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ON SOME PROPERTIES
OF PERIODIC PROJECTIVE TRANSFORMATIONS ON THE LINE

A projective transformation f 18 said to be periodic
(with period k) if for every point P there holds

£(£(...£(P)...)) = P.
k
It is known that a projective transformation of a one-di-
mensional space can be expressed by formulas

lxo = ax, + bx, a b
(1) , Where £ 0.
ﬁx’1 = ox, + dx, e d

In the sequel the elements of the matrix of the transformation
obtaeined from trensformation (1) by n-fold superposition will
be denoted by the symbols a(n), b(n), o(n), d(n N

Assume that there are given coeffiocients a(n'1), b(n'1),
c(n'1), ale=1)  gor n)2; then as a result of multiplying
the matrices

a ¢ a(n-” b(n'”

b 4 o(B=1) 4(n-1)

we obtain the matrix

aaln-1) ve(B1),  ap(B-1) 4 pa(n-1)

(2)
ca(m=1) 4 dc("'1), ob(B=1) 4 gq(n-1)
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2 K.Witczynski

From this it follows directly that for n2>2
al?) . aa(0=1) 4 po(n-1)) b(n') = ab(8=1) 4 pa(m=1)

(n)

c = ca(n"” + dc(n-”, atn) o cpln=1) aa(n-1) ,

where a(1)=a, b“):b, 0(1)=c, d“):d

Now we shall prove

Theorem 1. The coefficlents a(n), b(n), c(n'),d(n)
can be expressed by means of the initial coefficients a,b,c,d
as follows

Ei/2)
L - n-i 3 3.1-2j
a E EA bYevd ,

i=

n E(("+1)/2) (n .
b(n) Z (Z B an'1b3c3'1d1+1'2:>,

=1

(3)

- n D) (n)
o (:EE: B, n-ibj-1°jdi+1-2j>’
n E(l/2)
a2} Z(Z s n-ibﬂcdai-ea'),
=1
where

(n) (p~1) (n-1) (n) (n-1) (n-1)
(4) Ay =8y *Begg o By =hiog poq * Beeq g

as well as a{l) =1, B{]) =15 2B 20 for k<o, or
k>n, or 1i<0, or 1>E((Lq‘+1 )/2)
Similarly, B(n)—o for k<1, or k>n, or i: {(, or 1> B (k+1)/2 .
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Periodic projective transformations 3

Proo f, First observe that if in the first formula in
(2) we replace a by d, b by c¢ and conversely,we obiain
the fourth formula.

Similarly, replacing in the third formula a by d4d,b by
¢, and conversely, we obtain the second formula. Hence it
suffices to prove, for example, only the first and the third
formula in (3).

The proof will proceed by induction. Assume that the fo-
llowing formulas hold:

n &i/2)
(5) *Z(ZA a“‘ib3c3d1'23
=0 J'O
(o) n_ el )
(6) - (Z : -ibd-1cdd1+1-23>.

We shall prove that

A n+1 Nt EW2)  (n41 '
7) a( +1) . (Z Ai; )an+1"ib3c351'23>,
{=0\j=0
n+t E(@)2)
) LB+ .S ‘Z ;3’”) n+1-ibj-1cjdi+1—2:i>.
{=1\j=t
By (2) we have a(n+1) = aa(n) + bc(n), c(n+1) = ca(n) +
+ dc(n).

Taking into account (5) and (6) as well as formulss (4),
we obtain

E(i/2)
atlotl) _ 4 (:E: A (n) n+1—1bjcjdi—2j> +
=0
n EfinyR) (n) . . n (n ]
*Z(Z n-lb303d1+1-23) i} Zol‘ Aio)anﬂ-ldi .
L=
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. n_ E@/2) < (n) (n) aBH1-ipddgi-23 |

Biy *+Biqy

=2 5=
(n+)/2 n+i .
+%‘) (;’)bj Jqn+1-2] _ > Aig” ) net-tgl |
i =1 =0

n o) (n +1)

n+1 1.J j 1-23

(2 )
J—

o) (n41) ntd EG2) (n41)

n+1-2 n+1— J 3 i-2
PIENERLS S 1 b |
i=1 '
since in view of (4)
(n) : (n)

Aki"'o for k>n, and A,y =0 for k >0,

Simjilarly,

(n+1) Eee) (n)

. Z(zAid a0-1pd 34141 23)

i=0\j=1
+ Bij an'ibj'1c3di+2'23> = Z Ao al~teal +
t=1\j=1 L=
1 (n) L LD (n)  (n)
n-i_.i n-i. 3 J+1.1-23) _
+ B‘11 a cd” + Aij + Bij+1)a bYc d > =
t=1 i=2\j=1

(n+1) , 5, (n+1) oy
=]311 ale +ZBi+11 a cd™ +
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n E(i./2) (n+1 )

+ < By 341
"_:2 J\=1

-

=

an—1bjcj+1di-23)

n+1 Est)2) (n+1)
=E E Bi;j an+1'1b3'1cjdi+1'2j\), since according to (4)
=1 \§=1
(n)
410
for 1< n. This ends the proof,
Lemma. The following relation holds

=0 for 121 eand A(()S) =1= B.ﬁ?) as well as Bj(_?) =1

(9) . (a(n) - d(n))b = (a-d)b(n).
Proof. If n=1, then obviously (a-d gb = (a-d)b. Si-
milarly, for n=2 we have a(z) = a2+bc b 2 = ab+bd, 0(2)=

= ac+cd, d(2)= bc+d2. Hence the left-hand side of formula

(9) has the form (a2-d%)b, and the right-hend side has the
form (a-d)b(a+d), which shows that the formula holds.

Proceeding by induction, assume that the following for-
mulas hold

(10) (at®) - d("))b = (a-a)b{¥) ,

(11) '(a““” - d“"”)b = (a-a)b{E-1),

Msking use of (2) we can rewrite (10) in the form

aba(k-1) + bac(k'1) - bcb(k'1) - bdd(k"”E

Eazb(k-1) + abd(k'1)-dab(k"1) - bdd(k"1).

Multiplying both sides of the above ldentity by a we get
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azba(k'1) +ab20(k'1) ,abcb(k-1) - abag{k=1)=
(12)
= a3b(k"1) +32bd(k'1) -a2db(k'1) -abdd(k'1)

Similerly, multiplying both sides of the same identity by
d we get

(13) abda (¥=1) 4 5290 (K=1) L pogp(k=1) _pg2q(k-1) =
13

= 22qb08=1) { apaa(k=1) L gg2plk=1) [ pg2q(k=1)

Adding (12) to (13) side by side we obtain

22pa (E=1) | ap20 (k=1) _ jpan(8=1) _ 4pag (¥=1) 4 abgalk=1) |
(14) + 2o E1) _pa2a(k=1) _poap =1l g3p(k=1) | 524 (k=1) _

3 B
- a2ap0E=1) _apgat®1) 4 a2ap (k1) | apgalk=1) o ag2p (k1)
- pa2alk-1),
Let us multiply identity (11) by a-d, then abdalk=1) _

- abdd 51D - 229p(k-1) _ 25%5(k=1) mext we sibtract this
identity from (14) side by side. This gives

aZba(k—T ) +ab2c(k-1)_ abcb(k-1 ) +-b2dc(k—1 ) —bdzd(k-1) _
(15) ~boab(&=1) = a3p(k=1), g2pali=1) _ 24y (e=1) | oy qq(e=1) |

(k=1) (k-1).

+ abdd - bd?4

Finally, multiplying both sides of (11) by %bec and adding
it to (15) side by side, we obtain
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azba(k'1)-+ab2c(k'1)— abcb(k-1)-+b2dc(k-1)-bd2d(k—1) -
(16) - bodbl&=1) Jp20q(k=1) = 3p(k=1) | g2pq(k=1) | 524y, (k=1)_
- abdd 1) 4 abaat®=1) Jpa2a(e=1) 4 guep (k1) _peanlk=1),

Taking into account formulas (2) we obtain from (16)
aba (K) 1126 (8) _pop (k) Jpaa(8) = o2p (k) 1apa (K gqp (k) pagk),

and next b a(k+1) - d(k+1) = (a-d)b(k+1), which concludes
the proof,

Theorem 2. In order that a non-identity transfor-
mation (1) be periodic with period n it 4is necessary - and
sufficient that the following relation hold

n E((l'ﬂ)/?) (n) .
an > By an'ibj-1oj-1di+1'23> 0.

=1 V=1

Proo f. It is clear that a necessary and sufficient
condition for a transformation f to be periodic with period
n is that its n-fbld superposition with itself be the identi-
ty; that 15, a(®) - a®) oo, (W) _o, o(P) _0, Let us de-
note the left-hand side of (17) by ¢. Observe that in agres-
ment with (3) and the proved lemma, the following identities

hold: b(n)-_-bcp, c(n)___c © a(n)‘_d(n) b = b(a-d)¢p. This

shows that a(n)-d(n) =0, whenever a=d or (=0, However,if
we had @#£0, than in order that b(n)=()=c(n) we would have
to have b=c=0, in contradiction to the assumption that (1)
is not the ildentity transformation, Hence the theoremis fully
proved,

In the special case n=2 we obtain a necessary and suffi-
clent condition for a projective transformation (1) to be an
involution, Namely, this condition is a+d=0.
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