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I r e n a Mus ia l 

SOME PROBLEMS ON THE EXISTENCE AND BEHAVIOUR OF SOLUTIONS 
OF HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 

IN HILBERT SPACE 

Let 1= <0,+oo) and l e t H be a r e a l H i lbe r t space. 
Let K "be a f i x e d , not necessa r i ly bounded, l i n e a r opera to r 
ac t ing in H with dense domain D(K). Assume t h a t K has the 
fol lowing p r o p e r t i e s ; 

Z.1. The opera to r K i s symmetric, p o s i t i v e d e f i n i t e , c l o -
sed, and possesses an i n f i n i t e set of eigenvalues ^ , n = 
= 1 , 2 , . . . with corresponding e igenfunc t ions x n e D(K),n=1,2,. . . 
such t h a t 

(8) . . . lim A = oo 

(b) the e igenfunc t ions xQ of the opera tor K form a 
complete system in H. In view of the symmetricity of K we 
may assume tha t the system of e igenfunc t ions | x n | 
norma 1. 

R e m a r k 1. In order tha t a p o s i t i v e d e f i n i t e operator 
K have e igenvalues and e igenfunc t ions with p rope r t i e s (a ) 
and (b) i t s u f f i c e s to assume tha t H i s a space in which 
every subset bounded in the ene rge t i c norm of the operator K 
i s compact in H (see [ l ] ) . 

Z.2. There are defined r e a l s c a l a r func t ions of the 
c l a s s C°(I) with the proper ty t h a t the re e x i s t cons tants 
a ,b ,A,B such t h a t for every t £ 1 we have 0 < a < a ( t ) < A, 
0 < b < P ( t ) < B. 

Z.3. Let x £ H, x £H be elements such t h a t x PD(K^), 
O V O 0 

¿ 0 e D ( K 2 ) . 
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2 I.Musial 

2j Under the assumptions above, let us consider the d i f f e -
rential equation 

(1) x + a ( t ) x + |3(t)x + K2x = 0, 

with the in i t i a l conditions 

(2) x ( 0 ) = x o , x ( 0 ) = z o . 

In this paper we use the same definit ion of boundedness 
and exponential tending to zero for solutions as that given 
in [2 ] . On the other h8nd, we define stabi l i ty and asymptoti-
cal stabi l i ty of solutions as follows. 

D e f i n i t i o n 1. A solution x of the problem 
(1) , (2) is said to be stable i f i t is defined for a l l t e I , 
and for every £ > 0 there exists S> 0 such that for any 
solution y of (1 ) defined for every t e l satisfying y (0 ) = 
= 70 , 7(0) = y Q , ( y o e D(K3), y o 6D(K 2 ) ) the inequalities 

I K - ^ o H * K - j o l h * imply N * ) -
D e f i n i t i o n 2. A solution x of the problem 

(1) , (2) is said to be assymptotically stable i f it is stable 
in the sense of def init ion 1 and moreover i t is ||x(t)-y(t)||—0 
for t — 0 0 . 

_3. T h e o r e m . Let Z.1, Z.2, Z.3 hold and assume that 
the conditions 

z . 4 . > [ t S + _ 

Z.5. Xn = 0(n), 

hold with the constants a,b,A,B as in Z.2. Then the problem 
(1) , (2) has a solution x ( t ) that is bounded together rath 
derivatives of the f i r s t and second order, and tends expo-
nentially to the t r i v i a l solution as t — . The solution 
x ( t ) is stable and asymptotically stable. 
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Homogeneous linear differential equations 3 

P r o o f. We shall seek a solution of equation (1) in the 

form of a series 

oo 

x(t) = X T n ( t ) x n 
n=1 

where x Q are eigenfunotions of the operator K, T
n ( t ) 6 R 1 

for every t e I, n=1,2,..., and each function is a 

solution of equation (1). 

Under this assumption, for each n e N we have 

T^(t)x n + 0 c ( t ) T ; ( t ) x n + (5(t)Tn(t)xn + K 2 T n ( t ) x n = 0. 

2 

The operator K "being linear, K is also linear, and hence 

T^(t)x n +o((t)T'n(t)xn + fi( t)T n(t)x n + T n ( t ) K
2 x n = 0. 

o 

Here we used the fact that Kx Q = /lQxn, so that x Q € D(K ). 

Sinoe K 2 x q = K(Kx Q) = K ( a n x Q ) = A Q K x n = A 2 x Q we obtain 

[ V n ( t ) +o((t)T^(t) +(i(t)T n(t) +/lnT n(t)] x n = 0. 

As x Q £ 0, this gives 

(3) ) +oi(t)T'n(t) + (/3(t) + ^ n ) T n ( t ) = 0. 

The general solution of the linear equation (3) can be 

written in the form 

(4) T n ( t ) = c 1 n T n 1 ( t ) + c 2 n T n 2 ( t ) , n=1.2,..., 

where ° i n »
c 2 n a r e a rbitrary constants, and 

are linearly independent solutions. We select the latter such 

that 
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(5) T^CO) = 1, l ^ o j n o , T n p(0)=0, T;2(0) = 1. 

Hence we look for a solution of the form 

(6) = 2 + c 2 n T n 2 ^ ) v 
n=1 

The constants c•)rl»c2n, n=1,2,... are chosen such that 
the solution (6) satisfies the Initial conditions; that is, 

(7) x =x(0)= Z c1nxn, i =¿(0) = 2 o 2 b i d . 
n=1 n=1 

Treating relations (7) as expansions of the elements x0,xQ 
in Fourier series with respect to the system we obtain 

c1n = (xo'xn}' °2n = ^ o ' V 

Hence cin>c2n s r e F o u ri e r coefficients in the expansions of 
x0,xQ in Fourier series with respect to the system {x

n}* 
In view of assumptions Z.2 and Z.4, fom lemma 6 in [3] it 

follows that there exist constants PfR,S,T,Z depending on 
a,"b,B such that for the solutions of equation (3) under con-
ditions (5) we have 

(10) 

n1 

n1 

< 

4 E V -P 

T I < _S_ ç-t* 
n21 ' 

n2 

n2 

-Ï* < Pe 

< z v _ 1 | t . 

where 
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Homogeneous linear differential equations 

7 = 2 r = 7 > 0 -
2 \ b + + a 

E s t i m a t i n g the norm o f the s o l u t i o n x ( t ) , i n view o f (10) 
we o b t a i n 

n = 1 
2n T Q 2 ( t ) 

and next 

so tha t 

oo 
| | x ( t ) | | < e ^ t 2 ( | c 1 n | p + | c 2 n | ^ - ) , 

/ c > < > 0 0 \ 

M i ) -

Making use o f Cauchy's i n e q u a l i t y we obta in 

| x ( t ) | | * e - ^ f p 
1/2 

+ S 
n=1 n=1 

1 / Z N 

By assumption Z . 5 . the s e r i e s ^ i s convergent .Deno-
n=l 

t e i t s sum "by 0 < A < » . Then we oan w r i t e 

( 1 1 ) | | x ( t ) | | < e - ^ { p l [ 2 o ? n ^ ] V 2 + S l [ S '2n 

1/2 

Prom (7) i t f o l l o w s tha t x „ = x ( 0 ) = 2 c ^ x . S ince o n = 1 in n 
D(K) and K i s c l o s e d , we ge t 

c>o 0 0 cx> 
Kx0 = Kx(0) = K Z : c 1 n x D = S c 1 n K x n = Z ° 1 n V n ' 

n=1 n=1 n=1 
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6 I.Musiaï 

Here o1n are Fourier coef f ic ients for the expansion of 
the function Kx(0) with respect to | z n j -

Using Parceval's equality we obtain 

(12) 

As well (7) implies 

he no e 

(13) 

2 o?n X* = 
n = 1 1 n n 

Kx, 

= x (0 ) = 2 
n - 1 2nAn* 

2 c L = ll 
n-1 '2n 

The number series on the right-hand side of inequality 
(11) are convergent due to (12) and (13). Hence the series 
defining x ( t ) is absolutely and uniformly convergent. 

We now estimate the norm of the f i rs t derivative x ( t ) 
with help of inequality (10): 

-Jft 

Again using Cauchy's inequality we obtain 

V/2 
(14) | i ( t ) | < e 

r 0 0 

RÌ 
_ n=1 1n 

Using (7) and noting that xQ6D(K ) (assumption Z.3) and 
K is closed,we infer that 

oo ° ° 
K2x„ = K(Kx ) = K 2 O ^ L l , = 2 O- i jÒ o v o j^j in n n j^j in n n ' 
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Homogeneous linear differential equations 

p 
so that c 1 n ^ n are Fourier coef f ic ients of the expansion of 

the function K2xQ with respect to | x n | « Therefore 
oo 

n - 1 1 1 

oo 

Mn^n = U^n i n n II o 

Similarly f*om assumption Z.3. for the ser ie s 2 c ? /I2 
Tri 2n n we get n 1 

The number se r i e s on the right-hand side of (14) are con-
vergent, hence the ser ies defining x ( t ) i s absolutely and 
uniformly convergent. 

By an analogous reasoning for the secon^ derivative we get 

x ( t ) | | < e - ^ | 2 | c 1 n | T ^ + | o 2 n | z a n j , 

and 

(15) | | x ( t ) | | < e - f t T 1 
1 \ L n=1 

1/2 
+ z- Z n=1 

2 
!2n 

1/2 

Since 

h\f, S o 

the se r i e s defining x ( t ) Is absolutely and uniformly con-
vergent, In analogy to the case of x ( t ) and x(t) .Thus x ( t ) 
In formula (6) i s the c l a s s i c a l solution of problem (1) , (2) . 
The uniqueness of the solution of problem (1 ) , (2 ) follows from 
consideration analogous to that given e.g. in [4], p.167. 

The convergence of the number ser ie s in (11), (14), (15) 
implies the boundedness of x ( t ) , x ( t ) , x ( t ) . In view of the 
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8 I.Musial 

faotor that appear in these Inequalities, it follows 
that the functions x(t), x(t), x(t) tend exponentially to 
zero when t —<=*=>. 

We now show that the solutions are stable. Let £ be an 
arbitrary number greater than 0, and let 

•"1 

¿ = [ 1 ( P + S ) ] £ 

Let y(t) be another solution of equation (1) such that 

7(0) =ytf, y(0)=yQ, (y0£D(K3), y Qe D (K 2 ) ) , 
and 

(16) Kx(0) - Ky(0) ¿(0) - y(0) < 6 

Let us form the difference z(t) = x(t)--y(t) which is 
also a solution of equation (1) (by its linearity) with the 
initial condition 

(17) z(0) =x(0)-y(0) =z Qe D(K3), ¿(0) =i(0)-y(0) = D(K2). 

We have by (16) 

(18) ||kz(0)|1<<$ and ¿(0)||<i. 

The function z(t), being a solution of (1), (17), can be 
written in the form of a series: 

z(t) = 2 ( S m T m ( T > + c2nTn2(t)) x n , 
n=1 

where = (z0,xQ), o 2 n = (¿0,xn). 
From (10) we obtain 

'2n 
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Homogeneous linear differential equations 9 

and 

(19) z(t)L<e 
• - 00 V2 r 0 0 V2 V2 

• 4 r 7 s2 
V2 

_ n =1 • 4 n=l 

On the other hand we have 

n=1 n=1 "2n 

In view of (19) we have 

(20) 

so that 

(21) || z(t)||< £„ 

Hence the solution x(t) Is stable. The asymptotical sta-
bility follows from (21). 

The method of investigation of the existence of solutions 
for differential equations discussed above is similar to known 
methods [5],[6], but here we considered the solution of equ-
ation (1) for the infinite interval t e<0,+oo) and oui pri-
mary aim has been the investigation of boundedness and sta-
bility of this solution. 
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