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NOTE ON STURM'S THEOREM 
FOR A STRONGLY ELLIPTIC SYSTEMS 

I n t h i s p a p e r S t u r m ' s Theorem ( s e e [ l ] , [ 2 ] , [ 5 ] ) f o r a 
l i n e a r s t r o n g l y e l l i p t i c sys t ems of second o r d e r i s g i v e n . 
The p roof i s q l i t e a n a l o g o u s t o t h a t f o r a s i n g l e sys tem g i -
ven i n [3]. 

Let G d e n o t e an n - d i m e n s i o n a l bounded domain i n t h e 
E u c l i d e a n s p a c e E^ and G t h e b o u n d a r y of t h e domain G. I n 
G = G ^ G , we c o n s i d e r t h e f o l l o w i n g p rob lem 

™ L M = t A : + 2 £ C i W ^ T + J ( x ) u = 0 

y=1 1 X
 i=i

 1 

f o r X e G 

n . 
( 2 ) H A i n ( x } 7x7 c o s ( n , x i ) + S ( x ) u = 0 f o r x e ^ 

u = 0 f o r x e r 2 

(3 ) K[V] = £ - ^ 7 ( B i j ( x ) g : ) + 2 ^ D i ( x ) f | - + H ( x ) . V = 0 

1 x i-1 1 

f o r x £ G 

n 

(4) Y1 " f i r c o s ^ » x i ) + T(x)V = 0 f o r x e r ^ 
ij=1 3 
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where u(x) = (û- s(x)) g.^ i s a column vector, V(x) i s a ma-
t r i x of degree mf xj = e G, A i d (x ) , B i d (x ) , C ^ x ) , 
D^(x), F (x ) , H(x), S ( x ) , T(x) are rea l matrices of degree m, 
r^ and r 2 are surfaces such that ^ u f g » 5 f ^ n r 2 = 
and n i s a inter ior orthogonal direct ion. 

We introduce the following notation 

- ? «m - *» • *(B«***>>4 • M : ^ 
n n 

Mid - L B k i Ki B id * % = D i - L b I Ì • 

where A^. and ( i , j = 1 , . . . , n ) are matrices of degree m 

such tha t ' A-1 = ( a ^ , M-1 = . i j and are 

the components of m-dimensional vectors £ and q . 
S t u r m ' s T h e o r e m . I f there ex i s t s a non-tunnel 

solution of (1) , (2) and i f 
1° A>0 , M>0, T - S > 0 

n n 
2° H-F- £ C. A ^ C* - £ N. M.d N*> 0 

ij=f lj=f 
3° the matrix V(x) i s a solution of the problem (3) , 

(4) and the matrices VTf ]T B ^ ( i = 1 , . . . , n ) are 

symmetric, 
then detV has zeroes for x e G. 

P r o o f . From the formula of integration by parts we 
obtain 

(5) fJiMN+f 3 ~Jf (LM' u)dV " 0 

G N, E 
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Sturmis Theorem 3 

where 

* ( x ) = £ (Ald- H ) + 2 ¿ ( ( P a - o d ) . n 0 ) + 

Pĵ  a r e a r b i t r a r y symmetric m a t r i c e s , >?0 = u » ^ = J x ^ * 

We have $ ( * ) = £ ( A * . ^ 7 ± ) + 2 ¿ ( ( P j - O j ) Ry V 
¡y-/ H 

+ F ) ' V ? o ) = + ( 2 ?o> + 'M ^ 

3 P 
+ 

where Q - £ 7 2 J - i F - 5 p T - ¡ T < v ° i > i i V * r < > S > . c -

= (P^j - PQ - C Q ) , A^ i s ei" s o l u t i o n of t h e m a t r i x 

e q u a t i o n A^ • A^ = A" ' ' , q a • 

Suppose t h a t d e t V £ 0 f o r x e 5 . We t a k e 

\ y-Y J i 
We have 

( 6 ) ^ ( x ) = ( ( T - S ) n 0 , 
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JL m <?P. 

H 

/'=/ i=1 i-i 

<M 1 1 

V + 

»V -1 & ^ * i ik * t ^ + -
m̂y rn ~rn m m fp 

(7) = VXV + V Nl/LV + F l c N 7 + VXZV = 

= (vT + VTNM,)(v + I£NTV) + VT Z - £ N.M N* 
¿M 

where 

N 
ij=1 

T —1 and fl/L i s a solut ion of the matrix equation M.M,. = M , 

Prom ( 5 ) , ( 6 ) , (7) we obtain that the unique solut ion of the 
problem ( 1 ) , (2) i s u ( x ) = 0 , so our assumption was f a l s e . 

I f moreover, the matrices C i ( i = 1 , . . . , n ) are symmetric, 
then condition 2° may he replaced hy the condition: 

- P + 
n 

Z 
¿=1 

30 

1 x . 
iM 

N.M. .N5? > 0 l 1 0 ; ] v 
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Sturmis Theorem 5 

In this case we prove thè theorem "by a similar argument taking 
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