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I. Introduction

It was a purpose of many authors to find a convenient and
concise mathematical framework - as logical extension of +the
Fick’s law - for the description of interdiffusion in multi-
component metallic solid solutions. It is assumed that in~
terstitial components diffuse interstitially and the substi-
tutional components diffuse by a simple exchange mechanism.
Thus complications involved in a vacancy mechanism and the
associated Kirkendall effect [B]are ignored as well as the
general system of one-dimensional diffusion equations for mul-
ti-component diffusion in metallic alloys is of the form [1],

3]s [#]s .
(1) Y [y o]

where c¢,, (x=1,2,...,0~1) denote concentrations of (n=1)
‘components and Dy, coefficients of concentrations.

In the papers [2], [4] there are discussed solutions of
the system [1] with the coefficients Duj being constant. In
general case the coefficients Duj are variable and moreover
they depend on the unknown concentrationts c .

In the paper [6] an interesting attempt is made t: Adiscuss
the problem of three-component system in case of variable co-
efficients depending linearly on two concentrations CqsCo of

alloy elements.
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In this paper we shall study the following Cauchy proobrem:

Determine functions c1(x,t). c2(x,t) satisfying the system
2

(2) ::’:: Z%[qu(x,t,c,],cz) a—:.;"{—}

J=1

(x=1,2), for every (x,t) € (~oo+ ) x (0,T),
and subject to the inltial conditions

(3) }imaco( = fo‘ (x), (0(:1 ,2), Xe(~o0p+ 00),

where the functions f, are given.

We shall try to show the possibllity of applying directly to
the problem (2), (3) the theory of J.Petrovsky [7], W.Pogo-
rzelski [8}, [9], and the-results of D.Sadowska [10], and
M.Tryjarskd‘[11] concerning parabolic systems of differential
equations.

II. Fundamental- solution for the system (2) in case of con~
stant coefficients

Let us assume that the coefficients qu,( j=1,2) are real
constants satisfying the following conditions

(4) Dyq + Dyp>0

(5) get [ 2ayf >0

Thus the equation, [8 p.154]
s o )2 s 2 2
Sﬁf ”Daj (-is)= = Q(rll= " +(Dy4+Dy5)s T +

(6) 4 o

where Q{denotes the Kronecker symbol, has the roots rj, (3=
=1,2) of the form

(7) by = =sP05 (3=1,2),
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where

D,.+D +(-’I)j\[5

J 2
: 2

(9) D = (Dgq + Dy5)° = 4(Dy4Ds5=Dy5Ds54)
The real parts of the roots rj, (j=1,2) satisfy the inegqua~
lity
(10) Re (r;) < -85 <0

Je12 4

for each value of the real variable s, where ¢ >Re(9,|) is
by virtue of (4), (5) a real positive constant. The system
(2) with constant coefficients Daj, (yJ = 1,2) is then para-
bolic in the sense of Petrovsky.

According to the general theory given in detail in [7],[8}the
elements of the fundamental matrix of solutions of the system

(2) have the form of Fourier integrals

+ 00

((x-E)6
(11) W s (X655 & 57) =2—17r- / vf(t,r,s)e e ds'

— 00

(«yp=1,2), where x, £ denote arbitrary points of the real
axls Ox, r <%t a real value arbitrarily fixed in +the inter-
val [0, T].

The functions vfls, vg, (8=1,2) satisfy the system of ordinary
differential equations

Qu
ct|
n

2
dv.
(12) x Zil qu(is)a vg(t,t,s)
S=17
and initial conditions
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(13) ;r'lfi v (tyt, 8) =<5‘ofl

It is easy to show that the solution |v2| of the problem (12),
(13) in case D % O is of the form

z—\
;kj exp[—s2 Qj(t- r)] , 0
SONN B 2 ~o;
" o, L, kj«El%qgl_exp[-529j(t-r)J

where % and D are defined by (8), (9) and

Dy + D =95 99 = D1p = Dy

1 K, = -
(1) 1 01 = ®2 v 91 = 92

In case D=0 the matrix “Yf" is ¢f the forn

D,.+D
exp|-s2 21022, 0

(16) |v2| =

o, D214
—2n.,

D,.+D
2 117722
e

i

Each element cof the matrix (14) or (16) satisfies the inequa-
lity

17 v‘f(t,r«,s)‘ < K exp[—&sz(t-r)] ’

D
where K 1s’'a positive constant, K = max (2kj,2kj —5'2—3,1),; )

J=1,2.
By virtue of the inequality (17) we can assert that the impyro-
per -integrals (11) are absolutely convergent.
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A simple calculus permits us to obtain the matrix of funda-
mental solutions of the system (2) with constant coefficients,
namely in case D # O

: k. 2

o Rl
(19) H \ \ e (D rm g

N
or in case D = O
(x-%)2

BXP{- 2(D11+D22)(t"’)] o

V2 r (g
(20) [ W -

0, (Dpp=Dgq) exp[ 2(D11+D22)(t—rj}
2D, Y2m(Dy4+D,,) (b= 1)

In both cases (19), (20) the elements W,, of the fundamental

matrix “Wﬁ“ and their derivatives satisfy the inequalities

(21) a” W const exp [—klx—ﬁl]
) - A (t— T).« | . E!’l.g-m-2 M
where (m=0,1,2) and u« satisfies the inequality

(22)

k being a positive constant,

O<u <min (1, 55—

1+m )
?

([8] p.161).
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III. Fundamental solubtion for the system (2) in case of va-
riable coefficients. The Cauchy problem .

Let us discuss now the system (2) where the coefficients
qu, (xyj=1,2) are variable, depend on both concentrations
C41%o and satisfy the following assumptionss

I. The real functions Duj (x,t,uq,ue) are defined, con-
tinuous and bounded in the domain

(23) Q :{ (mey +o00 ) x[0,1]; |u3|<°°}

(O(,j = '],2),

and satisfy in © Holder conditions

B

(24) Daj(x,t,uq,uz) —Duj(x,t;uq,uz)l< const lt—t’

where t,t° denote arbitrary values in the interval [O,T] and
% €(0,1).

Moreover they possess continuous and bounded derivatives
with respect to the variables x, Uqgy Uy uniformly continuous

x)

with respect to the variable t and satisfying Holder condi-
tions

h
%D“j(x,t,u,],uz)-% qu (x} t,uﬁl,u’g)l<const [|x—x’| +

2 Y
7 s h]
+ t Z;jug ual ,

(25)

x) In relation with the paper [13] it would be possible to accept some

0Dos
discontinuities concerning the derivatives axJ s and in relation

with the paper [11] (p.154) the inequality
2
—u i
< Mt + M u.
Ll
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3 3 P 10
(26) 'gﬁkDuj(x,t,u1,u2)--gﬁkDuj(x,t,uﬂ,u2)l<:const[|x—xl +

2 "}’1"
+ ) fugugl ]
J=1

where x, x’ are two arbitrary points of the real axis Ox, h,
hyh,h, #€(0,1), (a,J,k = 1,2).

II. The system (2) is parabolic in the sense of Petrovsky.
Moreover we admit the following assumption concerning the fun-
ctions of the initial condition (3):

III. The real functions f,,(x=1,2) are continuous and bo-
unded for every =xe (=o°, +00),

The system (2) can be reﬁresented in the form:

2 2

2
dc, 3Dy . dc. dc,
ACIY EZ 30T °1'°2)a—%+z 7% s - 7% =
J=1 X =1
(27) d¢c ac2
F, (x,%, ax ! 5E_)

where we have denoted

Jdc ac . 3Dy . dc, dc
(28) F(Xt’axq'ax)""z 60;J E)x:J E)JIE
k,j=1 k

The homogeneous system (27) of M-th degree with initial con-
‘dition (3) in case « =1,2,...,N, for x ¢ E, was studied by D.
Sadowska [10]. The unhomogenous system of type (27) with ho-
mogeneous initial condition, where the coefficients DQJdepend
moreover on the derivatives of the unknown functions was stu-
died by M. Tryjarska [11].

We shall look for a solution of the problem (2), (3) (or
(27), (3)) in the class of functions c¢.(x,t) satisfying fol-
lowing conditions
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’amcu

.axm

< OQ

(29)

m h
(30)2% (4 5y - S (K87)|< fxx| +
Py ! ax

(m=0,1),3<72~% <1, and Z denotes a positive constant.

In relation with the papers [8], [9], [10], [11] the ele-
‘ments of the fundamental solution “ of the homogeneous sy-
stem (27) would be defined by the formula

x?(x’ti § ,7) = Er(kx,t$§,r) +
(31) ¢ v
// (X,W? 5)¢§/:' (py336,r) dp d3

55,00
where W, 4 denote the elements of the matrix (19),(20)with

the coefficients Dg D@ pived for x =, t=r i.e,

, T, (0)
(32) Dz,@( = o,/a[gar" c,l(§,r), °2(§:T)]

The integrals in (31) are the elements of the vector of qua~

51—potent1al of linear charge, and the functions @mﬂ o form
for the fixed B regularly continuous solutions of the system

of integral,singular Volterra equations ([10}, p.89—91)

© Afx) 5,7,
e (0083550 =, [WJ (%835, T)] *

(33)

t soo

&) 'J;(
I[Z-(/)(c) J" S '3’5)]%3 (2,335,7)dp A3
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Thus the elements of the fundamental solution F(c)and their

first derivatives satisfy the following inequalities:

pm(T, X)

exp[—k x-EH

2u,=T-m

3 @
(34) P o ks (Xat35,7)|<
x

(b-ry' 0 %8|

(m=0,1) where
(35) #ye(1 = & min (h,2h°),7),

Pn is a positive constant depending on T, x.

By using the fundamental solution (31) of the homogeneous
system (27) one can build generalized potentials relative to
this system, namely the Poisson-Weierstrass integral as well
the potential of line~charge and seek the solution of the
problem (2), (3) (or (27), (3)) in the form

t +oo 2
C«(X,t) =f/
0 -0

(36) +_I

x=1,2, where F,,F, are defined by (28).

It is obvious that by virtue of the formulae (28), (29), (30)
and assumption I we can state that the functions Fq(x,t,qq,
q,) for every (Xy5) € (~wyte0) x [0,T] 2and |gq|<ce, (x=1,2),
are bounded and satisfy Holder-Lipschitz conditions

@ 801 8c2
/. Qk(x,tgg,r) Fk(g,r, Sg—,zﬁ—a d§ dr +

2
Z/:,f) (X,535,0) £5(5)a8

A=1

¥

n
Qomtﬂmq1+

(37) IF(X(th,Q/l,qe) -~ F(x(x”t’ql’]’qé)

2

o5 b

x /=17 -
where h = min (h,h),

On the strength of (29), (30), (34), (37) and supposition
IIT we can examine, instead of the system (36), the following
auxiliary system of 4 integral non~linear equations:
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troo o
cwlm®) = [ [ ) G5, 0 BGorigggp)as ar
(38) e
i ()
o[ ) [Amnin0) 2,65 a
i +o0 2 )
8o (Xyt) = // PR A CRTIN S RO IR L L
0 -0 A=1

+ o0

9

of Y & L G, 0) £,(5) as

-00

[\/1~

1

|
i

(x=1,2),

with four unknown functions Cqs Cos B 8o

The system (38) can be examined by the method of succes-—
sive approximations, like the system (59) in the paper [11] -
and one can prove that a unique solution exists for every
(x,t) € (=00 y4 00 ),x [O,c] (where ¢ is sufficiently small posi-
tive constant) that the functions g, =-§;§, and that }E%cq=
= fu(X).

Thus the solution of the system (38) gives also the solu-~
tion of the system (36) and of the Cauchy problem (2), (3).
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