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SOME ALMOST HERMITIAN QUATERNION MANIFOLDS 

1. Int roduct ion . A d i f f e r e n t i a b l e manifold with an almost 
quaternion structure has been studied by var ious mathemati-
cians including C.Ehresmann, P.Liebermann, K.Iano, M.Obata, 
S . Ish ihara and H.Wakakuwa. A.Gray [ l ] has g iven some c l a s -
s i f i c a t i o n s of almost Hermitian manifolds, and obtained in -
c lus ion r e l a t i ons between them. In the present paper we c l a s -
s i f y almost quaternion manifolds and l a t e r prove inc lus ion 
r e l a t i ons between them. In the l a s t sec t ion we study a con-
formal diffeomorphism between almost Hermitian quaternion ma-
n i f o l d s and use th i s diffeomorphism to compare c l a s s i f i c a t i o n s 
of these two manifolds. 

2 . P r e l im inar i e s . Let M be an n-dimensional (n= 4-m), C°° 
r e a l d i f f e r e n t iable manifold,· F(M) the r ing of r e a l valued 
d i f f e r e n t i a b l e funct ions over M, and X(M) the module of de-
r i v a t i v e s of F(M). Then ϋ?(Μ) i s a L ie algebra over the r ea l 
numbers and the elements of JS(M) are c a l l ed vec tor f i e l d s . 

I f M i s equipped with ( 1 ,1 ) tensor f i e l d s Ρ and G s a t i s -
f y i n g 

( 2 .1 ) F2 = - I , G2 = - I , FG = - GF, 

def then H = = FG s a t i s f i e s the i d e n t i t i e s 

H2 = - I , GH = - HG = F, HF = - FH = G . 
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Such a manifold M i s said, to be a d i f f e r e n t i a b l e manifold with. 

Each d i f f e r e n t i a b l e manifold with an almost quaternion 

structure (F, G, H) admits a p o s i t i v e d e f i n i t e Riemannian me-

t r i c defined by a s c a l a r product < · · > such that 

<FX,FY> = < X,Y> , 

<HX,HY> = <X,Y> , 

f o r a l l X,Ye.J£(M) and the manifold i s then said to have an 

e.lmost Hermitian quaternion structure [3] . 

Let 'F, 'G, Ή be def ined as f o l l o w s 

I t i s easy to check that 'F, 'G, Ή are skew symmetric. 

The tors ion tensor G(X,Y) associated with tensors F and G 

i s a tensor of type (1 ,2) defined [4] by 

2s(x ,y) = [ f x , g y ] - f [ x , g y ] - g [ f x , y ] + g f [ x , y ] + 

+ [ g x , f y ] - g [ x , f y ] - f [ g x , y ] + f g [ x , y ] , 

where X,Ye3£(M). The Nijenhuis tensor corresponding to the 
( 1 , 1 ) tensor F i s g iven [4] by, 

^ ( x . r ) = [ f x , F Y ] - F[X,FY] - F[FX,Y] - [Χ ,Υ] . 

Let V be the Riemannian connection on M. Then 

an almost quaternion structure [3J 

(2.2) < GX,GY> = < X,Y> 

'F(X, Y) = < FX, Y> , 

'G(X, Y) = <GX,Y> , 

Ή(Χ,Υ) = < HX, Y> ; X, Y e 3f (M) 

(2.4) V „ ( F ) ( Y ) = V Y (FY) - F V Y Y Χ Χ Χ 

and 

(2.5) VY( 'F) ( Υ,Ζ) = < 7 Y ( F ) ( Y ) , Z > , 
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where Χ, Υ, Ζ e3£(M). Using the above two identities, it is 
easy to verify the following 

T h e o r e m 2.1. The following equalities hold for 
arbitrary Χ,Υ,Ζ eJ£(M) 

(i) \7X(P)(GT) = F ?X(F)(HÏ) . 

(ii) 7X(G)(FY) =-G\7x(G)(HT) . 

(iii) 7X(F)(Y) = G7X(H)(Y) +^X(G)(HY). 

(iv) νχ( 'F)(GY,Z) = - 7X('F)(HY,FZ) . 

3. Special almost Hermitian quaternion manifolds and their 
inclusion relations 

In this section we shall require the following explicit 
formulas for the exterior and co-derivatives of the 2-form 
'F, 

(3.1) d'F(X,Y,3) = C V('F)(Y,Z), Χ,Υ,Ζ Ä 

d'F(X) = -¿f^E.('F)(Ei,X) + 7pE_('F)(FEi,X) + 
(3.2) 

+ 7GB ( 'F)(GE.,X) + 7H E -( ,F)(l IE i ,X)| , 

where C denotes the cyclic permutation over (Χ,Υ,Ζ) and 
. . . , Em, FE^i,..., FEm, GE 1 , . . . , GEm, HE^,..., HEmj form the frame 
field on an open subset of M [3] . 

T h e o r e m 3.1. Let X,Y,Ze3C (M). Then 

(3.3) PN(X,Y) =\7fx(F)(Y) +\7x(F)(FY)-7fy(F)(X)-7y(F)(FX). 

2S(X,Y) =^fx(G)(Y) +7gx(F)(Y) - F\7X(G)(Y) - 5 7χ(ϊ)(ϊ) -
(3.4) 

-7fy(G)(X) -7gy(F)(X) +F^7y(G)(X) +G7y(P)(X). 
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(3.5) 2 7χ('Ρ)(Τ,Ζ) = d'F(X,Y,Z)-d'F(X,FY,FZ)+<X,N(Y,FZ)>. 

2VX('P)(Y,Z) + 2 TgjCïKFT.Z) = 
(3.6) 

= d'F(X,Y,Z) - d'F(X,FY,FZ) + d'F(Z,FX,FY) + d'F(Y,FZ,FX). 

<S(X,Y),Z> - <S(X,Z),Y>-<S(Y,Z),X> = (3.7) 
= VjjCGKT.Z) - F 7χ('G)(Y,Z) + 7fflC(,ï)(TfZ) - G \7χ( 'F) (Υ,Ζ). 

P r o o f . The proof of (3.3) and (3.4) follows from the 
fact, that 

VXY - VjX = [Χ,Υ] ; 

(3.5) and (3.6) are consequences of (3.3), (3.1) and the for-
mula 

VX('F)(FY,Z) = 7ς('F)(Y,FZ). 

The relation (3.7) follows from (3.4). 
We shall call an almost Hermitian quaternion manifold 

1° K.-quaternion manifold or (K.Q) iff 
VjF = 0, 7 X G = 0 ; 

2° A.K.-quaternion manifold or (A.K.Q) iff 
d 'F = 0, d'G = 0 ; 

3° G(N.K.)-quaternion manifold or ̂ (N.K.Q.) iff 
VX(G)(Y) +7Y(G)(X) = 0, VX(G)(FY) + 7Y(G)(FX) = 0; 

4° P(N.K.)-quaternion manifold or F(N.K.Q) iff 

7X(F)(Y) +7Y(F)(X) = 0, VX(F)(GY) + V^O?) (GX) = 0; 
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5° G(Q.K)-quaternion manifold or G(Q.K.Q) iff 

VX(GÖ(Y) + Vpx(G)(FY) = 0 ; 

6° F(Q.Κ)-quaternion manifold or F(Q.K.Q) iff 

7χ(Ρ)(Τ) +\7gx(F)(GY) = 0; 

7° G(S.K.)-quaternion manifold or G(S.K.Q.) iff 

rf'G = 0 ; 

8° F(S.K.)-quaternion manifold or F(S.K.Q.) iff 

d"F = 0 ; 

9° Ii.-quaternion manifold or (H.Q) iff 

FN(X,Y) = 0, GN(X,Y) = 0, S(X,Y) = 0. 

Τ h e o r e m 3.2. The special almost HsrniLtian quater-
nion manifolds 1° - 9° satisfy the following inclusion rela-
tions: 

(i) K.Q. Ç A.K.Q. 

(ii) K.Q. Ç. H.K.Q. 

(iii) K . Q . ç G(N.K.Q) Ç G(Q.K.Q) Ç G(S.K.Q). 

(iv) K . Q . £ F(N.K.Q) ç F(Q.K.Q) £ F(S.K.Q). 

P r o o f . The relation K.Q. A.K.Q. follows from (2.5) 
and (3.1), the relation K.Q. £ H.K.Q. follows from (3.1) and 
(3.4). The relations K.Q. Ç G(N.K.Q) and K.Q. £ F(N.K.Q.) are 
obvious. The inclusion G(N.K.Q) É G(Q.K.Q) IS an immediate 
consequence of the definitions 3° and 5° and the inclusion 
G(Q.K.Q) é G(S.K.Q) is a consequence of (J..2) and (2.5). 

In a similar manner we can prove that 

F ( N . K . Q . ) £ F ( Q . K . Q ) £ F(S.K.Q). 
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ρ T h e o r e m 3 . 3 . If M is a (N.K) quaternion mani-
F 

fold and also an A.K.-and (N.K.)-quaternion manifold, then 
it is K.-quaternion manifold. 

P r o o f . If Me G(N.K.:Q), then d'G = 3 7χ( 'G)(Y,Z), 
and d'F = 3 7χ(Έ)(Υ,Ζ), if M £ (Ν.Κ.Q). Now if M e A.K.Q, it 
means that d'G = 0, d'F = 0, then νχΡ = 0, 7χΰ = 0. Hence, 
M is K.-quaternion. 

Using the definitions of special spaces given earlier in 
this section, we readily deduce the following theorems. 

T h e o r e m 3.4. A (N.K)-quaternion manifold is 
G(N.K)-quaternion iff 

VX(H)CFY) +VY(H)(K[) = 0. 

P r o o f . Using (iii) of Theorem (2.1) we get 

Vx(G)(ï) +\7Y(G)(X) = 
= H{Vx(F)(Y) + Vy(F)(X)} + Vx(H)(FY) + 7Y(H)(EX), 

and 
VX(F)(GY) + \7y(F)(GX) = 

= P{7X(H)(FY) + VY(H)(EX)j ~{VX(G)(FY) +\7y(G)(KC)} · 

The proof of the theorem follows immediately from the above 
two expressions. fl T h e o r e m 3·5· A (S.K)-quaternion manifold is 17 
(S.K)-quaternion manifold iff 

7X(H)(FY) - Vex(H)(Y) + VQX(H)(HY) - 7hx(H)(GÏ) = 0. 

P r o o f . Using theorem (2.1) and the formula (3.2) we get 
i'G = Hcf'P -¿{vEi('H)(FEi,X) - ΤρΕ. ( Ή) ̂ , X ) + 

+ 7GE.( 'H)(HEifX) - ( 'H)(GEi,X)} , 
and hence the proof follows. 
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As a consequence of the above theorem we have 
G F Corollary 3.5. A (S.K)-quaternion manifold is (S.K. )-

-quaternion provided 
Vx(H)(Pï) - VFX(H)(Y) =. 0 . 

Conformai diffeomorphism of almost Hermitian quaternion 
manifolds 

We consider two manifolds (M,<','>) and (M°, <',*>°).Let 
g>: I — M ° be a diffeomorphism. For XeJf(M) let Xo X, 
where is the Jacobian or the differential of φ . Then φ is 
called [l] a conformai diffeomorphism iff there exists 
6eF(M) such that 

(4.1) <X°,Y°> . Φ = e26"<X,Y>·, X,Ye36(M) . 

For fe F(M), grad feJC(M) is defined by 

<grad f,X>= X(f)i XeJ£(M). 

If φ : M —- M° is a conformai diffeomorphism then [l] 

(4.2) V°0Y° ={V XY + X(6)Y + Y(6)X - ^ X , Y > g r a d . 

L e m m a . The forms and structures of M and M° are re-
lated by the following equalities: 

(4.3) 'F0(X°,Y0).Í> = e25'P(X,Y), 

(4.4) ψ* ('F0) = e2^ 'F , 

(4.5) φ* (cl 'F0) = e26"{2d6 Λ 'F + cL'f} , 

V°0(F°)(Y°) = 
(4.6) X 

r -,0 = { 7X(F)(Y) + FY(6)X - Y(e>)FX +<FX, Y> grad.5+<X, Y> F grad 6| , 
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V ° ( 'F0)(r0,z0)· § = 
X° 

(4.7) = e 2 61 Vx( 'F)(ï,Z) + FY(ff) <X,Z>- Y(S) 'Ρ(Χ,Ζ) + 

+ 'Ρ(Χ,ϊ)Ζ(6) -<X,Y> FZ(6)} , 

(4.8) {*N(X,Y)}° = V(X°,Y°), 

for X,Y,Zeje(M). 
T h e o r e m 4.1. If X,Ï€Jê(M) and dim M=n=4m, then 

(4.9) tf°'G°(X0-)·!? = rf'G(X) + (n-2)GX(5). 

and 

(4.10) {S(X,Y)}° = S°(X°,Y°). 

P r o o f . We first observe that if 

FE^,...,PEm> GE^l...,GSm, HE^,...,HEm } 

is a frame field on an open subset of M, then 

{ ( e ^ ) 0 (eSEffi)°, ( e 5 FE^ )0, ..., (eff HEm)0} 

is a frame field on an open subset of M°. 
Now, we have 

6° G°(X0) · Φ = - e " 2 f f Z / v ° o('G°)(E°,X°) + ¿=f i -Ei í 

+ V° 0 0( 'G°) (P°E?,X°) + 0( 'G°) (G°E°,X°) + F EV G°E£ 

+ ('G°)(H°B °,X°)}-<? . 
H E^ 
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Hence by (4.7) - we get 

'G°(X°) · Φ = ¿ 'G)(EitX) + \7fe.('G)(FEi,X) + 

+ 7 G B ( ,G)(GBi,X) + ( 'G)(HEifX)} -

m 

< B i . X > - Ei(e)'G(Ei,X) + 'G(Ei,Ei)X(6) -

-|<Ei,Ei> G(X)(&) + GFEi(6') <FE i tX> - ^ ( 6 ) 'GCFE^X) + 

+ 'G(EEi,FEi)X(6') - <EEi,I'Ei> GX(6T) + 

+ 0 ^ ( 6 ) <GE i,X> - GEi(6) 'G(GEi,X) + 

+ 'G(GEi,GEi)X(6) -•¿&Bi,GEi> GX(<5) + 

+ GHEi(6) <?HEifX>- HEi(6) ,G(HEi,X) + 

+ 'G(HEi,HEi)X(6) -<HE i,HE i> GX(6)} = 
m 

= tf'G(X) + 4mGX(6·) - 2 1 * 1 ^ ( 6 ) - C,E· (©) -

l J- i. J- J-

- biHEi(6) + cLjFE^e)} , 

where m Χ = + báFEá + c.GEd + . 

Hence 

6° 'G0(X°)·φ = â 'G(X) + (η - 2)GX(ff). 

The equality (4.10) is a direct consequence of (4.6) 
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By means of Theorem 4.1 and the lemma preceeding it we can 
prove the following 

T h e o r e m 4.2. Let Φ : M — - M ° be a conformai dif-
feomorphism between almost Hermitian quaternion manifolds M 
and M°.(1) - The manifold MeH.Q iff M°e H.Q. (2) If dim M >8, 
φ is not nomothetic (i.e. 6 is non-constant), and M is in one 
of the classes: K.Q., P(N.K.Q.), G(N.K.Q), F(Q.K.Q), G(Q.K.Q), 
P(S.K.Q), G(S .K.Q), then is never in any of these classes. 
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