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A NOTE ON THE MAXIMUM MODULUS OF -=7-
Γ(ζ) 

The purpose of t h i s note i s to g i v e a v e r y simple proof 

of the f o l l o w i n g theorem. 
1 °° ζ 

T h e o r e m . Let f ( z ) = - p ^ y = ζ e*z Π ( l + J ) e ^ . 

Then l o g M ( r , f ) r l o g r (as r — <*>) ' . 

P r o o f . We f i r s t bound f ( z ) f o r Re ζ > 0. Set ζ = 

= re·*"®, where cos θ i O , Then s ince (1 + u) e - u ¿ : 1 f o r u i O , 

we have 

| f ( z ) | 2 = c 2 e 2 " C0SÔ Π (1 + ^SMfiÄ + 4 ) e " f " " " 4 

< r 2 e ^ C 0 S Í ñ f i + 4 ) Π f i + 

n=f \ n 2 / n - 1 \ η y 

, r 2 e ^ C 0 S Í f j (i + = r 2 e - - r e - , r 2 ^ r ^ r 

Hence f o r Re ζ 2 0, 
ι (r*f)r (1) | f ( z ) | < re . 

M(p,f) - max |f(z)| . 

|z| í r 
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We now bound. f ( z ) f o r He ζ < 0. Let η be a p o s i t i v e i n -
teger s a t i s f y i n g Re(z+n) > 0. Using the r e l a t i o n Γ ( ζ + 1 ) = 
= ζ Γ ( ζ ) , we have 

1 z(z+1) . . . ( z + n - 1 ) 
Τ [ Ϊ Τ = ITa+ñ) · 

Hence by ( 1 ) we have 

| f ( z ) | έ r ( r + l ) . . . ( r + n - 1 ) | f ( z + n ) | á 
(2) 

é r ( r + l ) . . . ( r + n - D f r + n ) ^ ^ 2 ^ ^ · 

Using ( 1 ) and (2) we, immediately, obtain 

M(n,f) 6 n(n+l) . . . ( n + n ) e ( î " f > " < 2 2 n + V + V n e ^ * " = 

0 2n+1 n+1 βϊ+π-1)η = d η e . 

Suppose η 4 r ά n+1 . Then 

M ( r , f ) 4 M(n+1 , f ) ^ 2 2 a + 3 ( n + 1 * 

Hence, we have 

Ά sup l 0 g j f c f f < 1 . 

Now we obtain a lower bound f o r M ( r , f ) by using 

1 - ζ Γ (z) s i n 3TZ 
Γ ( - ζ ) = π 

1 
Set ζ = η + -g and l e t η > 2 . Then 

u / n ( a + g ^ n + l ) > ηΓ(η> η! > 1 η - η 
M(n + g i f ) > 5f > — * — = "5Γ" F n e · 
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Hence if n + g - ^ r á n + ̂ y-, 

M(r,fj > H(n + J, f) * } n11 e"n > J (r - J ) ^ . 

Hence, we have 

(Mr) lim inf l 06 "¡¿i*) >1. Λ —oo Γ log Γ 

The result follows from (3) and (4). 
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