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ON SOME PROPERTIES 
OF PERIODIC PROJECTIVE TRANSFORMATIONS ON THE LINE 

A p r o j e c t i v e t r ans fo rma t ion f i s said t o be pe r iod ic 
(with period k) i f for every point P t h e r e holds 

f ( f ( . . . f ( P ) . . . ) ) = P. 
k 

I t i s known t h a t a p r o j e c t i v e t r an s fo rma t ion of a one -d i -
mensional space can "be expressed by formulas 

( 1 ) 

A x o = a x o + 

Xx\ = ox^ + d X l 
where 

a b 

o d 
4 0. 

In the sequel the elements of the matr ix of the t r ans fo rma t ion 
obtained from t r ans fo rma t ion (1) by n - fo ld superposi t ion w i l l 
be denoted by the symbols a ( n \ b ( n ) , o ( n ) , d ( n \ 

Assume tha t t h e r e are given o o e f f i o i e n t s a^n~1 \ b^n~1 \ 
c ( n " 1 \ fo r n > 2 ; then as a r e s u l t of mul t ip ly ing 
the mat r ices 

a c 

b d 

,(11-1) t ( n - 1 ) 

, (n-1) , ( n - 1 ) 

we ob ta in t h e matr ix 

aa^ n ~ 1 ^ + bc^n~1 \ a b ^ + b d ^ - 1 ) " 

ca<n-1> + dc ( n ~ 1 \ c b ( n " 1 ) + d d ^ " 1 ) 
(2) 
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2 K.Witczynski 

Prom this it follows directly that for 2 

a(n).= aa(n-1) +tc(n-1)) b(n) =ab(n-1) +M(n-1) § 

0(n) = M(n-1 ) + d0(n-l )f d(n) = A(n-1 ) + dd(n-l ) § 

whelre a<1> = a, ^ « D, o<1> - o, = d. 

Now we shall prove 
Theorem 1. The coefficients c(n\d(n) 

can be expressed "by means of the initial coefficients a,t>,c,d 
as follows 

n . E«/2) / n ̂ \ 

°<n> - S fe 

1=0 \j=o J 

L = 1 \j=1 ' 
n /fMA) (n) \ 

n /W2) ,_> \ 

L =1 V j=0 

(3) 

where 

(n) (n-1) (n-1 ) (n) (n-1) (n-1) 
(4) =Afcl +Bk.1t , Bfci =A!k_1 t-1 h-B̂  ; 

as well as Â  = 1, B̂  = 1; = 0 for k < 0, 

k > n, or KO, or i >E ((kj+1 )/2). 

Similarly, =0 for k<1, or k>n, or i <1, or i> E (k+1)/2 . 

or 
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Periodic projective transformations 3 

P r o o f . F i r s t observe that i f in the f i r s t formula in 
(2) we replace a by d, b by c and conversely,we obtain 
the fourth formula. 

Similarly, replacing in the third formula a by d, b by 
c, and conversely, we obtain the second formula. Hence i t 
s u f f i c e s to prove, for example, only the f i r s t and the third 
formula in (3) . 

The proof wil l proceed by induction. Assume that the fo-
llowing formulas hold: 

(n) " (n) n , , 1 t _ 2 1 \ 

i = 0 \ j = 0 / 

f n i n eftWKO ( n ) 

We sha l l prove that 

(n+1) (n+1) n + 1 _ t , 1 i _ 2 1 \ 

¿ = 0Vj=0 / 

(n+1) n+1 EM/2) ( n + 1 ) 

L = 1\j=1 

By (2) we have a^ n + 1 > = a a ( n ) + b c ( n ) , c ( n + 1 ) = c a ( n ^ + 

(8) o1 ' = H S b i j a n + 1 " v " 1 ° 3 d i + 1 " 2 j 

L = A j = 1 

+ d c ( D ) . 
Taking into account (5) and (6) ¡as well as formulas (4) , 

we obtain 

a(n+1 
n Hi/2) (n) \ 

; - S f S ' J'.-'-HW-*-') • 
i=0Vj = 0 ' 

n £M/?) f n \ . n , x 

i = 1 * j = 1 ' i = 0 
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JL, f (n) (n) 
+ 

i = 2 j = 1 X 

(n) 1 1 n + 1 _ 2 . (n+1) t 
+ 2 _ ! B n j ^ ^ 3 = 2 A iO a d + 

j = 1 i = 0 

i = 2 \ j = 1 / 

bM4) (n+1) , 
A n+1 j c 

j = l 
s i n c e In view of (4 ) 

n+1 E(i/2) f n + i } x 

i = 0 \ i = 0 / 

(n) (n) 
= 0 f o r a n d = 0 f o r 

S i m i l a r l y , 

i = 0 \ j = 1 I 

i = 1 \ j = 1 / i = 0 

1 = 1 i = 2 \ j =1 

(n+1) J L , (n+1) L t 
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Periodic projective transformations 5 

n Eii/2) (n+1 ) \ 
* . ^ W ' V - y ) . 

¿ = 2 \ ; = 1 ' 

n+1 E(«+!)/2) ( Q + 1 ) > 
B1;j a n + 1 _ i b ; , ~ 1 c ; ) d i + 1 ~ 2 ; 5 j , s ince according to (4) 

A^g) = 0 for i > 1 and A = 1 = B ^ as wel l as B ^ = 1 

for i < n . This ends the p roo f . 
L e m m a . The fol lowing r e l a t i o n holds 

(9) (a<n> - d(n>)fc = ( a - d ) t ( n > . 

P r o o f . I f n=1, then obviously (aj-d)b = (a -d)b . S i -
m i l a r l y , for n=2 we have a^2^ = a2+bc b * 2 ' = ab+bd, 

t o ) 2 
= ac+cd, dv '= bc+d . Hence the l e f t - h a n d s ide of formula 

2 2 
(9) has the form (a -d )b, and the r igh t -hand s ide has the 
form (a-d)b(a+d) , which shows t h a t the formula ho lds . 

Proceeding by induc t ion , assume t h a t the fol lowing f o r -
mulas hold 

(10) ( a ^ - d ^ ) b ^ ( a _ d ) b O O , 

(11) - d t w ^ N H ^ ) . 

Making use of (2) we can r e w r i t e (10) in t he form 

a b a ^ + b 2 c ( i s > 1 ) - b c b ( k - 1 } - b d d ^ " 1 ^ 

+ a b d ^ - ^ - d a b ^ - 1 ^ - b d d ^ . 

Mu-ltiplying both s ides of the above i d e n t i t y by a we get 
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6 K.Witczynski 

a V " 1 > + a b V k " 1 > , a b c b ^ " 1 > - a b d d ^ " 1 > " 
( 1 2 ) 

Simi lar ly , multiplying "both s ides of the same ident i ty "by 
d we get 

abda < k ~ 1 > + b W k~1 > - bcdb 1 1 ^ J - bd2d ^ 1 ) " 
(13) 

- a W ^ + a b d d ^ - a d V ^ - b d V ^ . 

Adding (12) t ? (13) s ide by s ide we obtain 

a2ba ^ k " 1 ) + ab2c - abcb ^ k " 1 > - abdd ^ k " 1 > + abda < k " 1 > + 

(14) + b 2 d c ( k ~ 1 > - b d V k - 1 > - b c d b ( k _ 1 W h ^ " 1 > + a 2 b d ^ k " 1 > -

- a 2 db^ k " 1 > - abdd^k~1> + a 2 d b ( k " 1 > + abdd( k " 1 > - a d V k " 1 >-

- b d 2 d ^ k - 1 A 

Let us multiply ident i ty (11) by a-d , then abda^ k - 1 ^ -
- abdd^k~1^ = a 2 d b ( k _ 1 ) - a d 2 b ( k " 1 ^ . Next we s i b t r a c t t h i s 
ident i ty from (14) s ide by s i d e . This g ives 

a2ba < k ' 1 > + a b 2 c ( k " 1 > - abcb < k~ 1 > + b2dc < k - 1 > - bd2d < k " 1 > -

(15) - b c d b ( k _ 1 ) = a V ^ W b d ^ - a W ^ ^ a b d d ^ - 1 ^ 

+ a b d d ^ k - ^ - b d 2 d ( k - 1 \ 

F ina l ly , multiplying both s ide s of (11) by b-c ahd adding 
i t to (15) s ide by s i d e , we obtain 
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Periodic projective transformations 7 

a 2 ^ " 1 > + a b V k - 1 } - a b c b ^ " 1 > + b W " " 1 > - bd 2 d > -

( 1 6 ) - b c d b ( k - 1 > - b 2 c d ^ - 1 > s a V " " 1 > + a 2 b d ^ - 1 > - a ^ W ^ 1 

- a b d d ^ " 1 > + a b d d ( k - 1 > - b d V " 1 > + a b c b ^ " 1 > - b c d b ^ " 1 >. 

Talcing i n t o accoun t f o r m u l a s ( 2 ) we o b t a i n from (16 ) 

a b a ^ + b 2 c ^ - b c b ^ - b d d ^ = a 2 b ^ k ^ + a b d ^ k ^ - a d b ^ k 

and nex t b a ( k + 1 ^ - d ( k + 1 ^ s ( a - d ) b ( k + 1 \ which c o n c l u d e s 
t h e p r o o f . 

T h e o r e m 2 . I n o r d e r t h a t a n o n - i d e n t i t y t r a n s f o r -
m a t i o n ( 1 ) be p e r i o d i c w i t h p e r i o d n It- i s n e c e s s a r y and 
s u f f i c i e n t t h a t t h e f o l l o w i n g r e l a t i o n ho ld 

P r o o f . I t i s c l e a r t h a t a n e c e s s a r y and s u f f i c i e n t 
c o n d i t i o n f o r a t r a n s f o r m a t i o n f t o be p e r i o d i c w i t h p e r i o d 
n i s t h a t i t s n - f b l d s u p e r p o s i t i o n w i t h I t s e l f be the i d e n t i -
t y ; t h a t I s , a ( n ) - d ' = 0 , b ( n ) = 0 , c ( n ) = 0 . Let us d e -
n o t e t h e l e f t - h a n d s i d e o f ( 1 7 ) by (p. Observe t h a t i n a g r e e -
ment w i t h (3 ) and t h e proved lemma, t h e f o l l o w i n g i d e n t i t i e s 

h o l d : b ( n ) = b c f > , c ^ = c ip, d ( n ^ b = b ( a - d )cp. Th i s 

shows t h a t whenever a=d or H o w e v e r , i f 
we had (p^0, t h a n i n o r d e r t h a t = we would have 
t o have b=c=0, In c o n t r a d i c t i o n t o t h e a s s u m p t i o n t h a t ( 1 ) 
I s no t t h e i d e n t i t y t r a n s f o r m a t i o n . Hence t h e theo rem I s f u l l y 
p r o v e d . 

I n t h e s p e c i a l case n=2 we o b t a i n a n e o e s s a r y and s u f f i -
c i e n t c o n d i t i o n f o r a p r o j e c t i v e t r a n s f o r m a t i o n ( 1 ) t o be an 
I n v o l u t i o n . Namely, t h i s c o n d i t i o n I s a+d=0. 
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