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Edmund Plucinski

ON SOME QUESTIONS CONCERNING THE EQUATION
OF KOLMOGOROV TYPE
FOR NON-MARKOVIAN DISCONTINUOUS PROCESSES

Let (¥,B) be a measurable space, T a finite or infinite
interval on the real axis and let X(t), te¢T be a stochastic

process with a phase space X. Let

Pn+1(to’xo’t1’X1""’tn’xn’tn+1’A) = Pn+1(tn’xn’tn+1’A)’

meeEoﬂqp.”tMAETJO§F1$H.$tn<tmﬂ,XOJ4“.”Xfx
AeB; t = [to’t1"°"tn]’ X, = [xo,xq,...,xn are the transi-
tion probabilities in this process, i.e.
o] . o = . - —_
17, For fixed t,,X ,t, , the function Pn+1(tn’xn’tn+1’A)
is a probability measure on B.
(e} . - . —- —
2°. Por flxed_tn,tn+1,A the function Pn+1(tn’xn’tn+1’A)
is measurable in X, with respect to B.

o) - = o .
37, Pn+1(tn’xn’tn+1’A) satisfies the equation

Pn+1(tn’xn’tn+2’A) =

=J[ Pn+2(tn’xntn+’l’Z’tn+2’A)Pn+’1(tn’xn’tnm’dz)'
x

We assume further that
(2) Pty X8 ,4) = X, (x)

where XA is the characteristic function of the set A.
In paper [3] it was estabilished that under certain uni-
formity conditions the transition probabilities satisfy the

equations
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2 E. Plucinski

aPm-’l (tn’xn’tnm vA) -
4 tn+’1

(3) = 'fqn+’1(tn’xn’tn+’l’z)Pn+’l(tn’xn’tnm’dz) +
A

+‘/-qn+’l ( bnsXnsbnyq z) rln+’13(tn’xn’tn+1 ! Z’A)Pnﬂ (tn’xn’tnm »dz)
z

Pn+2(tn’xn’ tn+’l 1Xn tn+2 '4)
0 tn+’1

tnfl F tn

(4) = qn(En’;{n) I:Pn+2(gn’;n’tn’xnftn+2’A) -

N n

F; ﬂl_:}xtn an+2(tn’xn’tn+'\ ’Z’tn+2’A) Hn(tn’xn’dz’)]

Xx
where
qn(gn’in) = ap(tg,x;, X - {Xn} )
- = _ . Pn+’l(tn’xn’tn+’l’A) - XA(Xn)
qn(tn’xn’A) ¢ llr% T - T !
nt " tn n+1 n
q.(%_,x_,A~{x_1) -
n n’_n’_ { n} for qn(tn’in) # 0
A (60%,)
Hn(tn,xn,A) = x _ _
2 (X)) for q.(t,,X) =0

and q, 1is a continuous function with respect to T .
For n = O equation (2) and (3) have the form (see'[3])

an(to,Xo,tq,A)

7 = - fq,](to,xo,t,l,z)P,‘(to,xo,t,l,dz) +
(5) A
+/ q,l(to,xo,t,l,z)H,‘(to,xo,t,‘,z,A)P,](’co,xo,t,],dz)
) -
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On the equation of Kolmogorov type 3

aPZ(tO,XO,tq ’Xo’teaA)
@t1

e T qo(to,xo)[P2(to,xo,to,xo,t2,A) -
1 /]

(6)

71&‘_;3} /PE(to’Xot’]’z’lt2’A) ﬂo(to’xo’d?z)} .
x

We shall now consider a special case, namely let the
space X be the set of non-negative integers and let P(X(0) =
= 0) = 1., In this case we shall use the following notation

Pe1(tyatn) = P(X(6,) = 1] X(t,) = k),

Py1(tortqaty) = P(X(ty) = 1] X(6)) = §, X(t,) = k)
pk'l(to’t’\ 1t2)
1 (t.,%,) = lim J for §j #£1
Uit Por’ S t, - t,
(t..5,) = lim 1 - Pk,j,j(to’t’l’tZ)
Ucgtbor ™’ = 1R t, - b,
(t,) = lim for k #£1
G115, 50 Tt - T,
q.(t,) = lim "~ Pi(9,5p)
| t, =t t2 - t’l
Let
=0 for 1# j,j+ =0 for 1 # k,k+
41 Akl
£0 for 1 = j,j+ #0 for 1 = k,k#1

This implies that the transition probability from the state k
to a state different from k,k+1 1n +the interval (t,t+At) is
o(At).

If we assume that all the above mentioned assumptions are
satisfied and that the intensity functions are given, then
equations (5), (6) can be written in the following form
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p, 4 (t,,55)
kl 12 = - pkl(t’\’tE)qkl(t’] ’tg) +

9%
(7)
* P11 (812 %2)ay)_q1 (545 55)
B Py (Boatqst5)
kel ¥or B0 T2
atq = pkl(to’t2)qk(t0) -
t1=t0 4

(8)

B Prac11 (800540 52) Gigeyq (56) -

From these equations we can find the transition probabilities
as functions of the intensities.

In this paper the following problems will be considered:

A. The connection between the equations from papa:[}] and
the Kolmogorov equations for a Markov process will be given.

B. A theorem concerning the solutions of equations (7)
and (8) will be proved.

A. The function Pz(to,xo,tq,z,ta,A) is undefined for %y =
= t, and z # x  moreover -PZ(tq,z,t1,z,t2,A) = Pq(tq,z,tZ,A).

Let us assume that there exists the limit

lim Po(tgsXgs6,92,55,4)

te— 1
and that for every X,

(9) 1lim P2(to,xo,t1,z,t2,A) = Pq(tq,z,tz,A).

t,—1t,
It is evident that condition (9) is satisfied for a Markov
process.
On the other hand condition (9) can be treated as a con-

tinuity condition.
Observe that the formula

3P2(t0,xo,t1,xo,t2,A)' _an(to,Xo'tZ,A)

9t - t
1 t1:to 0 o

(10) ¥
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On the equation of Kolmogorov type 5

and (9) imply that equations (5), (6) and consequently (7),
(8) have the same form as the Kolmogorov equations for a Mar-
kov process.

Indeed, by assumption (9), snd in view of the continuity
of the function P, at the point t1 and the definition of the
function g, we can write

Po(t,sXyo by sZytsy X - {2})
2V ‘0o 17 V20
im t,52) = 1lim 1lim - =
t}—"iy Q»‘(to,xoo 19 ) A 3 v, - b,

1im Po(t X st,,2st5, X - {z})

lim L =
ety th -4
P,(t,,2,65, X - {2})
t] '], 1} 2’
—3 1 - t Z L[]
s T, -, % (%412)

The function qq(to,xo,t1,x1) is continuous at the point tq,
hence in (5) we can take

a4 (t52%50%492) = q,(64,2).

Moreover, by the Lebesque theorem (see [4], p. 295) we can
pass in (6) to the limit under the integral sign.

From the above considerations it follows that for a comp-
letely discontinuous process conditions (9), (10) can be used
in order to state that the process is a Markov .process in the
wide sense (see [1], pp. 240-247),

B. Let the space X Dbe the set of non-negative integers.
In this case condition (2) can be written in the following
form

) ( ) 6.(1) 1 for 1=k
(11 t,,6 = l) =

P10 k 0 for 1#£k
and condition (9) in the form

(12) t}iﬂ1 ijl(tootqota) = le(tqttz)-
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It follows from (12) that

qkjl(to’t'l) qjl(t'])' for j#1

'qkj(to’t’l) = q.j(t»]')

Now we are going to prove the following theorem.

Theoremn If X(t) is a completely discontinuous
stochastic process, and if conditions (11) and (12) hold as
well as the intensity functlions are given by the formulas

£ (%) for 1l=k,k+1

1 (t) =~
(13) %l for  1#k,k

where f(t) is a increasing function of class ¢! and £(0)> 0,
then the unique solution of equations (7), (8) is

£(t,) = 25| 17E -[ret)-fet,)
(14)  Dyy(bq,5,) = [ 211 _ k)}J . [F(t)-f(2s)

and X(t) is a Markov process in the wide sense.
Proof. Let the assumptions of the theorem hold.Equa-
tion (7) can be written in the form

3Dy (t,,t ) }
= ; 2= —py (542 5p)E (8,) +
(15)
moreover

Ppiq(Bq1080) = 0, Py (b,,85) = &.(1).

Let k and the parameter t, be fixed. Then (15) is a re~
current system of linear differential equations. The theorems
concernning the existence and the uniqueness of the solution
of such systems are well known. It is easy to verify that if
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On the equation of Kolmogorov type 7

(14) is the solution of system (15), then (14) is the unique
solution of this system.

If we assume that all the assumptions mentioned above hold
then it is also easy to see that transition probabilities (14)
satisfy equation (8).

Thus it follows from the general theory of differential
equations that (14) is the unigue solution of (7) and (8).It
is evident that if transition probabilities (14) satisfy the
Chapmann-Kolmogorov equation then the considered procass is a
Markov process in the wide sense. The proof of the theorem is
complete,

It is interesting that transition probabilities (44) have
the same form as the corresponding transition 'probabilities
in the Poisson process but they where derived without the as-
sumption that the process is a process with independent in-
crements.
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