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THE GENERALIZED LOWNER EQUATION IN THE CLASS 
OF QUASI- oi-STARLIKE MEROMORPHIC k-SYMMETRIC FUNCTIONS 

1 . I n t r o d u c t i o n 

L e t d e n o t e , f o r a n y f i x e d o(. i n t h e i n t e r v a l [ o , 1 ) , t h e 
c l a s s o f f u n c t i o n s 

F ( z ) = ^ A
n - 1 z n " 1 ' A - 1 = 1» ° < | z | < 1 

n = 0 

s a t i s f y i n g t h e c o n d i t i o n : r e ^ > oC when | z | < 1 . The 

f u n c t i o n s o f t h e c l a s s a r e c a l l e d < x - s t a r l i k e m e r o m o r -

p h i c f u n c t i o n s . I n p a r t i c u l a r , f o r oc = 0 we d e n o t e "by 

S . T h i s i s t h e c l a s s o f s t a r l i k e m e r o m o r p h i c f u n c t i o n s . I t 
i s e a s y t o s e e t h a t a ' f o r e v e r y a i £ £ 0 , 1 ) . 

N e x t , f o r a n y f i x e d n a t u r a l k , l e t d e n o t e t h e c l a s s 
o f t h o s e f u n c t i o n s F 6 w h i c h p o s s e s s a n e x p a n s i o n o f t h e 
f o r m 

OO 

= 2 A n k - 1 z D k " 1 ' A - 1 = 1 ' 0 < | z | < 1 . 
n=0 

The f u n c t i o n s o f t h e c l a s s 2-> ^ a r e c a l l e d d. - s t a r l i k e 

m e r o m o r p h i c k - s y m m e t r i c f u n c t i o n s . F rom t h e d e f i n i t i o n s a b o v e 
* ( k ) * 

i t f o l l o w s ' d i r e c t l y t h a t ^ f o r k = 1 , 2 , . . . and 
*(U = * 

' <x ~ ' a • 
M (k) 

C o n s i d e r t h e c l a s s o f q u a s i - o ( - s t a r l i k e m e r o m o r p h i c 
k - s y m m e t r i c f u n c t i o n s f d e f i n e d by t h e e q u a t i o n 
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2 K.Dobrowolska 

(1) = MP(a), 0 <| z |< 1» 

where F denotes an arbitrary function belonging to the class 
2-1^ , and M is a fixed number in the interval [l,°°). In par-
ticular, putting k=1 or &=0 we obtain classes of functions 
introduced and investigated previously, namely: 

M M0)_ M M(k)_ M(k) 
(see [ 1 ] ) , ^ ^ = 2 ^ ( B e e [ 2 ] ) , = <2 (see [3]). 

Let f(z,t) denote the function defined by the equations 

(2) f(1) = e* F(z), 0 < | a | < 1, 0 < t <c~> , 

where P denotes an arbitrary function of the class ^ . 
It is easy to see that the function f(z,T) belongs to the 

<^Mik> T class 2.Li^ for M = e . Moreover it can be proved (see [4]) 
that for the functions f and F in (2), where F is any 
fixed function of the class ¿j^, we have 

(3) lim e-tf(z,t) = F(z). 
t-*- OO 

*f(0 
Hence the functions F e. 2 ^ can be approximated by fun-
ctions in the class • 

In the sequel, let ^ £ f"o, 1), denote the class of oC the functions 

(4) P(z) = 2 \ k *
Q k f = M < 1 ' 

n=0 

satisfying the condition: re p(z)>oC if |z|<1. 
Finally, le-j; •/'^(m), -j < m < denote the class of 

functions of the form (4) satisfying the condition: . . , , Jk> _ JL*) 
p(z) - m|<m, whenever |z|<1. Observe that J3 (ocJ= . 
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Generalized Lowner equation 3 

In the present, work; we s h a l l ob ta in the genera l ized Low-
M00 

n e r ' s equation t o the func t ions of the c l a s s . Moreover, 
using t h i s equat ion we s h a l l ob ta in an e s t ima t ion f o r bas ic 

f u n c t i o n a l s in the c l a s s '.̂  of q u a s i - s t a r l i k e mero-
morphic f u n c t i o n s . 

2. The genera l ized Lowner equat ion 
T h e o r e m 1. A func t ion f ( z ) belongs to t h e c l a s s 

v MOO 
i f ana only i f f ( z ) = f ( z , T ) , where f ( z , t ) i s a so -

l u t i o n of the equat ion 

( 5 ) 3 f ^ = 0 < | z | < 1 , 0 « t < T 

with the i n i t i a l condi t ion f ( z , 0 ) = 1 / z , where P in (5) 
denotes a func t ion of the c l a s s ^ ^ ( m ) , with m = 1/2<x and 

T = log M. 
P r o o f . Take an a r b i t r a r y f u n c t i o n F e Z l j . l t i s known 

' (k) 
t h a t the func t ion p (z ) = ~Zp(z^ ^ belongs t o the c l a s s ^ . 
With the above n o t a t i o n we have 

- 1 1 1 * 1 + 1 - I - P U ) , 

F(z) + z " z 

A f t e r i n t e g r a t i n g t h i s equat ion flom 0 to z , we get 
(6) F.U) n.-l e ^ - j ^ h l d ^ . 

0 
From (6) and (2) i t fol lows t h a t 

1 

f ( z , t ) e x p ( l J ' £ ( ^ d < j = | e x p ( t - / l i ^ l d J j j . 

Prom t h i s , t ak ing the logar i thm of both s i d e s and then d i f f e -
r e n t i a t i n g with r e spec t t o t , we ob ta in 
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K.Dobrowolska 

t 7 \ a iog f ( z t t ) P ( i / f ( z t t ) ) - i . a f ( g . t ) 1 
— at + — f ( z , t ) 1 

and consequently 

( 8 ) m % n s { { Z t t ) p ( 1 / i ( , t t ) ) . 

Upon denoting P(z) = 1 / p ( z ) t equat ion (8) can be r e w r i t t e n 
In the form (i>). Making use of the f ac t t h a t p we easily 
show t h a t the funo t ion P(z) s a t i s f i e s the conditions P(0)=1, 
| P (z ) - whenever | z | < 1 . Hence the func t ion P be -
longs t o the o l a s s ty (m) where m = 1 / 2 « . I f ot= 0, then 
P 6 * l l t ) ( ~ ) = 

Prom the cons ide ra t i on above i t fol lows that each func t ion 
^-.Mik) 

f E Z j ^ oan be rep resen ted in the form f ( z ) = f ( z , T ) , T = 

s log M, where f ( z , t ) i s a s o l u t i o n of equat ion (5) and 

m), m s: 1/2o( (when c*=0 we take m=oo). 
I t i s not d i f f i c u l t t o prove the converse theorem (see 

[ 5 ] ) . 
Mik) 

3. Est imat ion of some funotionalff in the c l a s s 2Z , : ; ; __,M(k) 
T h e o r e m 2. For any a r b i t r a r y func t ion f £ 2 j the 

fo l lowing I n e q u a l i t i e s hold 

(9) m(r) < | f ( z ) | ^ M(r) fo r 0< |z |=r<1 , 

where J/k 
(9 ' ) m ( r ) s - M ( l ( 1 - r k ) 2

+ ^ + l ( 1 - r J 

1/k 
(9") « U O - S f ë i l « * ) 2 - ^ + 1(1 + r k ) 2 - ^ , 
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Generalized Lowner equation 5 

In p a r t i c u l a r , for the funct ion f defined by the equation 

i 2/k . 2/k 
(10») ^ ( f k - D = | - ( z k - i ) 

we have |f (z ) | = m(r ) , |z | = r , and for the function f s a -
t i s f y i n g the equation 

d o " ) l ( f ^ + 1 ) 2 / k = l ( ^ + 1 ) 2 A 

we have the e q u a l i t y | f ( z ) j = ) , |z| = r * 

P r o o f . From Theorem 1 we know that a funct ion f be-
„M(k ) , 

longs to 2-, i f and only i f f ( z ) = f ( z , T ) , T =log M, where 
f ( z , T ) i s a so lu t ion of equat ion (5 ) in whicji P denotes a 
funct ion of the c l a s s ^ ( » ) = ¿p . Prom equation (5 ) i t 
fo l lows that 

(11) d tlog f ( z , t ) = P ( 1 / f ( z , t ) ) d t , 

and next 

(11 ' ) dtlog|f(z,t )|= re P ( 1 / f ( z , t ) ) d t . 

I t i s well-known that every funct ion P£ ¿^ can be r e p r e -
sented in the form 

27i< 

(12) P (z ) = J e 1 5 + z k d H ( 9 ) , 
o e Z 

where /i(0) i s a non-decreasing funct ion in the i n t e r v a l 
[o ,2 j t ] such that £ dfi(9) =1. From t h i s we obtain the i n e -

o 
qua l i t y 

k k 
(13) ^ - < r e P ( z ) < for | z | = r < 1 -

1+rK 1 - r ' ' 
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6 K.Dobrowolska 

The following inequalities follow from (11') and (13' 

( 1 4) dt<dtlog |f(z,t)|< dt. 
|f(z,t)|k+1 t 1 1 |f(z,t)|K-1 

By integrating (14) in the interval [o,t], T=log M, and taking 
into account (11') we obtain 

(lf( Z tT)l k
+l)% ( I ^ + 1 ) 2 

— ; Tk~ ^ — - p 
|f(z »T ) | 

and 
0f(s,T)lk-l)2

 > k * |f(z,T)|k r 

The assertion of Theorem 2 follows directly from the inequali-
ties above. 

Theorem 2 implies the following theorem on covering for 
quasi-starlike meromorphic k-symmetric functions. 

T h e o r e m 3. Each function w = f(z) belonging to the 
—Mflc) 

class s , maps the unit disc K1=|zs|z|<1f ontoaregion 
D f containing the DQ={ws |w|>E0j, where EQ= (2Mk-1+2\/Mk (Mk-1)')1/K. 

The function f defined by the equation 
i . Ic 2/k M k 2 / k 

K=0 

maps the disc K1 onto the domain D =E 2
 wiiere 

E 2 is the complex plane of Gauss, K 2 =|w:|w|<l|, I Q = 

= | w : w = t e * , t <E0j. 
By taking limit (3) in the above theorems we obtain pre-

viously known theorems for starlike meromorphic k-symmetric 
functions. 
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Generalized. Lowner equation 7 

*(k) 
T h e o r e m 2' . For any function Fe 2 we have 

1 v 2 ^ \ 1 1 k 2 / k I I ^ ( 1 - r ) , 0 < | z | = r < 1 , 

1 k 2 / k 

where the equa l i t y holds for the function F ( z ) = - ( z ±1) 

T h e o r e m 3 . Each function Fe 2 J maps the disc 

K1=|z: |z |<l] onto a region Dp containing D0 = {w:|w|> 1 Ir 2/k In p a r t i c u l a r , the function F(z ) = ̂ -(z +1) maps the disc 
v f " ! r '\.2mlk n™! 

K1 onto the region D = E 2 \ U IQ , where IQ=|w:w=te ,0 

In the sequel we sha l l est imate the argument of a function 
MOO 

in the c l a s s 2_. , where arg z f ( z ) w i l l denote that branch 
of a mult ip le valued function which s a t i s f i e s , the condition 
l im arg z f ( z ) = 0. M(k) 

Z~* T h e o r e m 4. For any funct ion f e S the following 
i n e q u a l i t i e s hold 

(15) I arg z f ( z ) | 4 1 og i k ^ i K l i ^ I , 0<|z|= r < 1, 
I 1 k ( |f(ii)|fc+1 ) ( 1 - r k ) 

(16) |arg z f ( z ) logM + (l ^ k ^ J ' 0<|z|= r < 1. 

The equa l i t y in (15) holds for funct ions f defined "by the 
equation 

(17) -J ( f k + 6 ' ) 2 A = f (1 + S ' z k ) 2 A , 1 ^ 1 = 1 , 

where 6 i s se lec ted in such a way that im(f>fk(z))=|f(z)j or 

i m ( k f k ( z ) ) = - |f(z)| k . 
P r o o f . From (11) i t follows that 

d t a rg f ( z , t ) = i m ( l / f ( z , t ) ) d t . 
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8 K.Dobrowolska 

From this , taking into account (11') , we get 

(18) d targ f ( z , t ) = lm P(1 /t ( » , t )) d l Q g i f ( t } I 
* re P ( l / f ( z , t )) x I 1 

On the other Hand, using (12) we can show that 

.k 
(19) im. P 

re P ft 
2 r 
1 - r 2k z = r <1, 

where the equality holds for the function P ( z ) = 
z=r. Consequently, 

im p ( l / f ( z , t j) 

1 i iz with 

(20) 
re P ( l / f ( z , t ) ) 

z <1 , 

where the equality holds for the function P ( f ) = ^ with 

& "being a number such that l ^ l ^ l and im (6 f^ { z , t ) ) = | f ( z , t ) |k 

or im ( ¿ f k ( z , t ) ) = - | f ( z , t ) | k . Prom (18) and (20) we obtain 
the inequality 

d targ f ( z , t ) d t log |f (z,t )| . 
' f ( z , t ) | -1 

By integrating i t in the interval [ o , t ] , T = log M, and taking 
into account f ( z , 0 ) = , f ( z , T ) = f ( z ) , we get inequality 
(15). Prom this and from (9) - (9 " ) we obtain (16). 

The estimation (15) is sharp. We get extremal functions in 
k ^ 

(15) by taking p ( f ) a n d selecting fr in such a way 

that im ( ^ ( z . t ) ) = | f ( z , t ) | k , or else 
= - | f ( z , t ) | k . 

im ( 6 - f k ( z , t ) ) = 
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Generalized Lowner equation 

Thta shows that the extremal functions are defined "by equation 
(17) with a suitably seleoted 6 , which ends the proof . 

In subsequent consideration our aim w i l l "be to find an 
estimation for the modulus of the der ivat ive and the modulus 
of the logarithmic der ivat ive of a quas i - s ta r l ike meromorphic 
k-symmetric funotion. 

T h e o r e m 5. For any function f e 2 j the fol lowing 
inequa l i t ies hold 

( 2 1 ) |f (z) l f | f ( 2 ) l " + l ) , 1 - r ^ 4 | f ' ( = ) | 4 I f O l O f i t ) ! ^ ) 

|f (z )| f c - i 

.k 

r (1+r ) | f (z* )| + 1 

1 + r Z T , 0<|z | = r<1, 
r ( 1 - i ^ ) 

(22) i f ( z ) l k + 1 . 1-r* 
|f ( z ) | k -1 1+r' 

z f N z i 
f{z) 

l f ( g ) l ^ - 1 . 1+r' 
|f(a)||k+1 1 - r F ' 

0< z = r<1, 

(23) f'(z) 

,-j/k 

ki2 

0 < z | = r < r 

k(Vk2+1 - k ) 

( Vk 2 + 1 + l ) 

1 + r 
r(l-rk) 

r Q < z |= r < 1 , 
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10 K.Dobrowolska 

( 2 4 ) 
f ^ z ) 

( ¿ ( i W - ^ i i i « 1 1 ) M" V M (1+r ) / 

M-I/1 + 

0 < |z|±r < 1, 

0 <|z|= r<1, 

We obtain the equality sign on the right-hand sides of (21) 
and (22) for the funotion f defined "by equation (10'), and 
on the left-hand sides for the function f in (10").The est i -
mation (23) is sharp for 0 <|z | = r 4 r Q . The function f in 
(10 ' ) is an extremal function. We obtain the equality sign in 
(24) and on the left-hand aide of (25) for the function f in 
(10" ) . 

P r o o f . Prom equation (5) i t follows that 

(26) d t l o g | f ; ( z , t ) | =(re P ( l / f ( z , t ) ) - r e ( p ^ f f i f f i d t ' 

From th is , in view of ( 11 ' ) , we get 

(27) d. loglf ' (z,t )| = /l- r e ( V f ( ^ ) P ( l / f ( Z , t ) ) \ d l o g | f ( z , t ) | . 
t I z ' \ re P ( l/ f ( z , t ) ) / 1 1 
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Generalized Lowner equation 11 

Using formula (12) i t can be shown tfhat 

k k 
^ r e P ( z ) ^ r e ( z P ' U ) ) < y ^ k r e P ( z ) ' M = r < 1 . 

This imp l i e s 

, on ^ -2tcrk . r e ( z P fa)) ^ 2kr k . . _ 1 
1 - r 2 k ^ r e P(z ) ^ 1 _ r 2 k ' | z | _ r < 1 . 

From (27) and (28) we ob t8 in the i n e q u a l i t i e s 

( 1 " |f(»,('$C)v°8 lf ̂  >l< ̂  >l< 

Upon i n t e g r a t i n g i t wi th r e s p e c t to t in the i n t e r v a l £o , t ] , 
T=log M we o b t a i n 

(29) l f ( Z t T ) l ( l f ( z T ) l k
+ l ) . _ 1 ^ L _ ^ I t ' ^ U 

| f ( z , T ) | k - 1 r ( 1 + r k ) 1 1 

l f ( z , T ) | ( | f ( z , T ) l k - l ) | 1+rk 

v | f ( z , T ) | k - 1 r ( 1 - r k ) 

Pu t t ing f ( z t T ) = f ( z ) i n (29) we immediately o b t a i n i n -
e q u a l i t i e s (21) and (22) . The e q u a l i t y s ign in (21) and (22) 
i s obta ined for the f u n c t i o n s def ined by equa t ions (10") and 
( 1 0 ' ) . 

I n e q u a l i t y (21) impl ies d i r e c t l y the fol lowing i n e q u a l i t y 

(30) | f(z)lk+1 
k f ; ( s ) 

|f (z)| ( | f ( z ) | k - l ) r ( l + r k ) f 2 ( z ) ^ | f ( z ) | ( | f ( z ) | k
+ l ) " r ( l - r k ) 

0 < | z | = r < 1. 

| f ( z ) | k - 1 1+r k 
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1 k 
Denoting x = f(z) I, A1 = , we can rewrite the 

' ' 1 r(1 -r ) 
right-hand side of inequality (30) in the form 

h.,(x) = A1
 X J 

1 1 xlxSl) 
where, according to (9), xe[m(r), M(r )]c (1, »), it is easy 
to check that the function h1 is increasing for x e C » x

0 ) 
5—' 1 /k and decreasing for xe(x0,oo), where x Q=(k+Vk +1) . If 

m(r)^x Q i.e. 0 < r < r Q= (^-V?^) 1 A , ^ = 1 + S ^ 1 , the 
function h ^ x ) attains its maximum in the interval [m(r),M(r)] 
for x = m(r). Consequently, putting x= |f(z)| = m(r) into the 
right-hand side of inequality (30), we obtain,in view of (9f)» 
the first inequality in (23). Equality is realized by the 
function f defined in (10'). If m(r)<x0, i.e. r Q < r < 1 , 

we substitute x = |f(z)|=x0 = (k+Vk2-1)1 into the right-hand 
side of (30) and we obtain the second inequality in (23). Let 
us mention that r Q depends upon two parameters: M and k. 
It is easy to see that lim r^=1 and lim r =1< Hence in-M-oo 0 0 

equality (23) gives a sharp estimation for the considered 
functional in the class 2-, in an arbitrary cisc of the form 

^ r < 1 for sufficiently large k. 

1 r k 
Denoting x= |f(z)| and A 0 = — — t t — we can rewrite the 

1 * r(1+r ) 
left-hand side of inequality (30) as follows 

h2(x) = A g 
* 2 x(x -1) 

where, as previously, x£ [m(r), M(r)]c=(i,-o). T h e function 
h 2 is decreasing in the interval (1,°o).This shows that the 
function h2(x) attains a minimum in the interval £m(r), M(r)J 
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Generalized Lowner equation 13 

fo r xdt f ( r ) . Subst i tut ing x = | f ( z ) | c M ( r ) into the l e f t -hand 
aide o f (30 ) and talcing into account ( 9 " ) we obtain inequality 
( 24 ) . This est imation i s sharp. We obtain equa l i ty fo r the 
function f def ined by equation ( 1 0 " ) . 

F i na l l y le t us prove inequa l i ty ( 25 ) . The r ight-hand s ide 
o f (22 ) can be wr i t ten in the form 

x k - 1 
h 3 ( x ) = 

where x =J f ( z ) | , A j = 1 + I | £ , x e [ m ( r ) , M ( r ) } . I t i s easy to 

oheck that the funotion h^ i s increasing in the i n t e rva l 
£m(r ) , M ( r ) ] . This implies that h ^ ( x ) a t ta ins a maximum in 
the considered i n t e r va l for x = M ( r ) . Putting x = | f ( z ) |=M ( r ) 
in to the r ight-hand s ide o f inequa l i ty (22 ) we o b t a i n , i n view 
of ( 9 " ) the equa l i ty on the r ight-hand s ide of ( 25 ) . Ana-
logous ly , the l e f t -hand s ide of inequa l i ty (22) can be wr i t ten 
in the form 

where x = | f ( z ) | , A^ a ( 1 - r k ) / ( 1 + r k ) , x e [ m ( r ) , M ( r ) ] . Since 
h^ i s decreasing in the Inte rva l [ m ( r ) , M ( r ) ] , we obta in a 
mini mum fo r h^t*!) in the considered in t e rva l putt ing x=M ( r ) . 
Subst i tut ing x = ( z ) | = M ( r ) into the l e f t -hand side o f i n -
equa l i ty (22 ) and talcing into account ( 9 " ) , we obtain an e s t i -
mation from below fo r the modulus o f the logarithmic de r i v a -
t i v e . This est imation i s shiarp. We obtain equa l i t y fo r the 
function f in (10/ y ) . This ends the proo f . 

From the above theorem one obtains known inequa l i t i e s for 
s t a r l i k e meromorphic k-symmetric funct ions . 

T h e o r e m 5 . For any function F e L the fo l lowing 
sharp estimation hold 
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14 K.Dobrowolska 

1 - r 
1+rfe 

< zF* ( z ) 1+r 
1-r k 

0 < I z I = r < 1 , 

1 k r i + ? / k < < T 1 + 2 A : ' 0<|z | = r < 1 
(1+r ) P 2 ( z ) ( 1 - r ) 

F ' ( z ) 1+r1 

and we obtain a minimum fo r the oonaidered f u n c t i o n a l f o r the 

funct ion P ( z ) = (zk+1 ) , and a maximum f o r F ( z ) = 
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