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ON GENERALIZATIONS OF PRODUCT-CONFORMAL KILLING VECTORS 

The idea of product-conformai Killing vector f ield in a locally pro-
duct Riemannian space was originally introduced by Tachibana [1 J . Sub-
sequently, Yamaguchi generalized such vector fields in Q>]. In the pre-
sent paper, p-product-conformai Killing vector fields (which, when p=1, 
reduce to product-conformai Killing vector fields as given in [2j) have 
been defined and corresponding properties are obtained. 

1. Introduction 
The prerequisites for this paper are to be found in []3j, 

[4] and [β ] . However, we l i s t here some notations and def in i -
tions, which have been frequently used. 

Locally product Riemannian space M is an n-dimensiòrlal 
space with a mixed tensor F^11 and with a positive def inite 
Riemannian metric g^^, satisfying the following conditions 

(1.1) F / p i h = A í 

and 

(1.2) V * F,3 g t s = S j i . 

M is said to be loca l ly decomposable Riemannian space Lf 
the following condition is also sat is f ied 

(1.3) F . h , d = 0 or F i h , 3 = 0 f 

where comma ( , ) followed by an index denotes the covariant 
d i f ferent iat ion with respect to the Christof fe l symbols 
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For brevity we shall denote x¿ ¿.-..¿„ by X¿,/t- · From, 
h 

(1 .3) , it is easy to verify that the curvature tensor Ejjji 
is pure in all its indices. 

D e f i n i t i o n 1.1. In a compact orientable lo-
cally decomposable Riemannian space M, a vector field X.̂  is 
said to be p-decomposable, if Xi,it/¿pj is pure in i and j [6]. 

G r e e n ' s T h e o r e m . In a compact orientable Rie-
mannian space M, we have 

X 1^ d6 = 0 
77 

for an arbitrary vector field X 1 [4]. 
L e m m a 1.1. In a compact orientable locally decompo-

sable Riemannian space, a necessary and sufficient condition 
for a vector field X^ to be p-decomposable is £ô3 

n.St Ύ _ W^fY τ?.3ϊ 
X^/ipst - p i > = 

ass Cp+< 
-.p+1 

We shall also assume that the space is of class C p + 2 and 
all other tensors, considered in this paper are of class C* 

2. p-product-conformai Killing vector fields 
D e f i n i t i o n 2.1. A vector field X^ is said to 

be p-product-conformai Killing or for brevity, p-PC-Killing, 
if there exist tensor fields q¿¿/¿p and such that 

( 2 ' 1 ) X W a i = S j i + V / j i ) · 

Transvecting equation (2.1) with g·11 and respectively, we 
get 

( 2 · 2 ) χ Γ » * ν = + 

and 

( 2 ' 5 ) x * T > U y = + η % μ Ρ > 
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where 

a 6 * ¿ji 
and 

X*r = X . J 

We call a p-PC-Killing vector field. X^ to be special p-
PC-Killing, if the tensor fields Q¿¿/¿ and &¿¿/¿p satisfy 
the relation 

( 2 · 4 ) ξιβηρ,ι = * f * i t n p , k · 

Solving equations (2.2) and (2 .3) , we get 

( 2 ' 5 ) Q^/if ^ ^ t i p r - -

and 

Now, differentiating ccvariantly equation (2.1) with respect 
ik to k and multiplying by , "re obtain 

Xi,ie/ipjk + *j.i¿/¿,ik - *(>ìe/Lp,i o 

or 

Υ ι /vk . Yk ν , vk 
b ^ì-i/i-pjk + 'u/ißik " λ >Li/ipki) + λ *L2/¿pk¿ -

Using Ricci identity and equations (2.5) and (2.6), -.ve have 

(2.7) g + Σ. &iui/<-p + 

+ J ? {(n2 - F2 - 2n)Xk,· ,· , • + 2FX*k, • .· , • -
2_r>2 L 'i-i/ipkL ^ "-¿/t-pki. 
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(2.7) - 2aF. . .. .. - 2FF.3 Xk, . .. = 0 , v ' J ι 'i-z/t-pkj ι Lz/Lpk'J) 

which, is thus a necesarry condition for a vector field to be 
p-PC-Killing. 

Now, we shall prove that if a p-PC-Killing vector field 
is p-decomposable [6] then it is special p-PC-Killing, that 
is, 

Qiz/ip>k = ^ / i p . L 

or 

(2.8) (n2- = [ ^ ( ^ ^ / ^ r c ~ ^ > c2/¿pr¿)\ 
r 

It is easy to verify that 

+ ^ . r ( x K Í 2 / ¿ p r ¿ - ¿ ù z / c p i r ) - ™Λ^>ΙζβρΐΓ ) -

- χ Γ ' i-z/i-p <• r ) + 

Ρ 

Since the curvature tensor is pure in all its indices and 
vector field X^ is p-decomposatle, therefore 

Ρ 

^ ' L ' / ' t - l ^ l / h ) - + 
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Ρ 

+ ^ k ^ i a + Σ Α Γ Ϊ * 1 * · ¿ 2 / i t - 1 a c t f l / ¿ p ) = 

ρ 

= ( a 2 - * 2 ) ^ , « * ^ ( W ^ · * / * - ) + 

+ t « i r i * ^ , / ^ , / ^ = 

by virtue of purity of the curvature tensor. Ken.ce we get 

? i-z/ip, k = Fk 6 ¿i/<•?><• ' 
which provides the proof of the following / 

T h e o r e m 2.1. In a locally product Riemannian 
space M, if a p-PC-Killing vector field is p-decomposable 
then it is special p-PC-Killing. 

Next, multiplying equation' (2.1) by g1*1, g"3*1 and g 1̂1 and 
differentiating covariantly with respect to i,j and k respec-
tively, we get 

(2'9) + - Aá + W Vf) 
( 2· 1 0 ) x ^ / W = Ai + ^ / W " Λ and 
C 2' 1 1 ) X^ ¿ / í p J

h + Xj,¿2/ípLh = -

Adding equations (2.9) and (2.10) and subtracting (2.11),we 
obtain 
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rpk + rp*1 _ 
}i/ipji- LzlLpLJ 

( 2 · 1 2 ) = 2 Í Q ¿ 2 / ¿ p ! ¿ A d + ^ / W k Ì - Ç ^ p ï 1 g ü i + 

+ 6-· /· · F ^ + S-· .. . F . h - 6 - · ,· h F . . ) , 
"(.¿Upa. 3 <-thp>J 1 <*/<·/>> Di/ 

w h e r e 

f h = x h + χ · · ,· h - χ ' · · /· h = 
L i¿/Lpji >¿z/¿pjc ^J'^/tpt *J"ihp>· 

Ρ 
Y h . ρ h Y a V τ? ; a h y · 

" Λ 'kUpjÍ a j i n j i p - f^ i j'Lz/Lt-1 a Lt*l/LP · 

F r o m e q u a t i o n ( 2 . 1 2 ) , i t i s e a s y t o v e r i f y t h a t 

a n d 

p t h F Í i = - " ^ W - + 

( 2 . 1 4 ) 

S u b t r a c t i n g e q u a t i o n ( 2 . 1 4 ) f r o m e q u a t i o n ( 2 . 1 3 ) » we g e t 

g d i T h · ,; . v - ^ F ^ T V / ; . ; / = 
t/ipj¿ t 1 ¿¡/ipji 

o r 

( 2 . 1 5 ) 

= - η σ · h l + F F . h n . .. F 6"· /· h + n F . V , · * 
Vt-i/lp/ t >ii2/tp, <-z¡<-p, t t-z/Cp, . 
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Assuming that the vector field X^ is special p-PC-Killing, we 
get 

• J l iW - ^= 
h h h h = - no · ,· + Ftf. .· -F©"· /; + η ρ • ,· ., 

Σ L2¡LP' L¿/LPI LZLLP> ^ L¿L LP 

or 

(2.16) 

which is a necessary and sufficient condition for a vector 
field to be p-decomposable in a compact orientable locally 
decomposable Riemannian space Μ [β]. Thus we have the follo-
wing 

T h e o r e m 2.2. In a compact orientable locally de-
composable Riemannian space M, a special p-PC-Killing vector 
field is p-decomposable. 

3. Integral formula 
In this section we establish am integral formula for a 

compact orientable locally decomposable Riemannian space U 
and use it to obtain a necessary and sufficient condition for 
a p-PC-Killing vector field. 

Now consider a vector field ï. lu II and define tensor 
f i e l d *jk/L,i b y 

( 3 · 1 } Sjiz/ip ¿ ·" X i, i j i p j + Xj> C2/¿p¿ ~ 2%/cp edi - ji . 

where Qiji and ^¿¿/¿p a r e gi v e n by (2.5) and (2.6) respecti-
vely. We notice that ^j¿2/¿p¿ - 0 is equivalent to the fact 

that the vector field X^ is a p-PC-Killing. 
Putting 

S 2 = S/t. /· ¿ s * / £ ' ¿ 
JLz/LpL 
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and calculaLing it by the aid of equation (3.1)» we get 

s2 = (X¿,¿2/W + Xj>¿2/¿p¿ " 2?¿¿/¿pSái - 26c¿/cp Fji> 

*(xL'L¿/LpJ * TJlÍ¿/LpL - - 2*k/¿P 

where right hand member is the sum of the following five ex-
pressions A,B,C,D and E 

4 • ̂ „/wOÍ*1'"^· B = 

Using equations (2.5) and (2.6) in the above expressions, we 
get 

or 

M 1 S 2 - TTili*f¿pj ς. ,. . (3.2) 2 S - Χ SJ¿i/¿pL • 

Next, we shall calculate s'j¿z/¿fi¿,^ which is sum of the follo-
wing three expressions U,V and W 

V = = " " ¿ I T ^ ' W ^ " FX"k· J -
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W = -2F.V,· · = - X*k, . .· - FF.'5 Xk,¿ ,,· k¡] 
i <-zUp,j η - F L L z ¡ L p 1 "•z/íPkJl 

ty virtue of equations (2.5) and (2.6). Thus 

(3.3) g J k Bjit/ipiik = + Xk'¿z/¿p~ 

- ¿ R k i i t
a X k , α W < > + ¿ 2 { (n2-^2-2n) X k , + 

On the other hand 

g 1 S J W X " 
(3.4) . . 

jk ,, .'.'Λ . ο γí¿/ípJ 
= s "jitf¿p¿,kX 

In view of (3.1) and (3.3) , the above equation is equivalent 
to 

J k f g . _ 
S 1 Sjci/ipi X )'* -

( 3 . 5 ) 

= { r . H . S of equation ( 3 . 3 ) | X ' ' ^ + \ S2 . 

Hence application of Green's theorem provides the proof of 
the following 

T h e o r e m 3.1· In a compact orientable locally de-
composable Riemannian space I«I, the following integral formula 
is valid for any vector field X^ 

/ [ { g j k \it/ipjk*
 ai/'¿2/í; - 2 X i i itUt-,aittt/ip + 

M t-¿ -

+ 0 ((n2-2n-F2)Xk, . r . . + 2FX*k, ,· '. · - 2nF J X*k, • r .. -η _F \ 't/ipki Lp kL χ '̂ /Lpkj 
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where d.6" is the volume element of M. 
Theorem (3.1) yields 

T h e o r e m 3.2. In a compact orientable locally de-
composable Riemannian space M, a necessary and sufficient con-
dition for a vector field X^ to be p-PC-Killing is that 

(3.6) R.H.S. of equation (3.3) = 0 . 

P a r t i c u l a r c a s e s 
C a s e 1. If ρ = 1, then p-PC-Killing vector field 

becomes PC-Killing, for which a nacessary and suffieient con-
dition is [2] 

Xi,jk + Rik X k + [(n2-2n-F2)Xk)ldL + 2 Ρ Χ * ^ -

- 2niyjx*k,kj + 2FFidx\k..]/(n2-F2) = 0. 

C a s e 2. If S ¿J = 0, then p-PC-Killing vector field 
reduces to p-conformai Killing vector field [5] and in this 
case equation (3.6) reduces to 

Ρ 

i/Lpjk T ' LZ/Cp SJk Xc,L2/ípjk + R±]^U2/Lp &kiit&xk' ¿z/it-t a Lt<f/cp + 

+ n~2 Yk - η 
η ' ii/tp kL - 0 ' 

C a s e 3. If Ρ = 1 and 6 = 0» then equation 
(3.6) changes to 

+ *ik x k + ¥ x k. k i = °. 

which is a necessary and sufficient condition for a vector 
field to be conformai Killing [3]. 
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Generalizations of Killing vectors 11 

C a s e I f a vector f i e l d X.̂  i s a special p-PC-Kil-
l ing, then we have 

Qít/ip.i = F i 6 i z / i p , * 

or 

In this case theorem (3 ·Ί ) provides the proof of the following 
C o r o l l a r y 3.1. In a compact orientable local ly 

decomposable Riemannian space M the integral formula 

k P k 
f l i ^ * Xi,¿t/¿pjk + E i k X *¿t/¿, - I L R k i i t a x * ¿2/¿t.ra ¿tfj/ip 

i s va l id for any vector f i e l d X.̂ , where d(> is the volume e le -
ment of M. 
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