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SOME PROBLEMS OF THE EXISTENCE AND BEHAVIOUR OF SOLUTIONS 
OF NON-HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 

IN HILBERT SPACE 

In [13 we considered the problem of ex i s tence and be-
haviour of s o l u t i o n s of homogeneous l ineax d i f f e r e n t i a l equ-
a t i o n s in r e a l H i lbe r t space . Under some assumptions we proved 
t h e r e the ex i s t ence of so lu t ions for considered equat ions as 
wel l as we proved t h a t the s o l u t i o n s tend exponen t ia l ly to ze -
r o . We a l s o demonstrated s t a b i l i t y and asymptot ical s t a b i l i t y 
of those s o l u t i o n s . 

In the p resen t -paper we ob ta in ana log ica l r e s u l t s far non-
-homogenous equa t ions . 

_2. Consider t he i n t e r v a l I = <0,+oo) and l e t H be a 
r e a l H i lbe r t space . Let K be a f ixed non-bounded l i n e a r ope-
r a t o r (not depending on t ) ac t ing in H with dense domain 
D(K)CH. 

We a d i t i o n a l l y assume tha t K has t h e fol lowing p rope r -
t i e s . 

Z.1. K i s symmetric, p o s i t i v e d e f i n i t e , closed and po-
s s e s s e s an i n f i n i t e se t of e igenvalues /ln ( n = 1 , 2 , . . . ) wi th 
corresponding e igenfunc t ions D K ( n = 1 , 2 , . . . ) such t h a t 

(a) l t m \ = o o ; 

(b) the e igenfunc t ions xQ of the opera to r K form a com-
p l e t e system in H. S imi la r ly as ln [1] , we may assume tha t 
t he sequence J x n l i s orthonormal. 
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2 I.Musiai 

Let cx,|3be continuous real functions defined on I and sa-
t i s f y ing the assumption: 

Z.2. There exist constants a,b,A,B such that for every 
t e I we have 

0 < a < a ( t ) < A , 0<b<p . ( t ) < B. 

( I ) , such that 

there is a constant 

assumptions: 
of H such that 

n = l ' l n 

In this paper we use the same definitions of boundedness, 
exponential tending to zero, s tab i l i ty and asymptotical sta-
b i l i t y as those given in [1 ] . 

3. Consider the following non-homogeneous equation 

( 1 ) x + o t ( t ) A + (3(t)x + K2x = S ( t ) , 

with in i t i a l conditions 

(2 ) x (0 ) = xQ, x (0 ) = x 0 . 

T h e o r e m 1. I f assumptions Z.1-Z.6 hold then there 
exists a solution of problem (1) , (2) that is bounded together 
with i ts f i r s t two derivatives, is stable and asymptotically 
stable. 

There is given a function S : I — S eC° 

Z.3. for each t e I , S ( t ) £D (K 3 ) and 
G > 0 

|| K3 S(t)||<G. 

Moreover we mate the following three 
Z.4. xQ and xQ are any elements 

XqGD(K3 ) , i 0 £ D ( K 2 ) . 

Z.5. 

z . 6 . 
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Non-homogeneous linear differential equations 3 

P r o o f . We seek a sooLution o f problem ( 1 ) , ( 2 ) In the 
form o f a sums 

x ( t ) = y ( t ) + z ( t ) , 

where y ( t ) i s a solut ion of the homogeneous equation 

(3 ) 7 + cx ( t ) y + jS ( t )y + K2y = 0, 

with i n i t i a l condit ions ( 2 ) , and z ( t ) i s a so lut ions of equ-
at ion ( 1 ) with zero i n i t i a l condit ions; that i s z ( t ) i s a 
so lut ion of the problem 

(4 ) z + d ( t ) a + p ( t ) z + K2Z = S ( t ) , 

( 5 ) z ( 0 ) = 0, ¿ ( 0 ) = 0. 

We know from ( 1 ) that y ( t ) , being the so lut ion a homo-
geneous equation, ex i s t s and i s bounded together with f i r s t two 
de r i va t i v e s . Therefore in order to prove that the solut ion 
x ( t ) o f equation (1 ) ex is ts and that x ( t ) , x ( t ) , x ( t ) are 
bounded i t s u f f i c e s to show that z ( t ) ex i s t s and is bounded 
together with z ( t ) 8nd z ( t ) . 

We sha l l seek the so lut ion z ( t ) of problem ( 4 ) , ( 5 ) in 
the form of a s e r i e s 

o o 

( 6 ) z ( t ) = 2 V t ) x n 
n = 1 

•i 
where xQ are e igenfunct ions of the operator K, and T n ( t ) € R 
for every t G I and n = 1 , 2 f . . . 

For each t £ I the function S ( t ) , being an element of 
the Hi lber t space H, can be expanded in a Fourier series with 
respect t o the e igenfunct ions xQ o f the operator K with 
Fourier c o e f f i c i e n t s s n ( t ) £ R 1 , s n ( t ) = ( s ( t ) , x n ) . Hence we 
have 
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4- I.Musial 

(7) S ( t ) 
n=1 

Equation (4) and i n i t i a l oondi t ions (5) are s a t i s f i e d pro-
vided t h a t the funot ions T n ( t ) f u l f i l l the equations 

(8) T ^ ( t ) t o U t ^ t ) + [ / 3 ( t ) = s Q ( t ) , 

wi th the i n i t i a l cond i t ions 

(9) T n ( 0 ) = 0 , T ^ O ) = 0. 

We-shall es t imate the funot ions s Q ( t ) fo r a l l t e l and 
n = 1 , 2 , . . . 

K 3S(t) = 2 s n ^ n V 
n=1 

Using P a r s e r v a l ' s i d e n t i t y we ob ta in 

Z s 2 ( t ) ^ = | K 3 s ( t ) | 2 < G 2 . 
n=1 

From t h i s we i n f e r tha t fo r every n = 1 , 2 , . . . the fol lowing 
i nequa l i t y holds 

s ^ t ^ G 2 , 

and "because 0, we get 

(10 ) s Q ( t ) 

Hence for equat ion (8) a l l the assumptions of lemma 4 in 
[ 2 ] hold . Consequently, t h i s lemma implies t h a t t h e r e ex i s t 
cons tan t s C,D,E dependent on a , b , A, B such t h a t for the 
s o l u t i o n T Q ( t ) of equat ion (8) and for the d e r i v a t i v e s ) 
and T " ( t ) the fol lowing i n e q u a l i t i e s hold 
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Non-homogeneous linear differential equations 5 

(11) |Tn(t)| 4 CG/Aj , |T'^(t)| < EG/A^ 

for every n=1,2,... 
Mating use of inequality (11) we can estimate the norm of 

the solution z(t) of equation (4) as well as the norms of 
derivatives z(t) and z(t). 

Accordingly, we have 

IH ÎNZIvM INI =2 ivH 
n=1 n=1 

(12 ) ^ ^ 

n=1 n=1 

Analogously, for the first derivative 
DO Op H3) ¡¿(^IkZK^I < D*G 2 » 
n=1 n=1 

and for the second derivative Oo c»® 
(14) |z(t)||<2| Tn^)|< E- G E ' 

n=1 n=1 

By assumption Z.6 the series on the right-hand sides of 
inequalities (12) - (14) are convergent, and consequently the 
functional series defining z(t), z(t), z(t) are uniformly 
and absolutely convergent. This implies that z(t) is a classi-
cal solution of equation (4) with initial conditions (5). 

Inequalities (12) - (14) show that z(t), z(t) and z(t) 
are bounded. Hence the solution x(t) of problem (1),(2) is 
also bounded as well as its derivatives x(t) and x(t). 

We now show the stability and asymptotical stability of 
solutions of equation (1). 

Let us take another solution u(t) of equation (1) with 
initial conditions u(0) = u0, u(0)=u 0 (uQ 6 D(K3), uQeD(K2)) . 
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6 I.Musial 

d f 
The d i f f e r e n c e v ( t ) = x ( t ) - u ( t ) I s a s o l u t i o n of homo-

geneous equat ion (3) with the i n i t i a l condi t ions 

(15) 
v ( 0 ) d= fx(0) - u (0) = v Q e D(K3), 

v ( 0 ) =f x (0) - ¿ (0 ) = v o e D(K2). 

Prom [1^ we know tha t for any s o l u t i o n v ( t ) of equat ion 
(1) with i n i t i a l condi t ions (15) t h e r e ex i s t cons tan t s P,Sf-jf 
dependent on a ,b ,B such t h a t 

(16) | | v ( t ) | | « e - ^ l ( | | K v 0 | | P + | |v0 | |S) , 

where 

72 = Z l T 0 < ^ < o o 
* n=1 ^n 

and H>0 i s defined in [1] and [ 2 ] . 
Hence from (16) we ob ta in 

(17) | | x ( t ) - u ( t ) | | < e " ^ "Kix0|| + S||x0 - u j ) , 

which shows the s t a b i l i t y and asymptot ical s t a b i l i t y of equa-
t i o n (1 ) . 

T h e o r e m 2. I f the assumptions of Theorem 1 hold 
and the funct ions . cc, |3,S are pe r iod ic with respec t t o t with 
a common period T, then t h e r e e x i s t s a s o l u t i o n of (1) t h a t 
i s p e r i o d i c with period T. 

P r o o f . Since S ( t ) i s T - pe r iod ic by assumption, 
s Q ( t ) = ( s ( t ) f x n ' ) i s a l so T- p e r i o d i c . Hence in equat ion (8) 
for every n = 1 , 2 , . . . the c o e f f i c i e n t s and the f r e e term are 
T - p e r i o d i c . In view of the accepted assumptions i t fol lows by 
[3~] t h a t equat ion (8) has a p a r t i c u l a r T -pe r iod ic s o l u t i o n 
w n ( t ) n = 1 , 2 , . . . es t imated by r e l a t i o n (11) . Let us denote 
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Non-homogeneous linear differential equations 7 

(18) <0n(0) = aQ, ¿ n ( 0 ) = bQ. 

Let 
oo 

(19) x ( t ) = 2 u n { t ) x n ' 
n=l 

From the estimation of û5n(t) by inequalities (11) i t 
follows (as in the proof of Theorem 1) that the series defin-
ing x ( t ) , x ( t ) and x ( t ) are uniformly convergent. Since 
0)Q(t) sat is f ies equation (8 ) , x ( t ) sat is f ies equation (1 ) . 

Next, from formula (19) we obtain 

(20) x(0) = § anxn, ¿ (0 ) = 2 V n -
n=l n=1 

(where c a n treated as Fourier coef f ic ients of the 
expansion of the elements x (0 ) = xQ, and x(0) = xQ with res-
pect to the system { x n } ) " H e n c e ) defined in (19) is a 
solution of equation (1) with in i t i a l conditions (20). In view 
of the periodicity of œQ(t ) , the solution x ( t ) is also T-
-periodic. 

E e m a r k. I t is evident that i f the hypotheses of theo-
rem 2 in are sat is f ied, the periodic solution x ( t ) is 
unique and a l l solutions tend to i t as t-*-0»0. 
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