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NOTE ON STURM’S THEOREM
FOR A STRONGLY ELLIPTIC SYSTEMS

In this paper Sturm?’s Theorem (see {’1], [2], [3]) for a
linear strongly elliptic systems of second order is given.
The proof is qfiite analogous to that for a single system gi-
ven in [3]

Let G denote an n-dimensional bounded domain in the
Euclidean space E and G the boundary of the domain G. In
G = GUG, we cons1der the following problenm

= Z .3_2C—i (AlJ(X)‘g%J) + 2 Z C. (x) +F(X)u -
§=

for x€eG
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(2) 21 Aij(x) -(;——-;j cos(fyx;) + S(x)u=0 for x el
y:
u=0 for XxXE€ /"2

for x€ G
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(#) Z Bij(X) ‘3

v cos(f,x,) + T(x)V =0 for xer
Xj i 1
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where u(x) = (u (x))‘s 1 is a column vector, V(x) is & ma-
trix of degree my X = x,‘,...,x ) e G, Ai (x), B 14 (x), C (x),
D (x), F(x), H(x), S(x), T(x) are real matrices of degree m,
I",l and /', are surfaces such that Myul, = G, Faniy = ¢
and 1 is a interior orthogonal direction.

We introduce the following notation

1 T 1 *

n n
* T ++* T
Myg e'By - ) By B3 Byge Ny =Di- ) O B By

ki=1 ki=1
m
M= (Mi’j>ia-’l y (Eym) = 21 éj"zav "’2" = V(Q!’Z)

J-

where I.;J. and BTIi. (1,j=1y+0.o0) are matrices of degree n

-1 =1 = n
such that A (A ) M= (M ) and p. are
ij ij= 1 ij 1j=1 ’ gj ?J

the components of m-dimensional vectors £ and j.
Sturmn’s Theorem If there exists a non-tunnel

solution of (1), (2) and if
1° A>0, M>0, T-S>0
n nl
o 7% AT e T
2 H-F- Z Ci Ai,j Cj - Z Ni Mij_ NJ.>O
i=1 =1
3° the matrix V(x) is a solution of the problem (3),
(4) and the matrices VT(}: Bij g{—) (i=1,...,n) are
Jj=1 J

symmetric,
then detV has zeroes for XE€G.
Proof. From the formula of integration by parts we

obtain
5)  ffe@ar + [ b (x)a6 = - ff (L[a], wav =0
6 [/ 8
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Sturm's Theorem

where
n n
$x) = Z (Byg° g0 74) + 2 Z (Py=C4)e 73 71°> +
= /‘_1
2, P
+<(Z#— F> Mo 70)’ <I>,‘(x) =
J=1 J
2
.—.( (Z Pi cos(ﬁ,xi) - S) No? ’lo> ,
(=1
Pi are arbitrary symmetric matrices, 720 = u, 721 -gli .
n a
We have ¢ (x) = 21 (A:;;j N3 ny) + 2 ;((Pj-cj) 39 IZO‘)+
lj- =
n, 3P,
(357 ) w10
=1

(5358 s o) = 15045 @000

=1

~

= = !

= (P - 01.. ceey P - Cn)’ A, is & "solution of the matrix
T -1
equation A, * 43 = 47", 7= (fzi)i_,|
Suppose that detV £ 0 for xel. We take

<i Big Jx

=] ,

2P 2
1 -
where Q = Z ~——1 g F -3 F - ¥ (R-0)Rf(P=0]), C© =
g

We have

(6) $,x) = ((T - 8) Ny fzo>
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ap. n IV -
i 3 AV \. 1 IV \y=1 ey
in‘- _7dxl (Blg ij> Voo ;(Bl;j ax:)V 3Xj_
n dP. n n T
P9y T3V Ivet o
y v 7% V= Z VD) Ty * ZQ—XiDlV+
= (=1 (=t
1 T T A IV
*
+ 2 VE+ BV + ) S B
1].4 1 1
n T N T
av v T, 9V avt
viev = Y Gy g+ ZVNlJXi+ T NV VT =
§=1 1 J i=1 =1
T ) O T
(7) _VV+VNM,‘V+VM,1NV+VZV
~ % T
= (VT+VTNM,])(V+M,|N V) + [z -Z NMiJ }
Lj-
where
1 1 1 7 . T
1 T — %
Nz (Njyeeo)N), 2=pHegH =5 F-gk - Z 0 K505

and M,l is a solution of the matrix equation M M,Tl =M
¥ = av
¥=1"ev,, v, <3x) e

From (5), (6), (7) we obtain that the unique solution of the
problem (1), (2) is u{x) =0, so our assumpbtion was false.

If moreover, the matrices Ci (L = 1,.404n) are symmetric,
then condition 2° may be replaced by the conditions
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In this case we prove thé theorem by a similar argument taking

n
v 1
Pi=-<z BijjJT‘_j).v- +Ci.

J=1
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