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ON DIFFERENTIAL INEQUALITIES OF PARABOLIC TYPE
WITH MULTIDIMENSIONAL TIME

Mlak [2) has proved a theorem on strong differential
inequalities of parabolic type. A theorem on weak differential
inequalities was obtained by Szarski [3]. Using Mlak’s result
Besala [1] proved Szarski’s theorem under weaker agsumptions
than those in [3].

In this paper we extend the above-mentioned results of Miak
and Besala to the case where the time-variable is multidimen~
sional.,

1. Preliminaries

In this section we extend the notation and definitions
stated in the monograph [4] (§§ 46,47) to the case where the
time variable is multidimensional,

Let D be an open domain of the Buclidean space En+m of

the variables (x,t) = (Xq5000sXpstiqseeasty) having the fo-
llowing properties:

1° D is contained in the strip

{(x,t) :t_f.:<ti< Ty t3<I,<00  (i=1, ...,m)}

and the intersection of the closure D with any closed strip

{(x,t): t‘i’< t,< t2< Ty (i=1,...,m)}

is bounded.
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2 _ H,Ugowski

2% For any t= (1:1,...,1-; R T; € [t the projection
S, on the space (x,],...,x ) of the mtersectlon of D with
the hyperplane t,]= Tqseees tm='cmv is non-empty.

5 For any point (x,t)e€ D and any sequence {t\’} ’
(t € ['_tl,T )) such that t'—+t, there is a sequence {xv},
(x € S;v), such that % — x.

Denote by Rye and Ry , (i=1y¢e.,m), the interiors of
i

. , i
those parts of the boundary 6D of D which are situated on
the planes ti=ti° and ti=Ti, respectively (if ‘I‘i= oo, then

Ry is empty) .
i
Let us put

> = 6D\ [1}i-\<Jm (th;U ﬁTi)U{(x,to).zx € St}]

-~

If a function o(x,t) is defined on 3., then we denote by
Y 4 that subset of 21 on which o(x,%)#0.
Let functions f£*(x,t,u,q,r,8), (i=1,...,N), be defined
for (x,t)€D and for arbitrary u:(u1,...,uN),q=(q,], cenrap),
r= (r’l’l’r12”"’rnn)’ s= (84900098 ). Assume that the function

u(x,t) = (uq(x,t),...,u (x,t)) is defined and possesses deri-
vatives _(u ,...,u ) (1=1,e4.4n), in the domain D.

Under these assumptlons, we say that th.e function fl(x,t U,yqyTyS)
is elliptic with respect to u(x,t) in D if for any r,
( Jk-rka’ rak"rka) and s, such that the quadratic form in

Agseeerd

n
(rdk-rjk)/'l ;ink

is negative, we havc

f (x,t ulx,t),u (x,t),r s) K¢ (x,t u(x,t) u (x,t) r,8),(x,t)eD.
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Inequalities of parabolic type 3

If a function u(x t), defined in D and possessing in
i i i_
D derivatives Uy uxx ( X, 1 U‘X,lxz"”’ux x ) and up =

= (u%‘ ,...,,u% ) (i=1,.444N), is a solution of the system
1 m

, . . . (x,5)€ D
(1) fl(x,t,u(x,t),u;(x,_t),uix(x,t),u%'(x.t))=0, iX1 : N

and if all the functions £ are elliptic with respect to
ulx,t) in D, then ul(x,t) is called a parabolic solution
of this system.

We introduce the following condition.

(A) Punctions o(x,t) (i=1,...,N) are defined and non-
-negative on Y . For every (x,t) € > i there is given a

direction Li(x,t) which is ortogonal to all +the time axes
and some segment, with one extremity at (.x,t), of the straight
balf-line from (x,t) in the direction L' is contained in I

A solution u(x,t) of the system (1) in D will be cal-
led X «—regular solutlon 1f it is continuous in D, possesses
derlvatlves u; , ux % 9 ut (1= eeeyN; Jyk=1ye0eyny P=Tyeue

J Jk
eee,y) continuous in D and if for every i there exists
i
the derivative dui at each point (x,t)eX ;
at *

Assume that we are given

1. the system (1), where the functions f£%(x,t,u,q,r,s),
(i=1,++.,N), are non-increasing with respect to s;

2. functions o(i(x,t) and directions (*(x,t), (1=, 000
«++,N), satisfying condition (A);

3, functions wi(x,t) defined on Y and fél(x,t) defined
on Z’d;,(i=’l,...,N)-, v‘vhere [jl(x,t)>0 on i

4, functions (pl(x), (i=1,...,N), defined on S

The first mixed problem for the system (1) comsists in

finding a Ed -regular solution u(x,t) of this system in D,
satisfying the initial conditions
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4 H,Ugowski

(2) u(x,t°)=¢(x), X €5, (¢=(¢1,...,wN))
and boundary conditions

pi(x,t)ui(x,t)—o(i(x,t) 53—[5- = 1Pi(x,t;), (x,t)e ng ,
(3)

wl(x,t)= vi(x,t), (x,8)e SN\, , (i=1,....N).

al

The following lemma will be needed,

L emma, Assume that we are given a function o(x,t) and
a direction L(x,t) satisfying (for N=1) condition (A),and
a function f(x,t) on X, such that

p(x,t)>b20 for (x,t)e.

Suppose that the function ul(x,t), continuous in D and pos-
sessing the derivative %— on Zd, satisfies +the inequali-
ties

Blx, b)ulx, t)-alx,8) T <op(t)  (<op(8)), (x,8)eX,,
w(x,8)<p(8)  (<9(8)), (x,6)eI\Z_,

where '9(t),>,0. Denote
D, = UURe .

1¢igm 1

Under these agsumptions, if for a point (x,t)e€ DOUZ we have

ngag:{c u(x,®) = w(x,B)>9®)  (29(¥),

then (X,%)€ D,

The proof of this lemma is the $ame as that of Lemma 47.1
of [4].
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2. Strong differential inequalities

We introduce the fol%ov'ving assumptions:

(I) The functions f£*(x,t,u,q,r,s) (i=1,...,N): satisfy
condition W_ with respect to u (see § 4 of [4]) and they’
are non-increasing with rqspect to s. )

(II) The functions o*(x,t) and the direction (x,t) (i=
=1,...,N) satisfy condition (4), while pl(x,t) are defined
and positive on 2 _i.

{III) Punctions u.(x,t):(uq(x,t),...,uN(x,t)) and v{x,t)=

=(v1(x,t),.:.,vN(x,t)) are 2,y -regular in D and every
function £ is elliptic with respect to u(x,t).The follow-
ing differential inequalities are fulfilled in the domain D

(4) fi(x,t,u(x,t),ui(x,t),uix(x,t),u%(x,t))>

>23 (2,5, v(x,8), VA%, 1), Vi (2,80, V5 (5, 8)) , (31, 00y,
Moreover, the initial inequalities
(5) u(x,t°) < v(x,t°), X€Se

and the boundary inequalities

piC, ©) [ul(x, ©)-vi(x, )] ol (x, 5) d[:t;"lko, (x,8)eL i,
(6)

al(x,6) vz, 8) <0, (x,8)e I\Z i, (1=1,...,1),

hold true.
The orem 1, If agssumptions (I)-(III) are satisfied,
then u(x,t)<wv(x,t) in D 1).

1) Theorem 1 is true if, instead of the ellipticity with respect to
u(x,t), we assume the ellipticity with respect to v(x,t).
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6 H.Ugowski

Proof., We proceed similarly as in the proof of Theo-
rem 63,1 -of [4]. Since the set {(x,to): xesto} is compact,
there is; by (5) and by continuity of u(x,t) and v(x,t), a

point t7=(t3,...,t.), t<t,<T, (i=1,...,m) such that

(7) alx, t) < vix,t), t°<t<t1, xeSt.

Let EG(O, min(tg. - tg) be an arbitrary fixed number and
denote 1

s(mi-tg-é)n:g +E i D<o,

t; = (i=1y 0w .,m)
1 £ e B R
m+ti + £ it Ti z oo,

where £ € (0,1). Hence, by (7), there is a number £€(0,1) such
that u(x,t)<v(x,t) in the domain

pf = f)_ﬂ{(x,t): tg +E<ti < ti_ - (i=1,...,m)}.

Denote by €, the least upper bound of all £ €(0,1) with this

property. We shall prove that €, = 1. Suppose to the contrary,
that €,<1. This implies (as in [4]) the inequality

(8) ulx,t) € v(x,6), (x,t)e€ 1_35".

- &
Moreover, for some index Jj and some point (Xx,%)€D °  such

that Ei = tf.: for some i (1<i<m), we have
(9) wd(%,%) =vI(x,T).

If this equality was not true, we would have (by‘ (8))

u(x,t) < vix,t), (x,t)¢ ;ﬁ
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' £
Hence it follows that inequality u<v holds true in D f for
some ¢&,€ (g ,1), which contradicts the definition of €.
Relations (8), (9) imply that

nax [wd(x,%) - vI(x,®) ] = WIEZE -vIxE =0
XxeS3

whence, by (6) and by Lemma, we conclude that (X,%)€ D. Thus
the function ud(x,%) -v¥(x,t) attains its maximum at the
interior point X € Sg. This implies that

(10) W(%,%) = vI(x,T)

and the quadratic form

n _' .
I O(Z T -l (=% X .
(11) e [uxkxl(x,t) vxka(x,t)]zkﬂtls negative.

In view of (4) we have, by (8)-(11), condition W,_ and by
ellipticity of f£9, the inequality

(120 23(x%,uEx,B),ud®xD), v (%,8),u)x,)>
>£3(%,%,u(%, ), udx%,1), v (7,1, v{(%,8) .
On-the other hand, (8) and (9) imply the relation

max [wd(Z,6) - vi(E,0)] = wd&D -vIED - o.
tgt

Therefore we have
w(x,%) - vi(x,%)>0

which implies, by the monotonicity of fj(x,t,u,q,r,s) with
respect to s, the inequality

£3(%,%,u(x, ), ud(x,8), v (%,%),u(%,9))<
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8 H,Ugowski

<23(x,%,u(x%,8),ud(%,5),v) (£,9),v)(x,D),

but this contradicts (12).
Thus we have proved that s°=’|; i.oe.

u(x,t)<v(x,t) in Bﬂ{(x,t): tg+€<ti<Ti (i=1,...,m)}.

Since € can be taken arbitrarily small, +this completes the
proof.

3, Weak differential inequalities

We make the following assumptiona:.

(IV) The functions £%(x,%t,u,q,r,s) (i=1,...,N) satisfy
agsumption (I) and each i decreasing with respect %o s;.

(V) Assumption (III) with ">" and "<" replacedby "»"
and "g ", respectively.

(VI) For ugu the following inequalities are filfilled

g1 x,t,u q,r,s+6 (}:(t —to) u—u))<f (x,%,u,q9,r,8) (s+6i =

sk+6 }k-’l)

where 61(1‘,3'1 yerey¥y) (i=1,...,N) are non-negative and con-
tinuous for

0gT<T, Z(Tj-tg Y20 (k=1,.0.,8).

Moreover, we assume that ~61('c,0)50 (i=1,4..,N) and that y(7)=
=(0,+..,0) 1is the unique solution of the problem

?%____ 1(1‘.‘,3’), y1(0)=0 (i=1’o-o,N)o

PTheorem 2. If assumptions (II), (IV)~(VI) hold,then
u(x,t) < v(x,t) in D,

Proof. Wo apply the same method as in the proof of
Theorem 1 of [1].
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Inequalities of parabolic type 9

4
Let y's(fu) = (yi('v),...,yN('t», §>0 be a solution of
the problem

%i—-_- ¢ir,y) + 6, y,(0)=d  (i=1,...,M).

For any £ € (0,7, ) there is 8 > 0 such that for every §e(0,d,)
the functions y d(v) are deflned in the interval [0 To- €) and

dlimo yi(’b‘):O (i=1,o-¢’N)’

where the convergence is un:.form in this interval.
Denote by DY, X% and E.i the parts of D, & and .
regpectively, contained in the strip

{(x,t) j\td<Tj % (j='|.,...,m)},

where
£ o
Q<m<m§x (‘I‘:j - tj).
Let us put
8
Vix,t) = vix,t) +o (%),
where

w‘g(t) = yJ(Z (t .-1:9)),.
j=1 Jd J

Then we have

i i i i ) é
fi(x,t,u,u;,uu,u:) -f (x,t,vs,v; ,vix,vt"")

= [fi(x,t,u,u]ir, u;,u%) - fl(x,t,v,v;,vix,vé')] +

+ [fi(x,t,V'Vi,Vix;Vi)-fi(X,t Vdgvivvxxovt + 6 (Z (t ‘t )’ (t))+6)]
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10 H,Ugowski

The first difference in brackets is, by assumption (V), non-
-negative. According to assumptions (IV), (VI) the second
difference is positive. Thus we have proved that

» . . . > 65 06\ -d\ -d\
(13) fl(x,t,u,u;,u;x,u%):>fl<x,t,v ,v; ,V;X,V% )

in D¢ (for 0<8<4), i=1,...,N.

Since (oid(t)26l>0, we obtain (by assumption (V)) the
following inequalities

(u(x,59) <v*(x,8%), xese ,

. . ' : i _id
(14) < ﬁl(x,t)[ul(:'c,t)-vl‘g(x,t)]-ul(x,t)i[—u—l—'i'i—]<o, (x,t)e).:ii,
al

. » N ’ S £
ut(x,t) -vld‘(x,t) <0, (x,t)eX \Zqi (i=1y4..,N),
Inequalities (13),(14) imply, by Theorem 1, that

u(x,%) < va(x,t), (x,t) € Dso

whence, letting 6 —0, we have

u(x,t) <v(x,t), (x,t)eDd%,
Since € is aibitrary, the theorem is proved.

As an immediate consequence of Theorem 2 we obtain the
following corolléries.

Corollary 1 (Uniqueness criterion). If assump-
tions (IV) and (VI) are satisfied, then the first mixed prob-
lem 1)-(3) admits at most one parabolic, 2, -regular solu-
tion.

Corollary 2 (Maximum principle).Let assumptions
(IV) and (VI) be satisfied., Assume that for u>0,(x,t)ED we
have

£1(%,%,u,0,0,0) <0 (i=1,...,8).
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Inequalities of parabolic type 11

Suppose that the function ul(x,t) is a Zd—regular and pa-
rabolic solution of the system of differential inequalities

ti(x,,0,0k,ul,0d) 20, (xBled  (i=1,...,0
and, moreover, the initial méquaiities
u(x,t%) e = (eqrevercy)y XESp
and the .boundary inequalities

. ' ; i
B0t )=o) Hr<eyptln ), (0)eTy,

ui(x,tp <eqy (xt)e Z‘\Zdi (1=1,00.,N)

hold true, where c; are non-negative constants. Under these
assumptions we have u(x,t)<c in D.
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