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I , I n t r o d a c t i o n 
I t was a purpose of many au thor s t o f i n d a convenient and 

concise mathematical framework - as l o g i c a l ex tens ion of the 
F i c k ' s law - f o r t he d e s c r i p t i o n of i n t e r d i f f u s i o n i n m u l t i -
component m e t a l l i c s o l i d s o l u t i o n s . I t i s assumed t h a t i n -
t e r s t i t i a l components d i f f u s e i n t e r s t i t i a l l y and the s u b s t i -
t u t i o n a l components d i f f u s e by a simple exchange mechanism. 
Thus compl ica t ions involved i n a vacancy mechanism and t h e 
assoc ia ted Ki rkenda l l e f f e c t [ 5 ] a re ignored as well as the 
genera l system of one-dimensional d i f f u s i o n equa t ions f o r mul-
t i-component d i f f u s i o n i n m e t a l l i c a l l o y s i s of the form [ l ] , 

M , W ' 
3cw ^ a r 3 c , 

j=1 

where c a , (a = 1 , 2 , . . . , n - 1 ) denote c o n c e n t r a t i o n s of (n-1 ) 
"components and D« . c o e f f i c i e n t s of c o n c e n t r a t i o n s . J 

In the papers [ 2 ] , [4] t h e r e a re discussed s o l u t i o n s of 
the system [1] with the c o e f f i c i e n t s being c o n s t a n t . I n 
genera l case the c o e f f i c i e n t s D ^ are v a r i a b l e and moreover 
they depend on t h e unknown concen t r a t ion^ c a . 

In the paper [ô] an i n t e r e s t i n g at tempt i s made t ; -iiscuss 
the problem of three-component system i n case of v a r i a b l e co-
e f f i c i e n t s depending l i n e a r l y on two c o n c e n t r a t i o n s cx|,c2 of 
a l l o y e lements . 
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In this paper me shall study the following Cauchy proDxem: 
Determine functions c^Cx.t), c 2(x,t) satisfying the system. 

3c . <J C2) L ^ t V * ' * ' 0 - ! » ^ ^ -
9 t 

(«=1,2), for every (x,t) e (-<*>,+ °<0 x (0,T), 

and subject to the initial, conditions 

(3) lim ca = fa(x), (<x=1,2), x é î - v " ) . 
t —o 

where the functions f a are given. 
We shall try to show the possibility of applying directly to 
the problem (2), (3) the theory of J.Petrovsky [ 7 ] , W.Pogo-
rzelski [8], [9], and the-results of D.Sadowska [10], and 
M.Tryjarska" [11] concerning parabolic systems of differential 
equations. 

II. Fundamental solution for the system (2) in case of con-
stant coefficients 
Let us assume that the coefficients D^-jC j=1,2) are real u 

constants satisfying the following conditions 

(4) D 1 1 + D 2 2 > 0 

(5) det D a, > 0 
a , j o 

Thus the equation, p. 15^] 

det || Da^ (-is)2 - iw;r || = r 2 +(D 1 1+D 2 2)s 2r + 

( 6 ) + ( D11 D22 _ D12 D21 ) s 4 B 0 

where 6J denotes the Kronecker symbol, has the roots r ., ( 3 = 

=1,2) of the form 
(7) r. = -s 2ç d, (¿=1,2), 
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where 

( 8 ) 
D 1 1 + D 2 2 + ( - I ) D V D 

= p 

(9) D = (D11 + D 2 2) 2 - 4(D 1 1D 2 2-D 1 2D 2 1) 

The real parts of the roots r^, (j=1,2) satisfy the inequa-
lity 

(10) Re (rH) < -b2 6 <. 0 J'1,2 J 
for each value of the real variable s, where <5>Re(9^) is 
by virtue of (4), (5) a real positive constant. The system 
(2) with constant coefficients Do,., (a,j = 1,2) is then para-u 
bolic in the sense of Petrovsky. 
According to the general theory given in detail in [ 7 ] , [8] the 
elements of the fundamental matrix of solutions of the system 
(2) have the form of Fourier integrals 

1 P n 'fx-?)"5, 
(11) (x,t, 5 ,r) = 2-L J v(t,r,s)e • ds-

-00 

1,2), where x, § denote arbitrary points of the real 
axis Ox, r < t a real value arbitrarily fixed in the inter-
val [0, t]. 
The functions v^, v|, (,3=1,2) satisfy the system of ordinary 
differential equations 

4V3 r2-
(12) ^ = 2 - Dw.(is)2 v^(t,r,s) 

and initial conditions 
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(13) l im ( t , r , s ) = cS-j3 

I t i s easy t o show t h a t t h e s o l u t i o n || v f̂ | of t he problem ( 1 2 ) , 
(13) i n case D * 0 i s of t h e form 

L k d e 3 q p [ " s 2 ? d ( t - ° ] » 0 

(14) 
J'1 

V y D11_9j 
• jzr d T 

exp - s 9 j ( t - r) 

where 9. and D a r e de f ined by ( 8 ) , (9 ) and D 

(15) =
 D11 + P12 - ^ 2 f = ?1 ~ D12 - D11 

~ ?2 ? 1 ~ 92 

I n case D=0 the m a t r i x v h i s cf t h e for ;n 

(16) v ,3 _ 

exp _g2 D 1 1 + D 2 2 ( t _ r ) 

22 11 
» 2D esp 

12 
- s 2

 D11+ D22 ( t - r ) 

Each element of the m a t r i x (14) or (16) s a t i s f i e s the inequa-
l i t y 

(17) | v ^ ( t , r - , s ) | < K e x p [ - < 5 s 2 ( t - r ) ] , 

where K i s ' a p o s i t i v e c o n s t a n t , K = max (2k . , ,2k . - Jp—si , 1 ) , , 
12 

d=1»2. 
By v i r t u e of t h e i n e q u a l i t y (17) we can a s s e r t t h a t t h e impro-
p e r i n t e g r a l s (11) a r e a b s o l u t e l y conve rgen t . 
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Application of integral equations 5 

A simple calculus permits us to obtain tlie matrix of funda-
mental solutions of the system (2) with, constant coefficients, 
namely in case D # 0 

I K J = 

z 

L -
k. 

;exp T) 

2 

L f r 2 V ^ d ( t - r ) D i 2 
exp (x-

4 p . ( t - r ) J 

or in case D = 0 

jexp 

(20) II\A = 

( x - O ' 
2 ( D 1 1 + D 2 2 ) ( t - r) 

V 2 7 r (D 1 1 + D 2 2 ) ( t - r ) 

exp 

0 , ( D 22- D 11 ) 

2 ( D 1 1 + D 2 2 ) ( t - O 

2D1 2Y2^(D1 1+D2 2)(tt- r) 

In both cases (19) , ^(20) the elements Way3 of the fundamental 
matrix ||W j and the i r derivatives s a t i s f y the inequal i t ies 

(21) W„ axm «/3 < const exp [ - k |x-d] 
( t - r f 

where (m=0,1,2) and ¡u s a t i s f i e s the inequality 

(22) 0 < min (1, ) , 

k being a posit ive constant, ( [8] p .161) . 
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III. Fluid suae at al solution for the system (2) la case of va-
riable coefficients« The Oauoby problem 
Let us discuss now the system (2) where the coefficients 

(o<, jal ,2) are variable, depend on both concentrations 
c^,c2 and satisfy the following assumptions» 

I. The real functions D aj (x.tjU^.Ug) are defined, con-
tinuous and bounded in the domain 

(23) SÌ s ( - c o , + « ) x [o,t] 5 | U.J | 

(cx,j = 1,2), 

and satisfy in a Holder conditions 

(24) D„ .(x.tju-],^) -Da .(xjt'jÛ  .i^)]-c const | t-t /I h 

x) 

where t,t' denote arbitrary values in the interval [o,t] and 
h' e(0,1). 
Moreover they possess continuous and bounded derivatives 
with respect to the variables x, u^, u^ uniformly continuous 
with respect to the variable t and satisfying Holder condi-
tions 

(25) 

DajCx.t.ïLj.Ug)-^ DW;j (x'f t,u^,u^)| < const [ I x-x'l 

2 

X) In relation with the paper [13] it would be possible to accept some 
S0orn- and in relation discontinuities concerning the derivatives —g-j^ 

with the paper [*11] (p.15^0 the inequality 

3 U. < Mt + M ' E h i -
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(26) const i <|k x-x + 

where x, x' are two arbitrary points of the real axis; Ox, h, 
ye(0,1), («,j,k = 1,2). 

II. The system (2) is parabolic in the sense of Petrovslsy. 
Moreover we admit the following assumption concerning the fun-
ctions of the initial condition (3)s 

III. The real functions f w, (a =1,2) are continuous and bo-
unded for every x e + <»). 
The system (2) can be represented in the form: 

n 32c . Y 3D«. 3c. 3ca 
r t e v ^ ^ Z - D « 3 ( a c » t ' c 1 » c 2 ) 7 ^ - + Z r 35T - T E " = 

(27) ao^ «02 

(«= 1,2), 

where we have denoted 

z 
8 c. a Q v-1, 3Da . 3c . 3c 

(28) »„(x.t, = - T o i T x ^ ~Dx" 
A,;-/ K 

The homogeneous system (27) of M-th degree with initial con-
dition (3) in case a =1,2,...,N, for x e was studied by D. 
Sadowska [10]. The unhomogenous system of type (27) with ho-
mogeneous initial condition, where the coefficients D0<i depend 
N U 

moreover on the derivatives of the unknown functions was stu-
died by M. Tryjarska [11] . 

We shall look for a solution of the problem (2), (3) (or 
(27)» (3)) in the class of functions c«(x,t) satisfying fol-
lowing conditions 
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( 2 9 ) 
à Ce 

a x' m 

( 3 0 ) ( t 3
111 
3 Cot 

II 3x 
(X,t) - g 

3 c„ 
m (x;t') 

A A 
x-x'l + t-t ' 

(m=0,1)f <-1 , and ac denotes a positive constant. 
In relation with, the papers [s], [9], [io] , [11] the ele-

•ments of the fundamental solution r'c> of the homogeneous sy-
stem (27) would "be defined hy the formula 

(CÌ Cc) 
Q (x,t| 5 , r ) = W0j3 (x,t;$,r) + 

( 3 1 ) t too 2 

r -<» 

where W^'^' denote the elements of the matrix (19), (20) with 
the coefficients D^"'-0 fixed for x = $ , t = r i.e. 

( 3 2 ) = D, «fi 5 »«". o1(?,r), c2(§ 1 r) 

The integrals in (31) are the elements of the vector of qua-
si-potential of linear charge, and the functions form 
for the fixed ¡i regularly continuous solutions of the system 
of integral,singular Volterra equations ( [ 1 0 ] , p.89-91): 

U j ) 

5. 

(33) f •<» 9 •an 
T -<x> il = 1 

I 

(j)(C) 

r m m , J jo x W ^ (x,t;p, 5 ) 4>tfi (gf3;5,r)elf> dj 
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Application of integral equations 9 

Thus the elements of the fundamental solution T^c^and their 
first derivatives satisfy the following inequalities: 

(34) a m
 r<a 

a J x 

(m=0,1) where 

1 Cs (x.tj^.r) 
(t- r) 

(35) Aoe(1 - \ min (h,2h'), y ), 

p m is a positive constant depending on T, x . 

By using the fundamental solution (31) of the homogeneous 
system (27) one can build generalized potentials relative to 
this system, namely the Poisson-Weierstrass integral as well 
the potential of line-charge and seek the solution of the 
problem (2), (3) (or (27), (3)) in the form 

i +oo f) 

/ r r ft, 3c. 3Cp 
3a(x,t) £¡¡8 (x,t»5,r) fy^.r, y^-, d$ dr + 

Q — OO 

(36) 2 f 

+ J ¿ ^ ' ( x . t l S . O ) 
-oo ,3=1 

x=1,2, where F ^ i g are defined by (28). 
It is obvious that by virtue of the formulae (28), (29), (30) 
and assumption I we can state that the functions Fa(xft,q^, 
q 2 ) for every (x,t) e (-»,+ 00) x [o,t] and IqJ^ 0 0, ( o c = 1 , 2 ) , 

are bounded and satisfy Holder-Lipschitz conditions 

I r h* 
(37) I ^ C x . t ^ . q g ) - Pa(x;t,q^ . q ^ c o n s t [|x-x'| + 

2 

L * > i«d-»d 
where h* = min (h,h). 

On the strength of (29), (30), (34), (37) and supposition 
III we can examine, instead of the system (36), the following 
auxiliary system of 4 integral non-linear equations: 
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t *oo 2 

c^x.tj = J J Y_ '„alx.tiS.r; FaQi.r.R^.feJds dr + 
v 0 - OO = 1 

(38) 

¡«•(x.t) = j J Y ¿ f C x . t ^ . r ) , r ,g1 ,g2 )d| d 
0 -oo = 1 

+ OO 2 

+ / ^ f^aC?) d5 

-oo 

< i oo J 

gCT(x,t) = J J & ¿'Wii.rJ^^.r.frjBgJdJdr + 
0 -oo 

— 

+/ G Ì W h . 0 ) f ^ ) 

( « • 1 , 2 ) t 

-oo 

with four unknown functions c^, Cg, g^, gg. 

The system (38) can be examined by the method of succes-
sive approximations, l ike the system (59) in the paper [ i l ] -
and one can prove that a unique solution exists f o r every 
( x , t ) £ ( -M ,+ » ) ,x [0, e](where £ is suf f ic ient ly small posi-
t ive constant) that the functions g_ = - 3 — a n d that lim 0,= 

, \ « ox t~o 
= f „ ( x ) . 

Thus the solution of the system (38) gives also the solu-
tion of the system (36) and of the Oauchy problem (2) , ( 3 ) . 
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