DEMONSTRATIO MATHEMATICA
Vol. Vi1 No 3 174

S. K. Singh, L. Eifler

A NOTE ON THE MAXIMUM MODULUS OF %z)

The purpose of this note is to give a very simple proof
of the following theorem. ’

Theorem, Let f(z):-r—.-ga-zzezzﬂ (1+

. n=t
Then 1log M(r,f) ~r logr (as r —ow)*).

Proof., Wefirst bound £f(z) for Re z > 0. Set 2z =
= rele, where cos 8 =0, Then since (1 + u) e %21 for uz0,
we have
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Hence for Re z 2 O,

1) [£¢2)] < re("?)r .

*) M(r,f) = max |£(z)].
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We now bound f£f(z) for Re z < 0. Let n be a positive in~
teger satisfying Re(z+n) > O. Using +the relation [ (z+1) =
= 2l (z), we have

1 _ 2{2+1) «es (2+n-1)
T(z) ~ {z+n) ¢

Hence by (1) we have

[£(z)] < 2(r+1) oo (r4n-1)|£(z+n)| <

(2)

£ r(r+1) ) (I"!'n"'] ) (r+n)e(f"§)(”n).

Using (1) and (2) we, immediately, obtain

I',Er)Z” < 220+1 pB+1e-n e(l'%r)Z” -

M(n,f) < n(n+1) ... (n+nde

= 22D+1 n+1 e(zwr-f)n

Suppose n < r £ n+1. Then
M(r,f) < M(n41,£) < 22043 (1 4y B2 (2r T )(n71) ¢
< 2%TH3 (n4q )r+26(za +I-1)(r*1)
Hence, we have

(3) lim sup 108 M(r,f) o, |

Pratuged r log r

Now we obtain a lower bound for M(r,f) by using

1 -2l (z) sinngz .

T T w

Set z=n+% and let n > 2. Then

(n+%)r'( n-o%) 5 nf(n)
T Z =

CYEN
B
[

M(n + 4,£) > =8l
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Hence if n + % £Tr<n+ g-,

Mr,2) > un + 3, 0> Fat 6P > f - PP Sl0D)

Hence, we have

4 . . log M(r,f

(4) ;Efﬂ,lnf ——%}jrgglil >1.

The result follows from (3) and (4).
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