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SOME PROBLEMS OF THE EXISTENCE AND BEHAVIOUR OF SOLUTIONS
OF NON-HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS .
IN HILBERT SPACE

1. In [1] we oonsidered the problem of existence and be-
haviour of solutions of homogeneous linear differential equ-
ations in real Hilbert space., Under some sssumptions we proved
there the existence of solutions for considered equations as
well as we proved that the solutions tend exponentially to ze-
ro, We also demonstrated stability and asymptotical stability
of those solutions. :

In the present-paper we obtain snalogical results for non-
~homogenous equations.

2, Consider the interval I =<0,+o0) and let H be a
real'Hilbert space, Let K be a fixed non-bounded linear ope-
rator (not depending on t) acting in H with dense domain
D(K)<H.

We aditionally essume that K has the following proper-
ties.

Zs1. K 1is symmetric, positive definite, c¢losed and po-
sgesses an infinite set of eigenvalues ﬂn (n=1,254+.) with
corresponding eigenfunctions X,€DK (n=1,2,...) Buch that

(b) the eigenfunctions X, of the operator K forma com-
plete system in H, Similarly as in [1], we may assume that
the sequence {xn} is orthonormal.
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2 : I.Musial

Let o, be continuous real functions defined on I and sa-
tisfying the assumption:
Z.2. There exist constants a,b,A,B 8such that for every

t€I we have
0 <a L(t)<A, O0<bgP(t) <B.

There is given a funsctior S:I—H, sec® {(I), such that
Z.3. for each teI, S(t)e D(K’) and there is a constant
a>0
| &3 se)] <e.

Moreover we make the following three assumptions:
Z.4, x. and 5:0 are any elements of H such that

(o]
x,€ D(K>), ¥ e D(K?).
2 B-b A
Z.5. 21 >|:——a—- + ?j' - b.
(> -4 1 oo
Z.6. Z F<
n=1 *n

In this paper we use the same definitions of boundedness,
exponential tending to zero, stablility and asymptotical sta-
bility as those given in [1].

3. Consider the followlng non-homogeneous equation

(1) | X+t + Plt)x + K2x = S(t),

with initial conditions
(2) v X(O) = Xo, J.I(O) = J.Io.

Theorem 1, If assumptions %.1—2.6 hold then there
exists a solution of problem (1), (2) that is bounded together
with its first two derivatives, is stable and asymptotically
stable,
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Nori~-homogeneous linear differential equations 3

Proo f. We seek a sookution of problem (1), (2) in the
form of a sum:

x(t) =3y(%) + z(t),

where y(t) 1is a solution of the homogeneous equation
(3) Fo+a(t) +B(t)y + K =0,

with initial conditioms (2), and 2(t) is a solutions of equ~
ation (1) with zero initial conditions; that is z(*) is a
solution of the problem

2

(4) z +a(t)z + p(t)z + K2 = S(t),

(5) | z2(0) = 0, 2z(0) = 0.

We know from (1) that Jy(t), being the solution a homo-
geneous equation, exists and is bounded together with first two
derivatives. Therefore in order to prove +that the solution
x(t) of equation (1) exists and that =x(t), X(t), X(t) are
bounded it suffices to show that z(t) exists and is hounded
together with z(t) and Z(%).

We shall seek the solution z(t) of problem (4), (5) in
the form of a series

(6) 2(t) = > T (t)x,
n=1

where x, are eigenfunctions of the operator K, and Tn(t)eR1
for every t€I and n=1,2,...

For each t €I the function S(t), being an element of
the Hilbert space H, can be expanded in a Fourier series with
regpect to the eigenfunctions Xn of the operator K with
Pourier coefficients sn(t)eIﬂ, sn(t) = (S(t),xn>. Hence we

have
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(7) S(%) :an(’t)xn.
n=1

Equation (4) and initial conditions (5) are satisfied pro-
vided that the funotioms T (t) fulfill the equations

(8)  TU(t) +et(t)TL(t) +[/3(t) +2§]Tn(.t) - 8, (t),

with the initial conditions

(9)° 7,(0)=0, T(0) = O.

We-shall estimate the functions sn(t) for all +te I»and

D=1,2,...
oo

ES(5) = > 8 (¢)A)x,.
n=1
Using Parserval's identity we obtain

nZ=1 s2(6)28 = | ©Ps )“2$G2_.

From this we infer that for every n=1,2,... the
inequality holds

2 6 2
s (8)A,< 6%,
and because lnz-o, we get
G

n

following

Hence for equation (8) all the assumptions of lemma 4 in
[2] hold. Consequently, this lemms implies that there exist
constants C,D,E dependent on a, b, A, B sSuch that for the
solution Tn(t) of equation (8) and for the derivativesf%(t)

and T"(t) the following inequalities hold
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(1) |zo8)| < ool . |Tp)|€Desa), | Ty(e)] < Basag

for every n=1,2,...

Making use of inequality (11) we can estimate the norm of
the solution 2z(t) of equation (4) as well as the norms of
derivatives z(t) and z(%t).

Accordingly, we have

ool Emat] o] = 3 frate)

(12)

M3

[z6)]| < 25 ce/af = cec i 128 .
n=1

>
"
pre

Analogously, for the first derivative

(13) ||é(t)||<°Z°j|T'n(t)|gn-aim\g,
n=1 n=1

and for the second derivative
[~ ) (=~

(14) lée) <2 mate)|< B 30 1745
n={ n=1

By assumption Z.6 the series on the right-hand sides of
inequalities (12) - (14) are convergent, and consequently the
functional series defining z(t), z(t), zZ(t) are uniformly
and absolutely convergent. This implies that 2z(t) is a classi-
cal solution of equation (4) with initial conditions (5).

Inequalities (12) - (14) show that z(t), Z2(t) end Z(t)
are bounded. Hence the solution =x(t) of problem (1),(2) is
also bounded as well as its derivatives x(t) and X(t).

We now show the stability and asymptotical stability of
solutions of equation (1).

Let us take another solution u(t) of equation (1) with
initial conditions u(0) = Qo &(O):&O (uoeD(KB), &oeD(Kz)).
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f
The difference v(t) i x(t) - u(t) 1is a solution of homo-
geneous equation (3) with the initial conditions '

v(0) ¥x(0) - u(0) = v e D(K7),
(15)

v(0) ¥x(0) - a(0)

n

. 2
v, € D(K°).

From [1] we know that for any solution v(t) of equation
(1) with initiel conditions (15) there exist comstants P,S,y
dependent on a,b,B such that

(16) v )] < &7 X (o + [Fo)e,

where
A < 1 0<Q <oo
Y

and §>0 1is defined in [1] and [2].
Hence from (16) we obtain

(17) HX(t) - u(t)“ < L %(P“Kxo —Ku0“ + s||5co - a),

which shows the stability and asymptotical stability of equa-
tion (1).

4, Theorem 2, If the assumptions of Theorem 1 hold
and the functions. d,[%,s are periodic with respect to + with
a common period T, then there exists a solution of (1) +that
1s periodic with period T.

Proo f. Since S(t) is T - periodic by assumption,
an(t) = (S(t),xn> is also T~ periodic., Hence in equation (8)
for every n=1,2,... the coefficients and the free +term are
T-periodic. In view of the accepted assumptions it follows by
[3] that equation (8) has a particuler T-periodic solution
mh(t) n=1,2,... ©estimated by relation (11)., Let us denote
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(18) 0, (0) = &, ©,(0) = by,.

Let

(19) x(t) = Z(on(t)xn.
n=t.

From the estimation of « (t) by inequalities (11) it
follows (as in the proof of Theorem 1) that the series defin-
ing x(t), x(t) end X(t) are uniformly convergent., Since
wn(t) satisfies equation (8), =x(t) satisfiea equation (1).

Next, from formula (19) we obtain

oQ o0
(20) x(0) = Z 8, %ps x(0) = Z b x,
. n=1 n=1
(where an,bn can be treated as Fourier coefficients of the

expansion of the elements x(0) = > S and x(0) = io with res-
pect to the system {xn}). Hence x(t) defined in (19) 1is a
solution of equation (1) with initial conditions (20)., In view
of the periodicity of uh(t), the solution x(t) 1s also T-
-periodic,

Remark, It is evident that 1f the hypotheses of theo-
rem 2 in [1] are sptisfied, the periodic solution =x(t) is
unique and all solutions tend to 1t as t-=co,
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