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OF SOLVING A MIXED BOUNDARY VALUE PROBLEM 

IN THE THEORY OF ELASTICITY 
FOR PIECEWICE NON-HOMOGENEOUS ANISOTROPIC BODIES 

1. Introduction 

Consider thè boundary value problem given in [3] assuming 
that the differences t o f the Poisson constants of media rs 
are equal to zero, and that the veotor functions F and g are 
independent of the unknown veotor function u. In t h i s paper 
the notation i s the same as in [ 3 ] . 

From the r e s u l t s of [ 3 ] , in par t icular from Theorem 2 i t 
follows that the solution of th i s problem i s given in the form 

(2) pU) ..* p (1) 
(1) P u U ) = a / [TG(x,y)J <p(y)dl - j G(x,y) ¥ ( y ) d l - A(x), x e B 2 , 

L L 

(1) pX 1) -,* p t (2) 
( 2 ) / 3 u ( x ) = - / [ T G ( x ,y )J .(f (y)dl + y G (x,y) ^ ( y ) d l - ¿ ( x ) , xGB., , 

L L 
(1) (2) 

where ji = 2irE, fl = 27rEa, the constant a being defined in |_3J 
by (19) , 

(3) %{x)=-JJ G(x,y) F(y)dB + y G(x ,y)g(y)dl , x € B 2 

B? L 

(4) ( I (x )= - j j j fG(x ,y )F (y )dBy[TG(x ,y ) ] f ' ^y )dL+^G(x,y ) f ( 2 ) (y )dL, 

x e B 1 
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2 R.Stanczak 

and (p{y), W{y) ta t he unique s o l u t i o n of the fol lowing s y s -
tem of f u n c t i o n a l equat ions 

pfV -.* P (5) a / [ T G ( x , y ) ] c ? ( y ) d l - / G ( x , y M y ) d l = ¿ ( x ) , x £ B 1 

¿ L 

(6) - y | T G ( x , y ) ] ^ ( y ) d l + y G ( x , y M y ) d l = ( l \ x ) , x €B2 

6 t 
Theorem 3 in [ 3 ] assures t h a t the s o l u t i o n of the a"bove 

system i s unique, s ince when 6 1 we can e l imina te the 
vec tor f u n c t i o n W(y) and get t h e system of i n t e g r a l equat ion 
of the form (27), [3] . 

In t h i s paper we s h a l l present the s o l u t i o n of the problem 
in the form of uniformly convergent Fourier s e r i e s which can 
be cons t ruc ted e f f e c t i v e l y . For t h i s purpose we s h a l l apply 
the method given in [2] and [ l ] . 

2. Const ruct ion of the system of vec to r f unc t i ons 

Let ( k = 1 , . . . , m ) be closed curves lying in the domain 
(k) B., in such a way tha t t he domain Bi ' l i e s i n s ide each do-

(k 7 / 
main B^ ' bounded by the curve . We assume t h a t the cur -
ves ( k = 1 f . . . , m ) a re d i s j o i n t and are d i s j o i n t with 
and L. We in t roduce the fol lowing n o t a t i o n 

m m (k)/ 
(7) 1' = 2 lfc B2' = 2 B2 . 

k=1 k=i 
// 

Let 1 .̂ ( k = 1 , . . . , m ) be closed curves ly ing in the do-
(k ^ 

mains B£ ' ( k = 1 , . . . , m ) r e s p e c t i v e l y and haying no common 
po in t s with Let B ^ ^ " denote the domain bounded ty the 
curve l '^. Consequently we have 
(8) l ' - t l j . b J - Z B ^ " . 
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A mixed boundary value problem 3 

J O ) L J (2 ) I 
Let j x j , ( r = 1 , 2 , . . . ) , j x f , ( r = 1 , 2 , . . . ) denote a coun-
t a b l e se t of po in t s ly ing everywhere dense on the carves l ' 
and l" r e s p e c t i v e l y . 

The system of f u n c t i o n a l equat ions (5) - (6) may be written 
ib the form 

P (1 ) (2) (1) (2) 
(9) J K(x, x , y ) ^ ( y ) d l = ¿ ( x , x ) , 

L 

( i ) 
where x = x at and 

(10) K AO (2) ^ x , y J = 
a [TG(x, y)J 

0 ) 
- G x , y K1 

r( 1) (2) -1* 
L T G ( x . y)J 

(2) 
G x , y 

a 
K2 

where K^ = 

( 1 1 ) 

( 1 2 ) 

( 1 ) 
K i 

(2) 
, 1=1,2 and 

W(7)= [<p(y)f V ( y ) ] 

, ( 1 ) ( 2 ) r ( 1 ) (2) -I 
A(x, x ) = ¿ ( x ) , a ( x ) J . 

Consider the fol lowing system of vec to r func t ions 

( e ) / ( 1 ) 

(13) ^ e ( y ) =<! 

ve J / n ; \ , + 1 K1 \ x r * 7 / • i f r = j Ç i - i s i n t ege r 

( e ) / ( 2 ) \ , 
K2 \ x r * 7 J ' i f r s s l T 1 3 i n t e e e r 

e = 1 ,2 , j = 1 , 2 , 3 , . . . 
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4 R.Stanczak 

T h e o r e m 1. The system of vector functions { ^ ( 7 ) } 
L2 *) 

i s l i nea r ly independent and complete in the space 3 ^ ( 1 ) • 

P r o o f . Let us assume that the system (13) is l i nea r ly 
sndent i . e . 1 

zero, such that 
dependent i . e . there ex is t constants at leas t one not 

2 N 

(14) 2 2 C, (y) = 0. e=1 j=1 3® . 3® 

This Iden t i ty can be wr i t ten in the form 

* ^ , ( e ) , (1 ) v V V » ( e ) / ( 2 ) \ « 

where N;+ k" = K and p^, q^ are in teger . Prom (15) i t f o -
llows d i rec t ly tha t 

1165 M l - ( v ) ] = ° 

and 

2 ^ , (e) (1) 2 ^ „ (e) (2) 
(17) I 2 c , G M - S S 4 . » ( V 7 ) s 

e=i «.=1 \ / e=-| ,¿=1 \ / 
(1) 

Now we introduce the vector function v(x) = v(x) at xeB ,̂» 
where 

(1) Jn £ „ (®) .(2) 
(18) v ( x ) = ¿ ¿ 0 G x , x ) , x e B r 

e=f *=1 \ / 

*) L2 
0,^(1) denotes the space of vector functions defined on 1 and sa-
tisfying the Holder condition. 
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A mixed boundary value problem 

(2) ^ , (e) (1) 
(19) T(x) = ZJ la C G fx , A , X 6 B 2 

e=1 ot=1 \ ) 

Prom "the definition of G we get 

(20) V ( X ) = 0 , x e B 

(1) | (DO) 
(21) v(x) =0, T v(x) 

II 
Prom (17) we have 

= 0. 
L" 

( 1 ) (2) 

(22) v(x 0)=v(x Q), x Qel 

and from (16) we obtain 

(1)(1) (1) (2) (23) T v(x0) = a T v(x0), xQ £ 1. 
It is easily shown that from (20)-(23) it follows di-

rectly that 

(24) v(x) = 0 at x 6 B. 

0) Thus v(x) = 0 at x 6 B - B„. Let us suppose that C / 0. c. oC 6 
If a point x£B 2 is placed sufficiently close to the point 
(2) * „ (e)(2) x„ , then the term 2_i G (x ,y) can be made large 

e = 1 ^ (2) 
while the others are bounded. Similarly v(x) =0 at x 6 B„ 
and if we suppose that C^G £ 0, then the term ZJC^G (xp ,y) 
can be made large while the others are bounded. These facts 
contradict the identity (24). Hence, we obtain that Co|'e = 

= 0. Thus the system (y)} is linearly independent. 
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6 R.Stariczak 

Now, we shall prove that the system - f ^ 0 ( y ) ) is complete 
p c j e j 

in the space 0^(1 ) . Let 0 ( y ) tie an arbitrary vector of the h space C^ (1 ) orthogonal to a l l the vectors of system (13) 

( 2 5 ) / ( " W y ) i (y ) )<Ji = 0 e =1, 2, j =1 ,2 , . . . 
L 

Let us consider the vector 

,U) (2 1 P (1 )(2) (2 k p XD{2) . B 

(26) w( x, x ) = J K ( x , x , y ) i ( y ) d l . L 
fCi) 1 f(2)-, 

At the points -s x r f » "j x r f '•¡he vector 

/(1) (2 ) \ (1) (2 ) 
(27) w ( x r » x r ) = J H x r ' x r ' y ) ¿fr)«31 = 0 

L 
and i t s derivatives are continuous on l' and l" »Hence,taking 

rOh r(2h 
into account the fact that the points j x r f » " ( x r f s r e located 
everywhere dense on the l' and l " we obtain that 

(1)(2) 0 ) , (2 ) „ 
(28) W(x,x) = 0 for x 6 1 , x e 1 . 

From the well-known property of Green's tensor G(x,y ) and 
the theorems of uniqueness we have that 

(1)(2) (1) (2) „ 
(29) W(x,x) = 0 for x e B1 - B j , x e Bg. 

(1X2) 
Thus, W(x,x) = 0 in the whole domain B, and 

n (1)(2) 
(30) J K (x ,x ,y ) tf(y)dl = 0 at x e B. I 

The above system of functional equations is homogeneous 
and i ( y ) = 0 at y e 1, which proves that the system (16) is H 
complete in the space C^ ( 1 ) . 
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A mixed boundary value problem 7 

Prom.that i t fo l lows d i reot ly that the system (13) Is 
l inear ly independent and complete in the spaoe L 2 , [ 2 ] . 

3. The approximate solut ion o f the problem 

Let us introduce the notation 

(2J-1) (2J) 
(31) =M ( 7 ) ' = M 

Applying the Schmidt orthogonal izat ion procedure we can 
construct a new orthogonal sequence of vectors 

, 0 ) « ( r ) 
(32) ® ( y ) = S B fi ( y ) 8=1 ,2 ,3 , . . . , 

r=1 

where BSJ, are known constants. 
Let be the Fourier c o e f f i c i e n t s of an expansion of s 

an unknown vector function ^ ( y ) in a ser ies 

f * ( s ) 
(33) $ 8 » y i P ( y ) $ ( y ) d i . 

L 

In order to f ind the s-th Fourier c o e f f i c i e n t , we substitute 

(1) (2) (1) (2) (1) (2) 
step by step the points x^, x 1 ; x 2 , x 2 ; . . . ; x p , xp (p=1,2, 

. . . , k ) in (9), where k = denotes the integer part 
of the quot ient ) and multiply by the vectors 

B = B sp s,4p-3 i 1 + B S ,4P-2 I 2 + Bs,4p-1 L3 + B S , 4 P ' 

where i ^ , ¿ 2 , i ^ , i-4 a r e the unity axial vec tors . 
A f t e r summation, in v i r tue o f (31) and (13) , we obtain 

( 3 4 ) e / 2 B s r ^ ( y ) ! P ( y ) d l = Z B s p ^ ( x p , x p ) 

- 29 -



8 R.Stariczak 

and from (32) and (33) we have 

,(1) (2)n 

- BspA i 
r-

Thus, the Fourier series of the veotor ^ ( y ) has the f o -
llowing form 

x * _ -(1) (2K 
(35) $g - S y v *p • 

P=1 v ' 

(36) 2 2 b M v v ( y ) . 
8=1 p=1 * \ v> 

In view of Theorem 1 this series is convergent in average to 
the veotor W (y ) . 

T h e o r e m 2. The sequence of partial sums 

(37) u (x ) = j 2 l $ s j K ( x ' x . y ) $ { 7 ) h - p [ x , x j 
5=1 l 

is uniformly convergent to the solution u (x ) of the given 
problem. 

P r o o f . The exact solution of the problem can be written 
in the form 

1 P i W ) \ « 1 „ < W 2 \ (38) u (x ) = I f Kfx ,x tyj !Ry)d l - ^ ( x , x J. 

L 
The difference of (38) and (37) has the following form 

(N) . n ,(1X2) v f N (a ) 1 
(39) u ( x ) - u (x ) = 1 J K ( x , x , y j | ¥ ( y ) - ( y ) J d l -

Making use of the Buniakowski-Schwarz inequality we obtain 

(N) j , ~ • " .. - > 2 

(40) u (x ) -u ( x ) k ^ j j K ( ( i ) , ( x , y j ] 2 d l j [ ? ' ( y ) - 2 $ a $ ( S ( V ) ] <31 

I L S = 1 
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A mixed boundary value problem 

The first integral is bounded in any closed domain lying 
entirely inside B and 

(41 ) 

I 

f F r / 1 ) ( 2 ) m 2 I 2 ^ ^ / K( x,x,yj dl < C, (C being const. 

From the fact that the series (36)is convergent in average 
to the vector function W ( j ) it results that there exists one 
N such that 

(42) {/[' f , { y ) % $ ( S ( y ) <31 K "N 

Hence 

(43) 

and 

(N). 
u(x) - u (x) H 

1 p , (a) (44) u(x) =lim 1 / K( x,x,y) $ (y) 1 / ( 1 ^ 2 \ 
d i - j K x ' x ; 

which is what we had to prove. 
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