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ON GENERALIZATIONS OF PRODUCT-CONFORMAL KILLING VECTORS

The idea of product-conformal Killing vector field in a locally pro-
duct Riemannian space was originally introduced by Tachibana [1]. Sub-
sequently, Yamaguchl generalized such vector fields in [2]. In the pre-
sent paper, p~-product-conformal Killing vector fields (which, when p=t,
reduce to product-conformal Killing vector fields as given in [2]) have
been defined and corresponding properties are obtained.

1. Inbtroduction

The prerequisites for this paper are to be found in [5],
[4] and [6]. However, we list here some notations and defini-
tions, which have been frequently used.

Locally product Riemannian space M is an n—dimensioAal
space with a mixed tensor Fih and with a positive definite
Riemannian metric gji’ satisfying the following conditions

igh h
(1.1) " Fy = A5
and
t 8 _

M is said to be locally decomposable Riemannian space if
the following condition is also satisfied

(1.3) F;53 =0 or Fy 4= 0,

where comma {,) followed by an index denotes the covariant

differentiation with respect to the Christoffel symbols jif
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2 K.Deo Singh, A. Nigam

For brevity we shall denote X; ;,..;, by X,;,/ip . Fronlxl,
(1.3), it is easy to verify that the curvature tensor Rkji
is pure in all its indices.

Definition 1.1. In a compact orientable lo-
cally decomposable Riemannian space M, a vector field X; is
said to be p-decomposable, if X; i/, ; is pure in i and j [6}

Green’s The oremn. In a compact orientable Rie-
mannian space M, we have

fxl,i d6= 0
”

for an arbitrary vector field X [4].

Lemma 1.1. In a compact orientable locally decompo-
sable Riemannian space, a necessary and sufficient condition
for a vector field Xi to be p-decomposable is [6]

st Jt Sy _
g Xi.,iz/ipst - F (Xa,iz/il,jt F;7) = 0.

We shall also assume that the space is of class Cp+2 and
all other tensors, considered in this paper are of c¢lass Cp*q.

2. p-product-conformal Killing vector fields

Definition 2.1. A vector field X; is said %o
be p-product-conformal Killing or for brevity, p-PC-Killing,
if there exist tensor fields g, and Giz/ip such that

z/':ﬂ
@) iy * Xjipligi = 2(8lep 851 * TilipTys)-

Transvecting equation (2.1) with ng and FI* respectively, we
get

r
(2.2) X ’Lllip" = net‘z/ip + Fév".z/ip
and
R T _ ) .
(2.3) X ’ia/(:/,/' - Feiz/l-p + n6’52/'-p ’
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Generalizations of Killing vectors 3

where

= a_ _ji
F Fa =g Fji

and

X*r = XJ-FJI .

We call a p-PC-Killing vector field X, to be special p-

PC-Killing, if the tensor fields Qia/ﬁ7 and 6

ia)ip satisfy

the relation

k
(2.4) giz/in‘: = Fi 6";2/517)‘/( )

Solving equations (2.2) and (2.3), we get
_ r £ 2 2
(2.5) ch/ap‘ (I]X ’Lz/Lpr' - KX ’Lz/ipr)/(n - F7)
and
(2.6) 6 ,. = (nx**,. . - FX%,. . (n° - F°)
* L.Z/‘;P—< Y pr > ’Lz/Lpf')/ n - .

Now, differentiating cevariantly equation (2.1) with respect
to k end multiplying by ng, "7e obtain

ik K

2Ky . oy L _opke
XL)Lz/Lka + 8 XJ:Lz/Lka Zelz/tp)L ,_2Fi GLZ/%/(" ¢

8
or
Jk <k K k- :
8% Xi ik * COTRTEER Viofipki ) * X v i ipki =
I
- Y § - N S~ _
29‘2/(./);L _Fi GLZ/LPIK = 0.

Using Riceci identity and equations (2.5) and (2.6), we have

. P
e d¥y Ko, a gk ‘
(2.7) 87K 40 ik + RS 160, - % Beii. X 0ip/i, aignyip ¥
1 2 2 kK *k
+n2-F2{(n - F° - 2n)X Volipki * 2FX Vipfipki
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4 K.D. Singh, A. Nigam

(2.7) - 2nFijx*k - 2FF,J x¥

"'z/"ij} =%

which is thus a necesarry condition for a vector field to be

Yalipkj

p-PC-Killing.

Now, we shall prove that if a p-PC-Killing vector field
is p-decomposable [6] then it is special p-PC-Killing, that
is,

g i . . .
gtz/(‘p)k - Fk 6L2/LP)L

or
2 3, . _ i r,j . U
(2.8) (n - F)e‘z/tprk - [Fk (DFJ X Viplipri FX ’Lz/épr‘i)]
r
It is easy to verify that
1 e Txd - X% = nF, 17, 5(%9,, .
P (D'Fj Xytipm ~ X ’iz/ipr£> oFy Fy(x Yafipir )+
ip T(xd 3. i A
+ ofy FJ (X Vi fipri T X ’tz/lpt'/') - FFy (Xr’tz/LpL/‘ )
- 7F YxF, . .= X5, -D_Fr(xj...Fi> +
kN> ripfipri ’LZ/LPLI‘> ek "lipé "k /T
5
ip Mp, dx2,. . -Sw®, . %, . ).
+ oFy Fj KRira P( Y/ ; irl,caX "2/‘t-1°‘t*1/‘P)
T n i il roa. | _ a.r
F(X x e Q,r B I(Ril‘a X5z fip t:zRirit X Yallyr @y /tp

Since the curvature tensor is pure in all its 1indices and
vector field Xi is p-decomposable, therefore

i TyJ T _
Fy nFX Yiglipri T BX s iy fipri =
_ ro Jifst xa .
= or,Tr 3(x ’izfipkr)+ n(Rkja Xilip T

P . .
- .. J. : : - T(xd. . . +
2 Rletax o flpey g/ P ) FE ( "z/‘p/"‘)

t=2
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Generalizations of Killing vectors 5

P
i a - ar _
¢ PR (Rea Xy, Y 2 Rint, Kri i ady, ip) T

={n(x ,L/wk)-FF( viotip k) B (0 jigen -

-x9,. 1 T
X Y/ kr)*' e (Ria Yi/ip tszlrl ’Lz/Lt_,aLf,l/Lp>—
2 2 I'( a
= - Coe Lt P E
(n F >9Lz/‘pz/< s Rlcr "z/‘p erl % Gfte-1 @ lear/tp ) '
i a ﬁi a T 2 .2
* T (RiaX Vilip T 3 Ririt 4 ,£Z/£t-raét4r/£ﬂ> = (n°-F )Qiz/ip;k

by virtue of purity of the curvature tensor. Hence we get

giz/ip:k = Fkl 652/“p"' ’
which provides yhe proof of the following
Theorem 2.1. Ina ‘locally product Riemannian
space M, if a p-PC-Killing vector field is p-decomposable
then it is special p-PC-Killing.
Next, multiplying equation (2.1) by gih, gjh and g
differentiating covariantly with respect to i,j and k respec-

khand

tively, we get

h

h , h h

h ., vh h h
o .+ S = T | .
(2.10) X Gtaliy J X Y/t i) 2(9‘2/‘,0'1 Ay 6~‘z/‘p;/ Fi )
and
h h_ h h
@AV Xy iy * Ljrigyipi = 2(4’4,/1,,, i * %,/ Fii)-

Adding equations (2.9) and (2.10) and subtracting (2.11),we
obtain
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6 K.D. Singh, A, Nigam

h h _
Tiapinic * Titipiy
@12) = 20040 A5 Qi A~ 8ilipy B31
h h h

+ 6., .F.O+6 ,. . -G. ,. . s
SLZ/Lp;L FJ 6Le/lp’j Fi 6"-2/'-;:: Fal) i

where

h h h:

h \
vigfigji ¥ Xjriasipe™ X

. .. =X
ta/ipje

I}
h h ,a :ah
= coye s b .. g e ;! ; .. . . ..
X Y0 ip Sl Ra,jl X Yiafip tZ:% th i Xju.z/ct_,aLt,,/Lp

From equation (2.12), it is easy to verify that
h h

ji b = (no) o B L - F6 , ;
(2.13) & Tiz/ipji = =(n-2) 8irlip) * 26":/‘?" i FS“/‘P’
and
h i ot 5. bh__h, .t
Fo BT 100 = 280y ~ Ty Sl *
(2.14) 3 h h t
i .
+ 26'(:2/,;'0, Fi - nFt sézlip"

Subtracting equation (2.14) from equation (2.13), we get

i ~h hodi ot
8 T sipji= By BT Tiplipj
h ..h & h h t
=m0 YR i, “ P 0, YT Cinlip,
or
i oh Jifyt @ DY _
8 Xy~ F (X ’L'Z/ijLFt =
(2.15)

) Bl eoh  t_ h he
=D Qisip, Y Qi ~ F00 00, * M G0,
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Assuming that the vector field Xi is special p-PC-Killing, we
get

i yh Jifyt  @p by _
g ’Lz/ﬁpJ.L - (X ,Lz/ipjl Ft ) -
h h h h
= - .o .. - .. + . .
ngqﬂw +F6Qﬂp, F@yw, neq/w’
or
: Ji 4h _ pdifgt hy _
216) g X = B (X 2= 0,

which is a necessary and sufficient condition for a vector
field to be p-decomposable in a compact orientable locally
decomposable Riemannian space M [6]. Thus we have the follo-
wing

Theorem 2.2, Ina compact orientable locally de-
composable Riemannian space M, a special p-PC-Killing vector
field is p-decomposable.

3. Integral formula

In this section we establish an integral formula for a
compact orientable locally decomposable Riemannian space M
and use it to obtain a necessary and sufficient condition for
a p-PC-Killing vector field.

Now consider a vector field Xi in M and define tensor

G Sjutige = Xisiyfini * Xjiia)ini™ 2901831 = 2% 510

where g, /;, and 6, /; are given by (2.5) and (2,6) respecti-
2/tp 2/¢p

vely. We notice that S = 0 1is equivalent to the fact

Jiolige
that the vector field X; is a p-PC-Killing.
Putting

2« jéaligt
S —S,/‘z/tp‘ S
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and calculaiing it by the aid of equaticn (3.1), we get

5 = (XLl Lafipj ¥ X./'iz/ipi - Zgizﬁp ShE 26‘2/‘7 Fji)‘
X(Xz,iz/épj RN ngz/ngji _ 2ehlip §it),

where right hand member is the sum of the following five ex-

pressions A,B,C,D and E

i
A= 2(XL,£Z/5N')(XL /%)), B = 2<X°’/iz/ipj)

¢ Lafip ®i,02/0p
~8(e., /0% P0G/, % i)

(Xj,iz/l.'p(:)

)

Q
i

= ilip v g, 6% mrp . gl
D= /+n(94-2/£p o 2/ep + 6L2/Lp 6 ), E = 8F"ch/¢/, g L/t

Using equations (2.5) and (2.6) in the above expressions, we

get

58° = (x, ialipj) -(XL-'Q/‘.”/‘)* (Xiiy/iy)) (Xf"Z/iﬁ‘ )+

1 . [4F(X L,iz/ipé) (X*j i, /ipj' )-21’1{(){ L'Qﬁpi) (XJ ’iz/t;aj ) +

+’\
[

(1% ) (X9}

or

1g2 . xbeelw 5.
(3.2 »2 8% =X S_/Lz/LFL :
Next, we shall calculate S'jiz/i,,[,q which is sum of the follo-
wing three expressions U,V and W

_ gdK . J ..
U =87 Xy fipjk ¥ X0 i00ipis

_ _ 2 [vk O aerk ]
V= -2242/4,0)‘ - nn_E_Fz_.E T ’Lz/l,p/(l. FX "z/t.pkl. ’



Generalizations of Killing vectors 9

. j ___ 2 J w*k - Jdyk ;]
W=-2F; Siz/ip,j = 'I—lz‘_;z[nj‘i X Yiyfipk) PR X Yiglipkj

by virtue of equations (2.5) and (2.6). Thus

sk _ ik Ey oL
(3+3) g Sjiz/ipi,k =8 Xi,iz/ipjk * Ry Xioiylip

p
a -k ' + 1 { 2_ 2_ kL
T 7 Ky X0 g aipylip n°-F° (n : 2n) s iglighi

#k

o J vrk dyk
AR ki = 2R X, g uy + 20FR0 X ,Lz/‘p,vj .

On the other hand

(i
b =

jk
g {Sj"z/"ﬂ‘. X
c',iz/[p_‘_ o L',L'z/ipj
X SJLe/‘pL X

(3.4) .
= gd¥ g _
= g AJJLz/Lp L,k

In view of (3.1) and (3.3), the above equation is equivalent
to

ik Lt _
\ 87 {8,550 % }/k =
(3.5) ,

= {R.H.S of equation (3.3)} XL'LZ/LP + > 2

IS

Hence application of Green'’s +theorem provides the proof of
the following

Theorenmn 3.1. In a compact orientable locally de-
composable Riemannian space ki, the following integral formula
is valid for any vector field Xi

. ’
ik x . ayk
‘M/[{g Xiiafipjk © R iatip ;’Rkllt_ K50 i aiptip

1 2 2. vk ok
+ 2.7 ((n ~n-F)X iafiy ki + 28X

R
’Lz/kaL 2nFi X ’tz/tpkj -
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J ok ir‘g/‘ﬂ 1 2J _
+ 2FFy X’iz/ipk/)} X + 7 8%a6=0,

where d6 1is the volume element of M.
Theorem (3.1) yields

Theorem 3.2, In a compact orientable locally de-
composable Riemannian space M, a necessary and sufficient con-
dition for a vector field Xi to be p-PC~Killing is that

(3.6) R,H.S. of equation (3.3) = O.

Particular cases

Case 1. If p =1, then p-PC-Killing vector field
becomes PC-Killing, for which a nacessary and suffieient con-
dition is [2]
jk

X + apx*k, -

K 2 2\, k
8 Xy gk T Ry X [(0"-2n-F)x*, ki

_ J ¥k 3ok /2_2_
2nF, 9 X _,kj+2FFix,kj] (n°~F°) = 0.

Case 2., If6,/, =0, then p-PC-Killing vector field
reduces to p-conformal Killing vector field [5] and 1in this
case equation (3.6) reduces to

P
jk k a k

8 X o, pjk * Rk ’Lz/Lp—éRkiit X0 iy fegg @ clip®

Case 3, If p=1 and 6
(3.6) changes to

= 0, then equation

Jk

8U5 X, 4t Ry X

ik n ki T

which is a necessary and sufficient condition for a vector
field to be conformal Killing [3].
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Case 4, If avector field Xi is a special p~-PC-Kil-
ling, then we have

ok
Qiyip, i = F1 6ipfip, k
or
X *k = PE(ax*d d oo,
BX%y i sipke = FX Caifipni = Fy (X o ik~ FX 90005k )

In this case theorem (3.1) provides the proof of the following
Corollary 3.1. In a compact orientable locally
decomposable Riemannian space M the integral formula

[
k¢ .. ko ayk
‘[[{g XL,LZ/ijk + Rik X Y, /tp ;Rkiit \X Yipfips ‘tfr/‘,n

+ -] (( n2—4n-F2) Xk

22 Viylip ki
*k ¢ lalp 1 2] _
M ST B + 58] d6=0

is valid for any vector field Xi’ where 46 is the volume ele-
ment of M.
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