality (11), where = max(C' , C" ). Hence 
inequality (11) has been proved in the case | B-B-j | < if/3. 
5'or | B-B11 > we have * 

(32) |0i(P,B)-0i(P1,B1)| < |0i(P,B)| + | 0 ± ( P 1 ) | < K(1+2C), 

i=1,2,3,4. 

Multiplying both sides of inequality (32) by |B-B.j| we obtain 

^¡0i(P,B)-0i(P1_ ,B1 )|<|B-B1||0i(P,B)-0i(P1 ,B1 )|<K(1+2C) |B-B.,| )f 
1=1,2,3,4, 
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3U _ IM-« 0i(P,B)-<^i(P1,B1)| < f- (1+20) K |B-B,, | , 1=1,2,3,4, 

where b = sup IB-B11 1 " + E. This ends the prfoof of the the-V I i I £ or em. 
The theorem proved above is true also in the special ca-

se, important for applications, where P=B and C = S ; that is, 
it is true for the integral 

</>(P,P) = ¿-jM(P,Q)g(Q,P)dSQ , Pé S, Q e S , 
S 

where the elements of the column g(P,Q) satisfy the inequa-
lity 

I g i C P . Q Î - g i t P ^ Q ^ ^ K | Q-Q-, | +|I>-I,1| ,0 < h < 1 , 0 < yU é 1, 

To prove this special case, it suffices to represent the 
integrals 0(P,P) and 0(P.j,P.,) in the following form 

<f>(P,P) = j ^ j M(P,Q)[g(Q,P) - g(P,P)]dSp + \ g(P,P) , 

<i>(P^P.,) = ¿ J M C P ^ Q J ^ C Q . P ^ - g C P ^ P ^ j d S g + \ g i P ^ ) 
s 

and then make direct use of the theorem of ¿akoweki ( [4] p.37). 
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