
DEMONSTRATIO MATHEMATICA 
Vo l . V N o 4 1973 

Exh MyniHHCKHfl 

OB OCTATOIHOfi OrPAHHHEHHOCTH H J U ^ I i X CBOflCTBAX 
PEIHEHHfi HEKOTOPOit CMEHIAHHOft 3A^A<iH 

! . I IocTaHOBKa 3 a j a ^ H 

B c T a T t e npoBo^HTCH aHajiH3 HeKOiopo i ! JiHHeftHoii CMemaHHOH 

flJia ranepfiojiH^ecKoro y p aB H e h h h B T o p o r o n o p s f l K a c o m h o -

thmh npocTpaHCTBeHHHMH nepeMeHHNMH} a Tanace H e i c o T o p H x 3ap,a*i 

fljia "B03MymeHHHx" Hejih Hehhhx 3af laTj , 6 j i h3khx b HeicoTopoM c m h c -

jie k nocTaBJieHHHM jihHefiHHM. P a c c M a T p H B a e M o e JtHHeiiHoe y p a B H e -

HH8 H HeKOTOpHe MeTOf lH 6JIH3KH K H3BeCIHHM ( c M . H n p . [ l ] , |j£] ) , 

ho p e 3 y j i B T a T H 3,necB s p y r o r o i n n a . 

I lycTB G - HeK0T0pas orpaHHqeHHaa odaacTB b R n c K y c o q -

H0-rJiaflK0a rpaHHiieii S. I lycTB J = (0, 0 0 ), J = < 0, 0 0 ) t 

i2 = G* J, ¿2 = G * J, r = S * J , r = S x J. 
npefl i ioJiaraeTCH, n o 3a^aHH cjie^yiomHe (JjyHKijHH: 

(1) p e C 1 ( G ) ; q . ^ . k e a ( G ) ; a,y3 e C ( S ) ; F e C(X2), 

n p n i e M (npn SQ = { x e S : /3(x) ^ o j ) : 

( 2 ) V x £ G. p ( x ) , q ( x ) , q(x), k ( x ) > 0, 

V x e S . a.(x), y3(x) > 0, a ( x ) + y3(x) > 0, 

( 3 ) 

BB = const » 0. 3 V = const > 0. V t E J. 

(4) 

3aMeTHM, tiTO H H T e r p a j i no G b ( 4 ) o t o ( fyHKima t . 
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2 E. MymHHCKHft 

T B K H X , I T O 

( 5 ) V ( x , t ) e i 2 . fj**.^ + + <3U — d i v ( p g r a d u ) + F 

H 

( 6 ) V ( x , t ) e r . <xu + / 3 J-j^-^ 0 . 

M H O a c e c T B O U s x o M H O x e c T B O B c e x , onpefleJieHHHX H a H K J i a c c m i e c -

k h x pemeimiì 3afla^H (5)> (6) c jiioShmh H a q a j i B H H M H jtcjiobhhmk. 

M h o k s c t b o U H e n y c T O , H n p . b [l] yic.a3aHH flocTaToqHHe ycjiOBHH 

T o r o , xitoSh H e K O T o p n e a e U , o t h ycjiOBHH moscho sfleot bhhoji-

H H T B . 

C $ o p M y j i H p y e M ce'ifaac "BCSMymeHHyio11 He JiHHeiÌHyio 3 a x a v y . IlycTB 
~ ~ p 1 — — 
k , q» F - o n e p a T o p a H 3 M H O a c e c T B a C [&) A C (fi) b C(/2). H x 

g ì ^ 
3HaieHHH Ha $yHKiiHH v e C {CI) A C (iì) fiyaeM o6o3Ha^aTb k [v] 

h t.a. (k[v] o 6 o 3 H a q a e T yace $yHKiyiio H3 C(12) ). He npeflnojia-

raeTCH 0rpaHHieHH0CTH d t h x onepaTopoB, a orpaHHieHHOCTB b p 

CMHCJie d ( G) fljiH V t 6 J h x 3Hayemiii, T . e . n p e i n o j i a r a e T c a , 

TITO 

3 aei = const > 0, i-1,2,3. V v t c 2 ( f l ) A C1(/i) . J{k[v])2dz:éae 
G 

2 
1 » 

(7) 

e 
3,necB Bce HHTerpajiH dto (JyHKipiH t e J. 

p A 
IlycTB V 9to MH0acecTB0 Boex iyHKUHM v £ C (-fi) a c (il) ia-

K H X j q T O 

V ( x , t ) e i 2 . ^ v t t + ( k + k L v ] ) v t + 

(8) 

+ (q + q[v] )v = d i v ( p g r a d v ) + F + F [ v ] 

(9) V ( x , t ) e T . ocv + f i j f c a 0 . 
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06 QCTaToqHOft orparomeHHoeTH pememift 3 

MHOxecTBO V 3TO oiihtb MHOJKecibo KJiaccniecKHX pememiii 3a-
fla^H (8), (9). CymecTByKT TaKHe k,q,Ì?, xito V He nycTO. Ta-
KHe HM6HHO cjiytiaH ÓyaeM pacciiaTpHBaTB. 

BunieyKa3aHHyio 3a;;atiy mojkho HecicoJiBKo oSodmHTB. IlycTB 
„ ^ 2 1 — — 

- onepaiopa hs C (i2)nc (fi) b C(£l), TaKue *ito 

3aei = const > 0 , i=1f2,3. Vw e C2(n) n c1 (fi). 

(10) / (Q[w] )2dx é3f2 jw2dx + X2 J w2dx , 

Jf(F[w] )2dx ^ X2 e m . 

o -i 
PaccMaipHBaeTcìt MHOScecTBO W iymcmiiì w e C (fi) n c (-il), Taicnx 
TITO 

(11) 
V (x,t) e il, 

+ kw^ + qw + Q[w] = div (pgradw) + F + F[w] 

(12) V (x,t ) e T . «w + / 3 | t = 

JlerKO AOKa3aTb, ìto VcWecjin onpeaeJiHTb Q[v] = k[v] v^ + q [v] v 
h Hcn0JiB30BaTB npe,nnoJi osceHH.fi (7) ajih noJiyiieHHH npeflnojioaceHHÌi 
(¡10) (c flpyrHMH HeCKOJIBKO nOCTOHHHHMH dt̂  ) . 

JSflx yfloócTBa BBefleM HeicoTopyio fyHKiiHio t e J, onpe^ejieH-
^ — 

Hyio Ha $yHKn;Hax y e C (¿2) no $opMyjie 

(13) Zq (t ) = j (?2+ ? 2 + | gradai2)dx +jp f ? 2ds . 
fi i0 

3flect |-| - flJiHHa cooTBeTCTByioinero BeKTopa. Momcho c^htstbf 
yio flJIH $HKCHpOBaHHOrO t £ J Zq(t) HBJIjieTCH KBaflpai'OM HOPMH 
npocTpancTBa nap (7?, ^ ). BBHfly cfleJiaHHHx npexnojioaceHHH 06 
p,a,/3 HMeeM Zq(t) > 0. $yHKu;iiH Z^(t) nocjiyacHT HaM 
B^efleHHH HGK0T0ptix onpe,neJieHHH : 
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4 E. MyiiiHHCKHfi 

A — _ 
?eC (¿2) orpammeHO 3 A = const > 0. V t e J . Z ? ( t ) < A 

peC^iti) cTpeMHTcn acHMniOTHqecKH K Hyjim 3 B = const > 0. 

3 a = const > 0 . V t e J . Z ?(t) ^ Be"
At. 

MHO»cecTBO N «JyHKipiii e (^(.Q) ocTaTO^HO orpammeHO <=> 

3 C = const » 0. V/?e N. 3T > 0. Vt > T. Z^(t) =6 C. 

MHOSceCTBO N $yHKUHfi /peC 1^) KOHBepreHTHO V ^ e N , i=1,2. 
lim Z„ (t) = 0. t-"0O <1 <2 

H3 onpeflejieHHH (7) BHTeicaeT, n o .hjih V t e J B wacTHOCTii 

(14) J i?2 dx 4 Z^(t), J dx 4 Zqit), f |grad?|2dx 4 Z^(t) 

h HanpuMep H3 orpammeHHOCTH B CMHCJie Hamero onpeflejieroitf 

BHTeKaei orpaHHieHHOCTb $yHKiyi8 ¡?('»t)|| 2 » ll^(' )ll 2 » 
II / Ml ^ ^ 

2. HeKPTopne BcnoMaraTeJibHije JIGMMH 

JI e M M a 1 . ECJIH k = const, Y T C 1 ( J ) , V C° (J), Vt € J. 

fit) > 0 h ^ (t) » 0, 

V t c J. p'(t) 4 akf(t) + v/(t)vV(t) 

TO 

v t e J. V^Tt) ^ VfCoT e k t + J e k t y ^(t)e~ktdt . 
0 

. H o K ' a a a T e j i B C T B O . H3 npeflJioaceHHoro HepaBeH-

C T B a B H T 8 K a e T | m o 

(15) f i t ) ) = e 2 W ( f' (t )-2ky(t)) 4 e2kt Vit) V R t ) . 

B B e f l e M HO B y 10 fyHKiyiio w ( t ) no fopMyjie 

(16) w(t) = em f i t ) . 
Torfla 

(17) w' (t) ^ e"ktii/(t)Vw(t)' 
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06 ocTaTOtiHoii orpaHHueHHOCTH pemeHHü 5 

H AJIH KaacAoro £ > 0 

(18) w' ( t ) ^ e~kt>(t)Vw(t) 

n O D T O M y 

HHTERPHPYÜ DTO HEPABEHCTBO B npe^ejiax < 0 , t > , t £ J , nojiyqaeM 
t 

f 20) V»(t)+£ - Vw(0)+f é l f e ~ k V t ) d t . . 
ö 

OTcio,na nepexo^H K npe^eJiy npH £ —• 0 HMeeM 
t 

(21) V^Tt) ^VwTÖ) + j / e " k t v ; ( t ) d t . 
0 

BO3BPAMAHCB K y > ( t ) BBH^Y $OPMYJIH ( 1 6 ) NOJIY^AEM FL0KA3YEM0E 

HepaBeHCTBO. 
C J I e ^ C T B H e . ECJIH R1LR HeKOTOpHX nOCTOHHHHX A tßtli)Vi A _ 

PL ¿0, V> $yHKIÍHH y>€.C ( j ) , TaKOBa, tJTO 

(22) V t e J . f ' ( t ) < -2Ay(t) + (/i+$e~n) Vy'(t)' 

TO 

,H0Ka3aTejii.CTB0 9Toro BHTeKaHHH nojiyqHM us JieMMH 1 ecjiH B3htb 
k = -A, y = ß + ¡ f e - ^ . Tor,na nojiyqaeM HepaBeHCTBO (?3)> TSK 
KaK B 3 T 0 M cjiy^iae: 

t t 

4- e** f y M e - ^ d t = Ì e"A t j e ~ n ) e d t = 
(24) ^ ¿ Jo 

1 -At 
2 e 

f/i / At „ ̂  3- , CA-VK . 
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6 E » M y m H H C K H f l 

I l y c T i . t = c o n s t , T a K o e i t o 

( 2 5 ) 0 < £ < m i n f m i n m i t i 
\X(.G 1 tj x e 6 k + 4 q q 

O h o c y m e c T B y e T B B H f l y n p e f l n o B o a c e H H H 0 6 £ ? , q , k h o r p a H H y e H H O C T H 

o S j i a c T H G . 
i _ _ 

I l y c T B H a ( J y H K i i H H X i ^ e C [SI) o n p e ^ e J i e H a f y H K U H H ( j j i h t e J ) 

t ) = \ J + p | g r a d / ? | 2 + q q 2 + 2 s . q q q t ) d x + 
( 2 6 ) ^ 

1 f «• 2* 
+ 2 J ? W 1 ds • 

J I e M M a 2 . 3 H , P = c o n s t > 0 . C 1 ( ¿ 2 ) . V t e J . 

N 2 Z ? ( t ) ^ 0 ? ( t ) ^ P 2 Z ? ( t ) . 

2 P 

J l 0 K a 3 a T e j [ B C T B 0 . B u p a a c e H H e Q a + 2 £ § a b + q ' b 

A B J i H e T C H B S H f l y ( 2 5 ) h t o t o y r o § ( x ) > 0 H a G n o j i o a c H T e j i B H O 

o n p e f l e ^ e H H o K K E a f l p a T H O H $ o p M o i i o t a . b h n 0 3 T 0 M y c y m e c T B y e T 
— 2 2 — p p 2 
N = c o n s t > 0 , , t j T O flJia B c e x a , b Qa. + 2 £ ^ a b + q b > N ( a + b ) - . 
O T C i o f l a 

+ + q / ? 2 + P ! g r a d . / ? | 2 > N 2 ( / ? 2 •(- /?2) + p | g r a d p | 2 > 

(27) 
—2 2 2 12 

> m i n ( I T , m i n + q + g r a d / 7 ) 
x e G ' 

H ^ a j i e e 

^ ( Q t \ + 2 t q i ^ Z + q I 2 + p | g r a d / ? | 2 ) d x + J p f - /?2ds > 

(28) ^ 
—2 Z"1 2 2 i 12 /* 2 

> m i n ( H , m i n p ) / ( ? + + / ? + grad/? )dx + / p a" q ds . , 
x e G ^ t ^ 

_ 2 2 
0 6 o 3 H a y a a 2 m i n ( N , m i n p . 1 ) = N , N > 0 n o j i y ^ a e M 

x e G 

£/ (^ + + + P|grad/?|2)dx + jfpjil2 ds » 
( 2 9 ) 

fill + ?2 + |gradi?|2)dx + f p f ?2ds 
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06 ocTaToqHQH orpaHH-qeHHOCTH pemeHHit 7 

to e c u , N Z^(t) (cm. (JopMyjiH (13) h (26)). Oaemca 

CBepxy <pq(t) iOKa3HBaeTCH jierKO, b iioctohhhoM P yqacTBy»T 

Be jhhihhh max g , max q , max p, K d o p H e BBH^y c^e JiaHHHx npes-
X € G *EG X6G 

nojioxemiH orpaHH^eHH. 

BBe^eM cjieayioiniie (JyHKitnn (ajih t e J) onpesejieHHue ^jih 

(30) V?(t) = /[(k-f?)^
 + + £q/?2 + £p|grad,?|2]dx f , 

(31) X ? ( t ) = f ( ? t + dx 

b kotophx yqacTByioT onpe^eJieHHHe BHme fyHKitHH. .HoicaxeM flBe 

JleMMH. 

JI e m m a 3. 3 M = const > 0. Vye C 1 (¿2). V t e J. 

Y? (t) » M % ( t ) . 

fl0Ka3aTeJiBCTB0 3ToM JieMMH npoBO^zTCH TaK ace KaK npoBejeHHoe 

flOKa3 3TeJIbCTBO JieMMH 1. y^IHTHBaeTCH 3^eci> HepaBeHCTBO (25), 

a Taicace cBoiicTBa onpeaejieHHHx b Ha^ajie n.l iyHKiyiH. 

JI e m m a 4. 3 E = const > 0 . tyec'1^). V t £ J. 

X^Ct) ^ B E y Z ( ? ( t ) e " V t . 

, H 0 K a 3 a T e j i i > c T B 0 . H3 HepaBeHciaa EyHHKOBCKoro 
h npefljioxeHZH o P, BHTeKaeT, *ito 

(32) 

H aajiee 

J (? t + £ i? )P dx ^ ^J (i?t + eq )
2 d x J F 2 d x 

% 

4 B j y (!?+. + £? f a * 

^ --Vt (33) | ( f t + £ ? ) F d x 4 B (1 + f 2 ) 2 + ? 2 ) d x 

2 2 06o3Haiaii l + £ = B , E > 0, nojiyyaeM OKOH^iaTe jibho 

/ ( p t + £ <? dx 4 BE [ f (<?2 + ? 2 )dx 
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B . MymHHCKHa 

( 3 4 ) 

SBeT f ( r ? l + q 2 + \ g r a d ? | 2 ) d x + j p f q 2 d s 

6 S0 

.= BE e " ^ . 

* e - v t 

IIpHCTynaeM k flOKasaieJitcTBy ochobho2 jiommh* 

JI e m m a 5 . 3 C = c o n s t > 0 . 3 a = c o n s t > 0 . V a e U . 

V t e J . 

0 u ( t K [ V ^ u ( O ) e " A t + C B ( e " V t - e " ^ ) ] 2 . 

^ 0 K a 3 a T e J I B C T B 0 . B 3 T O 0 JieMMe U HBJIfleTCH 

DJieMeHTOM MHoacecTBa U, T . e . BHnotfHJieT ypaBHeHHH ( 5 ) , ( 6 ) 

h HBXfleTCH (fyHKifHeS K J i a c c a C (X2) f] C ( J 7 ) . SyHKiyiH d> ( t ) n p n -1 — ^ 
HaflJieacHT k K J i a c c y C { & ) f ) m o BHTeicaeT H3 n p e a n o j i o a c e -

hhh 0 6 a e U . H a c H H T e p e c y e T Ha J n p o n 3 B o ,nHaH ^ ( t ) . Run 

t o t o , ^ito6h ee HaKTH (oKaaceTCH, * i to OHa c y m e c T B y e T ) BBeaeM 

HOByK fyHKipiKi ^/u ("fc) cjieayiomHM 0 6 p a 3 0 M . I l y c T b G^ - JnoGan o 6 -

j i a e T i , T a K a a q i o G^ c G, c K y c o i H O - r j i a f l K O i i r p a m m e M S^ - h 

r i ycTB <? = c o n s t > 0 - JiioESoe ihc j io . Pfla t £ < &, °° ) p a c c M O -

TPHM (JiyHKIIHK) 

t 
^ p 2 12 2 y1 z' 3u 

V u ( t ) = 2 J + P | g r a d u | + qu + 2 £ £ u u t ) d x - J J p u t y ^ - d s d t + 

( 3 5 ) 
fir (f S, 

j f p j u 2 ( x , 0 ) d s . 

iyHKUHH U 

OHa K J i a c c a 

p a c c M a T p a B a e T C H a j ih ( x , t ) e G ^ x < i » c , 3 j e c t 

C"'" h n o s T O M y ( t ) ,HH$$epeHi] ;HpyeMa k n p 0 H 3 B 0 f l -

Hyio mojkho n o i c ^ H T H B a T B $ e p e H i ; H p y i i no,n H H i e r p a j i a M H . 

HMeeM 

= J ( ? u t u t t + £ 4 u u t t + £ ? u t + P ( g r a d u » s r a d u
t ) + <J u u

t ) dx " 

< p u t J W d s • 
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06 QCTaTOMHOH orpaHHqeHHOOTH pemeHHfl 9 

3flecB ( - , • ) - cKaj ispHoe npoH3Be,u,eHHe BeKTopoB h3 E n . TaK 

KaK u e U, t o = -ku.j . - qu + d i v (p g r a d a ) + F . HcnoJi&3yH 

9T0 noJiyyaeM 

V' u (t) =J [ ~ - ( k - £ ) u ^ - e q u 2 - £ k u u t + p ( g r a d u , g r a d u t ) + u t<iiv(pgradu) + 

6. ~ 

( 3 7 ) 

+ £ u div(pgradu) + (u^ + £ u) fJ dx - J pu .̂ ds . 

Si 
IIojiB3yHCi> $0pMyji0H rpHHa HMeeM 

J (u t +£u)div(pgradu)dx = - I p(grad(u +£u),gradu)dx + 

( 3 8 ) i i 

+J p(u t +£u) ds 

«Sí 

H OKOH^aTeJIBHO 

^(t) = - J + £ q u 2 + i k u u t + £ p | gradu | 2 J dx 

Gr 
( 3 9 ) 

<r J ( u t + £u) P dx + £ y pu ds . + 

\ 'Si 
Z 3 $opMyx ( 3 5 ) h ( 3 9 ) bh,hho, ^ t o n-o^HHTerpajiBHHe (JyHKiiHH HMe-A 
k t KJiacc C (G ĵ * BBHfly o i o r o h np0H3B0Jia b BHßope 

G^ u S MOJfceM nepeíiTH k npe^ejiy npH G ^ — G , Ô-—Q rxji o t h x 

$yHKi jHH. npH 3T0M b SI ( l i m tp )' = l i m tji^ . I lepBan fyinciíHH 

nepexoflHT B 

G 
( 4 0 ) 

'I C 2 12 2 
2. I + P | s r a d u | + qu + 2 f ^ u a t ) d x -

G 

t 
f P Ö u 

- J J p i i t ^ d s d t + 2 j p j u ( x f 0 ) d s . 

H3 rpaHHiiHOro ycjiOBHH ( 6 ) HMeeM = u äjih T e x x e S 

ÄJIfl KOTOPHX ß > 0 H U = o TaM r,ne ß = 0 . 
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10 E» MyniHHCKHH 

nODTOMy 
L «• 

•// put ltis dt =// p 7 u ut d s d t " 
OS 0 S0 

(41) í 
= J P f y"uutdt ds = yJ p ß- u2ds - J J p Jp u2(x,0)ds . 

0 
noÄCTaBJiaH 9T0 B (40) yòeac^aeMca, hto ^ ( t ) —- $ (t ) npn G.̂ —• 
— G, -0. Ilo CKa3aHH0My BHme H3 (fopMyjin (39) npe^eJiBHHM ne-
pexoaoM no^y^aeM 

$'u(t) = + £qu2 + £kuut + £ p | gradu 12J dx + 

¿J* pu ds + y ( u t + £u)p dx . 
(42) 0 

+ i 
S 6 

np0H3B0flH COOTBeTCTByiOme BHKJia^KH C nOBepXHOeTHHM HHTerpajIOM 
nojiyqaeM 

= -j* jjk-£^)u2 + £qu2 + £kuut + £p | gradu | 2] dx -

(43) 6 

- e / p Jj- u2ds (ut + £ u)P dx . 
So 6 

HcnoJiB3yH o6o3HayeHHH (30) h (31) hmôsm 

(44) 0 u(t) = - Y u(t) + Xu(t). 

BocnoJiB3yeTCH Tenept oi^eiacaMH JieMM 2-4. HMeeM 3,necB 

0 u(t) M 2Z u(t) + ERj/zu(t) 

(45) 
M 2 

06O3HaiHM 

(46) = -7= I T ' y(-fc) = 0 uCt). 
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06 ocTaTotiHoii orpammeHHOCTH pemeHHÍi 11 

üycTB a ^ V > ecJiH DTO He l a K , to bo3bm@m 3a 2 a BeJiH^iHHy ne-
MHoro MeHBffle, neu M^/P^, ho ßoJiBme HyjiH• l ipa stom bhhojihshh 
Te3HCH cJieACTBHH H3 JieMMH 1 c ß = 0 . 03 3T0Ö jieMMH noJiynaeM 
npH o6o3HaqeHHHX ( 4 6 ) 

( 4 7 ) y f ^ ^ y f a ü ) +
 ( e _ v , t -

06o3HaTiaH 

( 4 8 ) 0 = 2 U % ) B = N ( J ! 2 v p 2 ) 

B cJiy^iae M^ ^ 2 VP^ hjih BejiH^iHHy HecKOJiBKO ÔoJiBmyio b npo-
thbhom cjiy^iae nojiyqaeM hckcmoö HepaBeHCTBO jieMMH. 

3 a M e ^ i a H H e 1. B cJiy^ae 0£hopo,HHOH 3aflaqH F = . 0 , 
npHHHMaH B = 0 noJiyiaeM 

( 4 9 ) 0 u ( t ) 4 4>a(0)ent. 

3 a M e w a H H e i2. B HepaBeHCTBe JieMMH h $opMyjie (49) 
nOCTOHHHHe C , A , V' SaBHCHT OT K03$(J)HIÍHeHT0B ypaBHeHHH, He3a-
BHCHT OT (fyHKItllK a H ß H3 rpaHHIHHX yCJIOBHñ. 

3 a M e ^ a H H e J . B JieMMax 3» 4 H 5 HHiero He h s -
MeHHTBCH ecJiH npe^JioscHTB, u t o BHCTynaioiuHe b ypaBHehhh ( 5 ) 
(fyHKItHH k » F He TOJIBKO 3aBHCHT OT x , t » KaK B ( 1 ) , HO 3aBH-
CHT OT U » U x ' U t H H 0 OrpaHHqeHH B TOM CMHCJie, qTO c y -
mecTByKiT k , k , B = c o n s t , k > k > 0 , B > 0» TaKHe qTO ,hjih Bcex 
cBOzx apryMeHTOB k é k á k , ^ F ^ d x B . MOJKHO npe^JiooKHTB 
ôojibme - t u o STO HeKOTopne onepaTopu Ha $yHÍcipiHx u co 3Ha-
tieHHHMH-íyHKHHHMH ( x , t ) , IipH^ieM 3TH 3Ha^ieHHH orpaHHweHH KaK 
BHme. IlpH^eTCH b B T O M cjijmçie h3M6hhtb HecKOJiBKO onpe^eJieHHe £ 
no $opMyjie ( 2 5 ) h He3HaiHTejiBH0 ,H0Ka3aTejiBCTB0 JieMMH 3« P a c -
cyac^eHHH OTHOCHTeJiBHO F H3JioaceHH npn paccMOTpeHHH o6mero cJ iy-
II a n . 

B HeKOTOpHX c.jiyiaax. yflOÖHO 6y.neT n0JiB3 0BaTbCH cJie^yiomeñ 
jieMMOü : 

_ 9 A 
JI e M M a 6 . Ecjih Aas HeKOTopoM <fyHKu,HH qeO (íl) ñ C (¿2) 

BHnoJiHeHH Tox^ecTBa-
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12 B. MymHHCKga 

V (x,t) eS2. qq^ + + qq = div(p grad f?) + g + ^¡T Ĝ  
i-1 

v (x , t ) e r . 

me Ĝ  - $yiucipiH onpê eJieHHHe H HenpepHBHHe Ha n , TO 

VteJ. ^(t)* - p " V t ) + -f" + 

h 

Jl0Ka3aTej[BCTB0 afleob nôTH coBnâ aeT c 0̂Ka3aTejibCTB0M JieM-
MH 5. 

JI e m m a 7. 3ae = const >0. V & ( ° t x ) - 3 C = 
= const >0. 3 A = const >0. V w e W. t/t t J. 

*„(t)* [ V ^ e"Xt + C(B+af3)(e-v't - e"Xt)]2. 

,H0Ka3aTej iBCTB0. BocnojiB3yeMCH 3fleoB jieMMO0 6 
c q = w, = -Q[w] , G2 = F[w] . HMeeM 

(50) 
+ f Vvt)([/(QW )2a*]% + [/(f[w] )2 ¿be]*) 

BBĤy (10) 

(51) 

f V ^ ) ( R /wtdx + *2 /w2dx + e 
- n iC 
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06 ocraTogHoñ orpaHHqeHHoeTH pememiH 13 

+ f V0w(t)7max(af1t*2)r + w2)dx 
L s 

TaK KaK BBH^y $opMyjiH (13) h jigmmh 2 HMeeM 

(52) [/(w2 + w 2 ) d x ] ^ V z w ( t ) ^ t) 

8 * « s 

TO 

M 2 
(53) ^ w(t)^-^-^-max(af 1 faf 2)j0 w(t)+f (B+a^ y ^ ( t ) . 

IlyCTB 

(54) 
P ¿ E 

3 2 
Tor.ua e c u aí̂  ,#2 6(0»¿0> 10 max(3f^ )<-~2 H ko3$$h-

P R 
IÍHEHT npn ^ ( t ) B $opMyjie (53) nojioacHTejieH. B BTOM cjiyqae 
o6o3Haism ero 2A H NP0H3B0,NFL Taicne-ace paccyameiaiH KaK B 
KOHIIE AEMMH 5 NOJIYIHM FL0KA3YEM0E HSPEBSHCIBO. 
3,necb HMeKT MecTO TaKHe ace 3aMeqaHHH KaK 3aMeqaHHH nocjie JieM-
mh 5, c TeM ^to B cjiyiae 3aMeqaHHH 1 HyacHO npe^jiaraTB F = 0, 
P[v] = 0. 

3- TeopeMH o noBefleHHH pemeHHft H3 MHoaceoTBa U 
T e o p e M a 1. Kaac^oe pemeHHe a e U orpaHH^eHO. 
^ 0 K a 3 a T e j i B C T B 0 . TaK KaK orpammeHO 

BBHfly npeflnojiosfceHHg, TO hs jigmmh 5 BHTeKaei, qio Vtt J VVJS 0 
$ U ( T ) ORPAHHTIEHO. BBH^Y JISMMH 1 Z U ( T ) Toace orpainnieHO, ^ITO 
Tpe6oBaaoci. fl0Ka3aTB (BBH,ny npHHHToro onpe^ejieHHH orpaHH^eH-
HOCTH)• 

T e p e M a 2. PemeHHe HeoflHopoflHoñ (F ^ 0) sanaba 
B̂  cJiytiae ^ > 0 cTpeMHTCH 3Kcn0HeHri;iiajiBH0 K Hyjiio. 

- 3^3 -



14 E- MymHHCKHft 

^ 0 K a 3 a T 6 J I B C T B 0 . 3T0 BHT6K36 T HenOCpeflCTBeH-

HO H3 JleMMH 5 (flJIH > 0 ) U TOTO, *ITO Z ( t ) —U 0 (t ) ( JieM-

U ^ u 

Ma 2 ) . 

T e o p e M a 3 . Pememie OflHopoflHoiì ( F = 0) 3asaqH 

CTpeMHTBCH OKCnOHeHIiHajIBHO K HyJIIO. 

J,0Ka3aTejiBCTB0 TaKoe ace KaK ajih TeopeMH 2. 

T e o p e M a 4 . MHOScecTBO U 0CTaT0iH0 orpammeiio ÌJIH 

jiiofioro V > 0* ^OKaaaTejiBCTBO. BBHfly jieMM 2H 5 HMeeM V u e U 

( 5 5 ) Z u ( t ) + B C Ì e - ^ - e " ^ ) 

2 2 2 
B cjiy^ae \> = 0 B03BMeM jiiodoe D = c o n s t > 2B C /N . Taic KaK 

B 3 TOM c j iyqae 

( 5 6 ) ^ + B C ( 1 - 6 " A t ) ] 2 < ^ - ( < i . u ( 0 ) e ^ t + B2C2) 

T O FLJIH 0npeflejieHH0r0 D cymecTByeT ^TaKoe T e. J > *ITO 

(<t>„(0) e2*T + B 2 C 2 ) = D h Tor,na ajih t > T Z „ ( t ) < D , ITO 
N ( u 

TpeSoBajiocB 3^ecB fl0Ka3aiB• B c j i y i a e V > 0 KaK DTO o^ebh^ho 

H3 BHpaaCeHHH ( 5 5 ) MOKHO HHCJIO D > 0 BHÓHpaTB Hp0H3B0JIBH0. 

T e o p e M a 5 . MHOacecTBo U KOHBepreHTHO, Cojiee Toro 

V l l ^ . l ^ e U U 1 - U 2 CTpQMHTCH OKCnOHeHIlHaJIBtìO K HyjIK) npH 

^ 0 K a 3 a T e a B C T B 0 . TaK KaK paccMaTpnBaeMaH 3 a -

j a i a JiHHeflHa, TO pa3H0CTB <2 = u^-Ug «BJiHeTca pemeimeM c o -

OTBeTCTByiomero OflHopoflHoro ypaBHeHHH, a e r o pemeHHfl no T e o p e -

Me 3 CTpeMHTCH K HyJIH). 

H3 JieMMH 5 BHTeKaet TaKsce H3BecTH0e C B O H C T B O - eflHHCTBeH-

H O C T B pemeHHH npa onpeaejieHHHx Ha^ajiBHHx ycJiOBHax, T . e . 

( 5 7 ) ( u 1 , u 2 t U ) A ( u 1 ( x , 0 ) = u 2 ( x , 0 ) ) A ( u 1 > t ( x , 0 ) = u2 ^ t ( x , 0) ) u . , » ^ . 

Jl0Ka3aTejiBCTB0 3Toro $aKTa TaKoe: q = u i ~ u 2 zBXaeicfL peme-

HHeM oiHOpoflHOro ypaBHeHHa, ajih KOToporo 0^(0) = 0, nosTOMy 

BBHfly (49) 0 ? ( t ) s 0 a no jieMMe 2 Z ^ ( t ) s 0 , a q = 0 H3 

( 1 4 ) H BBH^y HenpepHBHOCTH !} . 
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06 ocTaToqHQH orpammeHHQCTii pemeHHft 1 5 

T e o p e m a 6. V £ = const > 0 . 3 S = const > 0. 
V u v u 2 e U. ZUi_U2(0) V t e J. Z ^ - f t ) < e. 

^ 0 K a 3 a T e J I I ) C T B 0 . PaCCMOTpHM (fyHKipiK = 

= û -u.2> OHa kbjiheTCfl (fyHKiiiieM H3 U npn F = 0, n03T0My H3 

JleMMU 5 HM66M 

( 5 8 ) * 

a BBH,ny jieMMH 2 

2 2 
(59) Z (t) * <P {t) ̂  <̂ (0)e",;it * ^ Z*(0)e*Ai * £=-Z.(0) 

N N N N 

, N 2 
h n03r0My ecjiH b3htb o = — 5 - £ rxsi jiiofioro £ > 0, to e c u 

P c 

to Z^ ( t)<cf , hto T p e S o B a j i o c t n0Ka3aTB. 

3 i y TeopeMy moscho Ha3BaiB TeopeMoii 06 HenpepHBHOft 3aBHCH-

mocth $yHKiiH0 H3 U ot HaiajiBHHx ycjiOBHii, hjih ace TeopeMoii 06 

ycToS^HBOCTH jiro6oro pemeHHH u^ e. U . H3 (59) BHTeicaeT KpOMe 

DToro (ecj iH onycTHTB nocae^Hio» oiieHKy c npaBoft ctopohh), ito 

Z ^ ( t ) — 0 npH t — » , T . e . j i»6oe pemeinie u^ e U acuMiiTO— 

THieckh ycToii iHBO { c m . Taicsce TeopeMy 5). 

Otmsthm , ITO b 3TOM TeopeMe "6JIII3KOCTB" HaiajiBHHx $yHK— 

iin8 noHHMaeTCH b cMHOJie «^(G)» a He b HOpMe C (g ) « 03 

TeopeMH 6 BLiieKaeT cjie^yioinee cjieflOTBHe: 

V I = const> 0. 3cJ = const > 0. Vu. ,u„6U. Z, n (0)<i^> 
1, c. u^ 

( 6 0 ) _ , . _ 

V te J. | ^Z u (t) - y z u (t) 

i>ajcTHiecKH H3 fopMyjiH •( 1 3 ) nueeM| 1 1 0 \ \fz ( t ) - \/z . ( t ) ^ 
— . I V u 1 V u 2 I 

.̂-%/Z • (t) ocTaJiBHoe B H i e K a e i hs TeopeMH 6. 
V 1 2 

4 . TeopeMH 0 n o B e j e H H z pemeHuft MHOacecTBa W 

AHajiormiHO KaK Ts.opeMH 1 , 2 , 3 , 4 h b otom c j i y q a e , ocho-

BHBaacB Ha JieMMax 7 h 2 , flOKa3HBaiOTcs TeopeMH: 
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16 E. MymnHCKHH 

T e o p e M a 1'. Kaxfloe pemeHHe w t W npH flOCTaTOi-
HO uajiHx ae^, i=1,2, orpamiieHO. 

T e o p e M a 2' . Pemeime HeoflHopo.nHOíí ( F ^ O , F [w] # 0) 
aa,naiH E cjiy*iae V) > 0 h AOciaToiHo mbjihx ae^, i=1,2, cTpe-
MHTCH SKCHOHeHH,HaJIBHO K HyjIIO. 

T e o p e M a 3' • PemeHHe oâhopoâhoîî (F = 0, F[w] = 0) 
3a,naiH B ojiyiae ^ocTaTOHHO mejiìix ae^, i=1,2, cTpeMHTcn OKCHO-
HeHipiajiBHO K Hyjiio. 

T e o p e M a 4'. MHOxecTBO W B cjiyiae iOCTaTO^HO 
MajiHx df̂ t i=1,2 ocTaioiHO orpaHH^eHO. 

3,necB "flocTaTOHHO Majnue x^, i=1,2" o6o3Harçax>T (icaK B 
flOKa3aTejiBCTBe JI6MMH 7) 

(61) max (afe, ,afg) ̂  » i ¿ E 

AHajior TeopeM 5 joKaxeM CHa^ajia B lacTHOM cjiynae, Kor^a V > 0 
(B cjiy^ae = 0 HHxe npHMeaaeMHe MOTOAH HenpHro^HH), sareM 
flOKaaceM STy TeopeMy h npH V = 0. 

T e o p e M a 5'. MHOacecTBO W B cJiyqae jooTaTOiHO 
MajiHx ae±, i=1,2, H V > 0 KOHBepreHTHO. 

Ä O K a s a T e J i i > c T B O . HycTb w^ ,w2 e W . Torfla 
BBHfly ypaBHeHHÜ (11) H (12), KOTopne Bunojuwroica $yHKipiHMH 
w^j, w 2 npn o6o3Ha^eHHH rç = w,j-w2 nojiyuaeM 

V(x,t)eß. Çl-b-b + + = div(pgrad?) + 

(62) 
+ J W - ? C W 2 ] + 5[w2"J - §[ wl] 

H 

(65) V (x,t)e r . a r i + ß ^ - ^ O . 

06O3Ha^HM 

(64) H = F[ W 1] - F[W 2] + Q|W 2] - Q[ W l]. 

- 3^6 -



06 ocTaTQMHoa orpammeHHOCTH pememiii 17 

HM86M 3 f l e c t 

( 6 5 ) 

f H 2 d x ^ { ( f ( f [ W 1 ] f t e f f d x j 

H BBHfly ( 1 0 ) 

J H 2 d x i , | ( x 2 2 C 2 2 C 2 J w dx + ae 2 j w , dx j + 
/! fl t 

J t a + ^ / ^ d x ) * ^ . - ^ 2 « 
'0 G 

( 6 6 ) 

+ ( * ? / w 2 , t d x + * 2 / w ; 

. |max(af^ »¿fg) ( / ( w ^ + 

G G 

^ | m a x ( a f 1 , a f 2 ) ^ 7 t j + 2*3 e " v t j 

+ 23tj a 
-rtl2^ 

n o TeopeMe 2 pemeHHJi w^, i = 1 , 2 (bbhaj t npeflnoxoneHKH tf > 0 ) 

CTpeMHTCH 3Kcn0HeHii,HaJitH0 k Hyjiio» T . e . Z ^ i t ) , 1 = 1 , 2 , c T p e -

MHTCH 9KCII0H6HI{HaJIBH0 K HyJI£>. 0TCKfl;a BHTeKSST f tJTO Boe Btipa — 

scemie c npaBoft c t o p o h h HepaBeHCTBa ( 6 6 ) CTpeMHTCH SKcnoHeH-

iyiajiBHO k HyjiK) - cynecTByioT n03T0My nocTOHHHe K > 0 , ^ > 0 , 

IITO 

67 ) / H dx 4 K e i f 2 

HcnoJib3yH JieMMy 7 B paccMaTpHBaeMOM cay^iae (ypaBH6HHH ( 6 2 ) , 

( 6 3 ) npH H onpeflejieHHHM <$opMyjioii ( 6 4 ) h oijeHKe ( 6 7 ) ) n o j i y -

qaeM ( F = 0 ) , h t o cymecTByiOT a = c o n s t > 0 h C = c o n s t > 0 , . 

tjTO 

( 6 8 ) [ e ^ + C K ( e ^ - e 5 t ) J 2 . 
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18 E . MymHHCKHñ 

nOSTOMy Z „ ( t ) ^ —5" ^ ( t ) CTpeMHTCH K HyjIK) npH t — 0 0 , qTO 
I T 

ipeßOBajioci. Ä0Ka3aTB. 
3 A M E T H M , T U O ( C M . J I E M M Y 7 ) N O K A 3 A T E J I B p . B $ o p M y j r e ( 6 7 ) 

p a B e H 1 2 . \ 
( 6 9 ) l i = min(À,v>) = mini max(36, ,ac5 ) , V ) 

V 2 S 2 1 T 1 ¿ / 

h no npe^nojioxeHHK) TeopeMH (af^, aeg - AOCTaTO^HO Majine ) j j . > 0 . 
^OKaaceM TenepB TeopeMy 0 KOHBeprempiH B cjiy^ae = 0 . 
T e 0 p e M a 5 " . MHOxecTBO W B cJiy^ae AocTaTO^IHO M S -

J I H X Ì = 1 , 2 H = 0 K O H B e p r e H T H O . 

Í O K a a a T e J i b O T B O . P a c c M O T p H M KaK B x o K a 3 a -

TeuBCTBe TeopeMH 5' pa3H0CTB r ¿ = w^-v^, ona BHnoJiHHet Tosc^e-

CTBa ( 6 2 ) , ( 6 3 ) « BBe^eM HOByio 3aBncHMyio nepeMeimy» i, no 

$opMyjie 

( 7 0 ) 4 = ' ? e 3 ' t 

r a e j = c o n s t > 0 h ÄOCTaTO îHO Majio. ÜOJiy^HM 

( 7 1 ) • y ( x , t ) £ 1 ß . + ( q + J k + ç j - 2 ) ^ d i v ( p g r a d 4 ) + H e * 

R ^ E H O N P E ^ E J I E H O $ O P M Y J I O 8 ( 6 4 ) H 

( 7 2 ) V ( x , t ) e P . * * * /S = 0 . 

PaccjoK^aH KaK B ,noKa3aTeJiBCTBe TeopeMH 5' noJiyinM, m o Z ^ ( t ) 

C T P E M H T C H K H Y J I M C n o K a 3 a T e J i e M Majio OTJiimaioinHMCH OT p. ( npn 

ÄOCTaTO^HO MajiOM j ) t a BBHay 3 T o r o (npn MajioM y ) n Z ^ t ) — — 0 

npn t — 0 0 

( z , ( t ) = / ( 4 2 e 2 ? t . ^ ^ V ^ + l s r a d ^ l V ^ d x + J p f ^ e ^ d x ^ 
V G So 

A H a j i o r a T e o p e M H 6 H T e o p e M H 0 6 eflHHCTBeHHOCTH MH nojiy^HM T O J I B -

K O n p n flonojiHHTejiBHHX orpaHH^eHHHX Ha o n e p a T o p n Q H P . 
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06 ocTaToqHoft orparameHHOCTH pemeimfl 19 

EcTecTBeHHO, uto 3flecb HyacHO ycHJiHTB npe^noJioaceHHH. Ilpeinojio-

acHM 3flecB BMecTO HepaBeHCTB (10) "o6o6meHHHe ycjiOBHH JInnmH-

i;a" : 

3aei=.const> 0, i=1,2. Vw 1 fw 2 e C2(FL) N C1(ß) . J { Q ^ ] - Q[w2])
2dxá= 

6 
(73) 

Aw 1. t-w 2 f t)
2dx +xl /,(w1-w2)

2dx,y,(p[w1] -'P[w2])
2dx 

G "e e 

Ö 6 

T e o p e m a 6'. Ecjih BunojiHeHH o6o6neHHtie ycjiOBHH Jlnn-
niHua (73) > - flOCTaTO^HO MaJiH, TO 

V£ = const > 0. 3i=const > 0. V w w0 t W. Z (0)<í VteJ. Z (t)<£. 1' 2 w1~w2
v w1-w2

v 

fl0Ka3aTeJiBCTB0. KaK b ßOicasaTeJi&cTBe Teope-

MH 5' pacCMOTpHM <2= W^-Wg » OHO BHIIOJIHfleT TOJKfleCTBa (62)r 

(63) h BBOflH o6o3HaqeHHe (64) motom bb6cth ou;eHKy 

( 74) J È 2 Â X É , J [ J (F[W1] -f [w2] ) 2 Â X F (Q[w^ -Q[w 2] )
2dx 

£12 

h BBH^y npeflnojioscehiih (73j, o6o3HaqeHHH rç = w^-v^j $opMyjiu 
(13) H JleMMH 2 

J H 2 d x ^ 4max(3f2,áf|)J" f(r¡2 + rç2)dx 
ö 1-6 

o p 4max(a?,»p) 
4 4max(aff faÇ)Z,(t) 4 i ¿ < M t ) , 

npHMeHHfl JieMMy 6 B paccMaipHBaeMOM cjiyuae ( I = ij , F = 0, 
= S) nojiyriaeM 

(76) v V t ) ^ H 2 d x 
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20 E . MymHHGKHH 

H BBHfly ( 7 5 ) 

( 7 7 ) _JH m a x ^ . ^ j j ^ ( t ) . 

EC J I H TenepB 

«2 2 2. 
( 7 8 ) m a x (aß, < - ^ S - , l = - m a x i s e , ,m0) 

1 2 P E 2P N 1 ¿ 

t o Koa$$HqneHT npn <Pq(t) b $opMyjie ( 7 7 ) OTpHijaTeJieH ( \ > 0 ) 

H BBHAy CJieflCTBHH H3 JieMMH 1 

( 7 9 ) < 0 ? (O) e a t . 

IIpoflOJiaeHHe KaK b flOKasaTejiBCTBe leopeMH 6.' 
M®XHO y^ecB AOKa3aTB H TeopeMy 06 eflHHCTBeHHOCTH. 
T e o p e M a 7 ' . B c j i y i a e bhhojihshhh o6o6h6hhhx y c j i o -

BHÜ JlnnmHua ( 7 3 ) , (w^ fw2 e W)/\ 

( w 1 ( x , 0 ) = w 2 ( x , 0 ) ) a (w1 t ( x , 0 ) = w 2 > t ( x , 0 ) ) w1 = w2 . 

fl0Ka3aTeJiBCTB0. npHMeHHfl paccyx,neHHH ROKa-

3-aTeJiBCTBa TeopeMH 6' noJiy^iaeM HepaBeHCTBo ( 7 7 ) h onpe^ejiHH A 
no $opMyjie (78) nojiy^aeM HepaBeHCTBo ( 7 9 ) . B paccMaipuBaeMOM 

cjiyTiae n\ = 0 , /?. I = 0 h n03T0My <pn( 0) = 0 . 03 H e -
lt=0 r l t = 0 L 

paBeHCTBa (79) hms6m < p q { t ) s 0 , a n09T0My (jieMMa 2) Z^(t)=0. 
BBHfly HenpepHBHOCTH q nueeu % * 0 t o e c tb w i = w2* 

3 a M e i - ' a H n e . B paccMaipHBaeMOM cJiyqae He TpeßyeToa 
MajiocTH " ae^, X g . 

5 . 0 "paccTogHHH11 Meacjy pemeHggMH B03MymeHH0ft h h6B03My— 

meHHOfi 3aj;aq 
^OKaaceM 3^ecB TeopeMy 
T e o p e M a 8 . VueU. Vv¡ t W. ( u ( x , 0 ) = w ( x , 0 ) ) X ( u t ( x , 0 ) = 

= w t ( x , 0 ) ) . Ve >'0. 3<5>o. v t fe J . x±< <?, 1 = 1 , 2 , 3 =» z u _ w < e . 

Í 0 K a 3 a T 6 J I B C T B 0 . IlyCTB q = U-W, HMeeM 3flecb 
r¡(x^0) = 0 , l ? t ( x , 0 ) s 0 h noDTOMy fy(0) = 0 . BBH^y T o r o , 
ITO U e U, . W 6 W,TO 
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06 QCTaTOUHOH orpaHHqeHHOCTH pemeimft 21 

(80) 
V(x,t)eí2. + kut + qu s div(p grad u) + F, 

+ kwt + qw + 5[w] — div(p grad w) + F + F[w] 

ú'l] y(x,t ) £ r . «U + »0, aw +ß » 0. 

/¿MI q - ll-W HMSeM 

(öß) V ( x , t ) e ß . Ql^ + + <3? s div(pgrad r¿) - F[w] + Q 

5w _ 

(83J V(s,t)e T. - 0. 

nycTB BHnoJiHeHH yojioBKH MajiocTH i=1 f2, Tor,na no Teope-
Me Í pemeime w orpammeHO, öojiee Torao (CM. flOKa3aTeji&cTBO 
JieMMH 7) HM66M TOTfla 

V * w ( 0 ) ' + C(B+*J (e'vt - e"**; 

N2 
® A t + C(B+ap ) 

rfle 

(85) 2 Â = — 5 - p-max(af. ,afe), C 
P IT 1 ¿ 2 Â N 

E 

Bbhäjt JieMMH 6 (b cjiy^ae P = 0, a ncoiOMy B = 0, G 1 = Q Qw], 
G 2 = - Ï H ) HM66M 

(86) ^(t) ^ - i - ^ ( t ) ( Q H T d x + [^(pcw]) 2dx 4 y 

BBHAy npeflnojiOTCHHÜ (10), onpeflejieHHH (13), JieMMH 2 h Hepa-
BeHCTBa (84) nojiy^aeM 

- 3.51 -



22 E. MymnHCKKH 

|̂ /(QCw])2dxp + ^(F[w])2dx 
^ i*1̂  { + w2dx 

* -vt +a«3e é 

(87) 4 max(af1 ,af2) w2)dx a + é max(af1 ,*2) .-Vt, 

+ aĉ e -\>t 

BBê eM cjieflyronme o6o3Hâ eHHa 

»2 _ 
2« = -^-i ß = + max (3̂  ,ac2)C (B+ aê ) ), 

( 8 8 ) 

IT 
i 

OTCìô a H H3 (85) HMeeM 

(89) 2(a-Â) = maxi*.,*,), 2 = l/<¿ (0). 
TST 1 ¿ 2 («• - Â) ' W 

IIOflCTaBJiHH (87) npn o6o3HaMeHHHX (88) B HepaBeHCTBO (86) no-
jijniaeM 

(90) 4¡>(t) < - 2« ^( t ) + (fl+ ve~Xt) } ß t ) 

Ha CJieflCTBHH H3 JI6MMH 1, ytlHTHBan tJTO B paCCMaTpHBaeMOM CJiy-
tiae 0^(0) = 0, BHTGKaGT qTO 

(91) ( 1 - e a t ) + 
2 (a-Ä) 

( e" - e a t ) 

h yqHTHBaH o6o3HaqeHHH (88) h (90) HMeeM (npn cooTBeicTByBmeii 
AonoJiHHTeJiBHOìì oiieHKe ) 

(92) Z ( t ) < ^ 
' N IT 
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06 o c T a T p g H o f t 0 rpaHHi8HH0CTH pemeHHit 23 

PacoMOTpHM (JyHKnj!io f i t ) = e " ^ - e a t , OHa BBH,ny ( 8 9 ) n o j i o x n -

Te j iBHa » f ( 0 ) = 0 , y C t ) - * - 0 npH t —1*-00 h hm6@t T O i K y M a K -

CHMyM npH t = — — l n ^ i e e 3 H a i e H n e b s t o 0 Toqice paBHO 
ot-Â. 

(»> w „0.(^.(4^ -(it b-ê-
Taie KaK a . : a < - 1 h > 0 » t o n o c a e cooTBeTCTByiomei i 

o i í eHKH, HcnoJiBsyH ( 8 8 ) ji ( 8 9 ) RMS6M 

( 9 4 ) max y ( t ) = 0 max(a f^ , a O . 
í f . l a I ¿ t e J 

OTCK^a b $ o p M y j i e ( 9 2 ) n o J i y i a e M 

( 9 5 ) 
N ¿ 

" 2 2 2 i 

EtycTB ae = max(a f^ » j f g » ^ j ) > TOi\na npHHHMaji bo BHHMaime ( 8 8 ) 

HM66M 3AeOB 

( 9 6 ) Z . ( t ) ¿ 4 
N M 2 ! * 2 

^ (Na£ + 3 € C ( B + a e ) ) - y ^ T Ö ) 

üpHpaBHHBaH npaByio c T o p o H y k e Hai ì^eM 0ÄH03HaMH0 T a K o e « = 

= ô > O npH KOTopoM öy f l eM h m g t b paBeHCTBO - npaBan CTopoHa 

paBHa £ f ecJiH T e n e p t x <<? , t o BBH^y m o h o t o h h o c t h n p a B o ä 

CTOPOHH z ^ ( t ) < e , qTO TpeÖOBaJIOCB fl0Ka3aTB. 

3aMeTHM, i t o npH onpefleJieHHOM e , BeJimiHHa f 3aBncHT o t 

K0 9$(íl imH6HT0B ypaBHeHHH H OT Ha^aJIBHHX yCJIOBHH fi/fi (O) 1 
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