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AN APPROXIMATE METHOD
OF SOLVING A MIXED BOUNDARY VALUE PROBLEM
IN THE THEORY OF ELASTICITY
FOR PIECEWICE NON-HOMOGENEOUS ANISOTROPIC BODIES

1. Introduction

Consider the boundary value problem given in [3] assuming
that the differences 'L'f,: of tHe Poisson constants of media
are equal to zero, and that the vector functions F and g are
independent of the unknown vector function u, In this paper
the notation is the same as in [3].

From the results of [3], in particulér from Theorem 2 1t
follows that the solution of this problem is given in the form

(2) (1) * (1)
(1) ﬂu(x):a/[_TG(x,y)] @p(y)dl -/G(x,y) W(y)dl- A(x), xeBQ,
{ {

(1) (1) * @)
(2) ﬁu(x)=4fLTG(X.y)] G (y)dl +fG(x,y)1F(y)dl— A(x), =x€Byp
L l

(1) (2)
where B = 27E, f= 2nEe, the constent a being defined in [3]
by (19),

(1)
) A =-ffewy) reiem + f cxremia, xes,
B, L

(1)
(4) (§>(x)=-//G(x.y)F(y)dBf[TG(x,yﬂ f“)(y)st/G(x,y)f@)(y)dL.
B L L x € By
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2 R,Stanczak

and ¢(y)y, Y(y) 1is the unique solution of the following sys-
tem of functional equations

(5) ajfTG(x,y)]*q,(y)dl-f G(x,y)¥(y)dl = A(x), x €B,
i {
1) (2)
(6) -/fTG(x,y)Tgp(y)dl +fG(x.y)W(y)dl = A (x), X €B,

Theorem 3 in [3] assures that the solution of the above
gystem is unique, since when x—>x0€:1 we can eliminate the
vector function WY(y) and get the system of integral equation
of the form (27),[3].

In this paper we shall present the solution of the problem
in the form of uniformly convergent Fourier series which can
be constructed effectively. For this purpose we shall apply
the method given in [2] and [1].

2. Construction of the system of vector functions

Let lk (k=1,+..4m) be closed curves lying in the domain
B1 in ?ﬁqp a way that the domain Bék) lies inside each do-
main BS"* bounded by the curve 1, « We assume that the cur-
ves lk (k=1,...,m) are disjoint and are disjoint with 1,
and L. We introduce the following notation

m m (k)
(7) 1= 21 By = 2, By o
k=1 . k=1

n
Let lk (k=1y...,m) be closed curves lying in the do-

)
mains ng’ (k=1y¢..,m) respectively and having no common
points with 1. Let Bék)" denote the domain bounded by the
curve li. Consequently we have

m n ”
(8) 1 = 21, By = 2 Bék) .
P k= |
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A mixed boundary value problem 3

(1) (2)

Let X[ 0 (r=1,2,0.0), x.{s (r=1,2,...) denote a coun-
table set of points lying everywhere dense on the curves 1
and 1" respectively.

The system of functional equations (5) - (6) may be written
in the form

(1)) (1) (2
(9) [xix = V@ =2k 0,
l
(1)
where x =X at xEBi and
(1)(1) (1)
((1) @) ) a LTG(x, y)] -Gx, ¥y K,
[TG(X’ y)] G x, ¥ K2
(1)
&
where Ki = s I=1,2 and
(2
&
(11) Y= [o@)s wi3)]
(1)@ (1) (2)
(12) Azy x) <[22, 2],
Consider the following system of vector funsctions
(e) /(1)
K1 (xr, y) If r= %lis integer

(13) Ve (3) =

\Kée) ((fx?' y), if »r =-g— is integer

e = 1,2, J =12,3,...
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Theorem 1, The system of vector furnctions {\J (y)}
)

is linearly independent and complete in the space "d (1)

Proo f, Let us assume that the system (13) is linearly
dependent 1.,e. there exiset constants C;]e’ at least one not
gero, such that

2 N

(14) g%cje‘\)je(y)zo.

This identity can be written in the form

Pot’ e=1 o=

2 N 2 N
(159 e21§ 1 ((1) )+ Z C;e (e)((ﬁjd,y)so’

where N+ N’ =N end p,, qy are integer. From (15) it fo-
llows directly that

I

2 ¥ (o) () 2 M () @) (¥
(16) zmce[ (Pot )] chef (qd’ y)] 0

e={ e=1 o=t ¢

and
2 N (e) (1) 2
! G s J)= 0.
m EEa - EE )

(1)
‘Now we introduce the vector funmction v(x)=v(x) at X€Byy
where

2 N
(e) (2)
(18) v(x)._ > > Cde ( qd,x), X € By

e=1 o=1

*)

Cf(l) denotes the space of vector functions defined on 1 and sa-
tisfying the Holder condition.
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2 N
‘ , (e) (1)
{19) v(x) Z Z Cye (}e (xpd,x), x €3,

e=1 o=1

From the definition of G we get

(20) A(%) v(x) = O, x € B
(1) (1) (1)
(21) v(x) » =0, T wv(x)| , =0.
From (17) we have
(1) ¥)]
(22) v(xo) = v(xo), X, €1
and from (16) we obtain
(DM 1)
(23) T v(xo) =aT v(xo), x, € L.

It is easily shown that from (20)- (23) it follows di-
rectly that '

(24) v(x)=0 at x € B,

O] _
Thus v(x) =0 at x € B - Bg. Let us suppose that C;:e £ 0.
If a point xf.iB2 1s placed sufficiently close to the point

(2) 2, ., (e)(2)
x_ , then the term ch G (x_ ,y) can be made large
A e=1 e 9 (2)
while the others are bounded, Similarly v(x) —2 at )x € B/2
(e) (1)
and if we suppose that o #0, then the term ZC & (X, 47)
ol

can be made large while the others are bounded. These facts
contradict the identity (24). Hence, we obtain that co(e o,
C’e=0. Thus the system {vje(y)} is linearly independent.

- 27 -



6 ___R,Staficzak -

Now, we shall prove that the system {\Jje(y)} is complete
in the space G (1), Let 6(y) be an arbitrery vector of the

b
space Ci (1) orthogonal to all the vectors of system (13)

(25) j(oje(y) cY(y)) 4l = 0 e=1,2,  3=1,2,...
L

Let us consider the vector

(M (@) (1))
(26) w( X, X )= fK(x,x,y)é'(y)dl.
L
(1) ()
At the points {xr} ,{xr} the vector
12). (1)(2)
(27) W(xr,xr> =/ K(xr,xr,y) d(y)dl =0

1
and its derivatives are continuous on 1 and 1" .Hence,taking

(1) (2)
Iinto account the fact that the points {xr} , {xr}are located

everywhere dense on the 1 and 1" we obtain that

1 . 2
(28) W((;I),(JZK)) =0 for (x)e 1, (x)e 1.

From the well-known property of Green’s tensor G(x,y) and
the theorems of uniqueness we have that

(N(2) (1) =, (2)  _u
(29) W(x,x) = 0 for xeB; - By, x € B,.

(12)
Thus, W(x,x) = O in the whole domsin B, and

1)(2 .
(30) /' K((x,(xzy) f(y)dl =0 at  x € B.
:

The above system of functionsl equations 1s homogeneous
and §(y) =0 at yel, which proves that the system (16) is

Ly
complete in the space C_ (1).
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A mixed boundary value problem 7

From. that it follows directly that the system (13) 1is
linearly independent and complete in the space L2,[2].

3. The approximate solution of the problem

Let us introduce the notation

(23-1) (23)
(31) '031(y) = (y)’ '932(3’)=/1 (y)o

Applying the Schmidt orthogonalization procedure we can
coustruct & new orthogonal sequence of vectors

r)

(S) S
(32) 3) = % By (¥) 8=1,2,3,4. 0

where B, are known constants.
Let @5 be the Fourier coefficients of an expansion of

an unknown vector function V¥(y) in a series
(s)
(33) % =[¥F) & ()aL.
L

In order to find the s8-th Fourler coefficient, we substitute
(1) 2) () () (1) (@)

step by step the points Xys Xq5 Xgy Xpj ool xp, xp (p=1,2,

esssk) in (9), where k = [S+3] 8437 4enotes the integer part

of the quotient) and multiply by the vectors

- - -

Bap = Bg,4p-3 1 i, + B

1t B594P"2 2 844p-1 13 +Bso4p 14’

-

where I1, 12, 13, E# are the unity axial vectors,
After summation, in virtue of (31) and (13), we obtain

=

S @) = LA @)
(34)/§Bsr;t (CORTCALINE ; By (¥ps %)
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and from (32) and (33) we have

kK . () (2
= A ’
(35) Qs E Bsp (xp xp)

Thus, the Pourier series of the vector W(y) has the fo-
llowing form

= (1) (@) (8)
(36) 2 25,2z x)8 ).
8p P
s=1 p=1
In view of Theorem 1 this series 1s convergent in average to
the vector W(y).
Theorem 2, The sequence of partial sums

Gy e - é f ((;Xf)y) 3 "k -ﬁa((;)g))

is upiforuwly convergent to the solution u(x) of the given
problem,

Pr oo f., The exact solution of the problem can be written
in the form ’

(38) u(x) =ﬁ— ((XXXZy) Y(y)dl 715 (( )(2))

The difference of (38) and (37) has the following form

() (@) (s)
(99)  atx)-u () =3 fx(xx,y)[my) 2¢s (y)]dl :
L

Making use of the Buniakowski-Schwarz inequality we obtein
1

o< ﬁ{}“ﬁ{((;)(?.y] dlf[w(y) ZfP 3 (y)] a1 f
l

(
(40) fu(x)-u (x)
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A mixed boundary value problem 9

The first integral is bounded in any closed domain lying

entirely inside B and
5

(41) { f[K((;z),(f,)y ]2d1 F <c, (C being const.).
[

From the fact that the series (36) is convergent in average
to the vector function ¥(y) it results that there exists one
N such that

1
N 2 )2
(s) £
(42) {I['{J(W-Z ‘I’s@ (y)] dl}< CN°
L s=1
Hence
(N)
(43) u(x) - u (x) <8N
and
OIS N (s) ()
1 1.
(44) u(x) ﬂbi&ﬁ [K( x,x,zb[szz%@s@ (y)]dl -FR X,x>
which is what we had to prove.
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