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WITH DEVIATED ARGUMENT

Let 8% and L respectively denote the interior and the bo-
undary of the unit circle with centre at the origin.

W.Leksinski suggested the following problem to the au~
thor.

Problem, Investigate whether there exists an infinite se~
quence {¢ n(2)}0:&‘ functions, holomorphic in the doqain Sﬁwho—
se boundsry values é;(t) = w (t)+iv, (t) are of Hélder class
such that their real parts un(t) and imaginary parts vn(t)sa-
tisfy at each point + € L the infinite system of boundaxry
conditions

(1) () (6) = by (E)v, (6) = o (6) +

+ By {600 (6,7, (8D, [o )] [(®)]5 uy(8),v, (82,

a, [« (8], v, [« (8)] ]

n=1,2,3,40.

We make the following assumptions.
1° The real functions a,(t), b (t) and ¢, (t) of the com~
plex variable t are defined on L and satisfy Hélder’s con~

dition
lag (6)-a, (") | < K |t-t P
(2) EROENCSIES Wi
lep(t)c, (5°)|< K |-t B
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2 G,Decewicz

where t,t € L§ n=1,2,35¢+434 O <h <1 and K >0 are some

constants. Furthermore, }ﬁ? [ ai(t) + bi(ti]:>o for n =
€

= 1’2’5'000

2° The real functions F,(t,%;%55..0)y B = 1,2,...,0f the
complex variable + and real variables Xq9Xpyeos are defi-
ned in the domain

(3) t e L, |xi|<R (R>0,1=51,2,...)
-and satisfy the conditions

2 i(tr)malsl)s (7 ) mia= =)

R=1,2,3400

(4) \Fn(t,x,] )}%,-.o

and

(5) IFn(t,x,l,xz,...) - B, (%, x| Xé,...)'é

éBnlt-tlih + 21 Dys |31 s <Dn = ZDni < oo)
i= L=
n=1’2’3,000

where Mn’ m; o Bn and Dni denote some positive constants,
0 <h<1,

3%, The complex function J (t) d&fined for t ¢ L is con-
tinously differentiable and maps L onto itself in a  one-to-
—-one way such that the orientation is preserved.

Solution. Consider the functional space A of all infinite se~-
quences U = {yn(t)], whose terms are complex functions conw-
tinuous on L., The distance in this space is defined by the

formula
o (U, W) 3 . ”U—V" where
_dfn=1 2R 1+ [U= T 1+[U=Vi,?
(6) v =
[l = sup |9y
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Non-linear Riemann problenm 3

It is well-known that A is a space of the type Bo' Let Z(R,%)
be the set in A whose points U = {¢n(t)} are all infinite se-
quences of functions satisfying the inequalities

(7) o (©)| <R, | (6)=p (¥)]<B|t=t'[* n=1,2,3,...

where R and h are the constants appearing in assumptions
1° and 2°, and ¥ is some positive constant.

The set 7(R,2) is closed, convex and compact.

Following the method presented in [2] and assuming the no-
tation

F;{t,9>(t),<p[«(t)ﬂ =

[t go,](t)+q>_,‘m #1(t)~¢ (%) 1 [«(t)]+(P,] [o((‘t)
ni'’ 2 ’ 21 ! 2

—— e e

oa ()] =4, [av) ]

2i

we can transform the set defined above as follows

! t, 9(6), y{cx(t)]] +

va(8) = [ay(8)410, )] 1 [e (04 7,

(8)

dr +

. x;;cc)f 0 (v) +Fr 9 (0),9[x(r)]
2l [an(f)+ibn(t)}xz(r)(r-t

-y

xt (o)™ MF AT, (1) gl ()
+—§%/ ULAGGNID AT+ (60, (6)
2r1 . +
% Fn(t)+1bn(ri]xn(f)(f-t)
IL:’I'Q,B,...

where X;(t) is the boundary value of the canonical solution
Xn(z) of +the Hilbert problem

- 99 -



4 GsDecewicz

oy (£)=ib (§) _
¢;(t) = - %(t)+ib2(t5‘ an (t)

ay=iby
with index & = |arg ——=+— s Where the orientation of L
n &n"'ibn L

is consistent with the positive rotation on the complex varia-
ble plane, and Pn(z) is a polynomial of a degree greater than
2, (P,=0, if 2 < 0) with arbitrary positive coefficients By
satisfying the conditions

’632n-k =Byr k=0,1,2,00002

The above form of transformation (8) follows from considera-
tion on the non-linear Riemann problem given in [1].
In view of (2)-(6) and (8) we obtain

F;{t,‘f’(t)?[«(t)ﬂlsMn{%m,ln M'+

2
(9 \9,1(1;)_@]_(1;—) l -\90'][0(‘(1;)].*?1 [o((t)]
t*MonlT 21 (Y Umm > +
gy [«(8)] =[x (%)
* Tyn ,‘[ ]23-:'1L }!+ ceeel <

< M, (4R 27 mg ) = M (14R+2)
and
‘F;{t,y(t)m[“(t)” - F’;{t', so(t’).so[«(t')]“ <
(10)

h 94 (8)+9, (%) ¢1<t’)+¢1<t’>‘
an‘t-td +Dn’l‘ — 2 - 2 +
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Non-tinear Riemann problem

U

91 (t\)"‘#’:i__(_t} 9?1 (tl)"'?»1 (t’)
* Do | — =y = |
‘ Pq[x (8)] + pq[x(®)] p[* (6 oy [“(t')]‘,»
n3 2 ) 2
(10)
I 4 [x(B)] = oq[x(®)]  9q[x(E7)] =pq [x(t)]
n4 25 o - 21 teos
< B | 6="| B (D 4D )2 bt B (Dn5+Dn4)Ksz|t-t' bo...

h

<B, [t-t1" + K D at-t"

Assumption 30 assures that there exists a positive constant
K, appearing in estimation (10).

Taking into account estimations (9), (10) and considering
properties of the canonical solution X;(t) we conclude that
we can apply Plemelja~Privalov’s theorem to the functkmswhﬁﬂ

defined by (8). This gives the fcllowing formulas

n n . n
|y (8) <Wg + HS D 2+ Co MR

(11)
h

|y (6) = v, (57)] < (WH"D_2 +C™M R)| t-t

where the positive constants wﬁ,wn,cg, Hg and Hn, N=1,2,3 yee sy
are independent of the point {¢n(t)} in the set Z and of the
constants I,R,Mn,Bn. Hence the operation (8) transforms  the
set Z(R,2) into itself provided that the following inejuali-
ties are satisfied:
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n n n
(12) WO + Ho D #+ Co M R<R

n n ]
W+ HOD Z+ c“MnR <7
n~—1,2,3,000

It can be shown that if the constants D) and M, are  suffi-
ciently small, namely if

/]
and Mn. < C—n——z n:1,2,3,...

o ¥ C

1
(13) D L ———
o H§+H“

then the constants R and¥ can be selected in such a way
that system (12) is satisfied. Since R is the constant in
assumption 2°, we have to assume that

WOHY D+ (1-H"D, )W,
R>
(1=CoM, ) (1-E"D, )=HoD C™M

Hence if the constants Mn,Dn,R of our problem satisfy
conditions (14) and (15), the operation (8) transforms the set
Z(R,%) into itself,

Repeating the reasoning given.in [2] one can prove that
transformation (8) is continuous. This .allows to apply Scha~
uder~Tichonov’s theorem [3], [4], which results in the follo-
wing corollary:

The infinite system of integral equations which is obtai-
ned from (8) upon replacing wn(t) by @njt) possesses mfleast
one golution.If among them there is a solution ¢§l(t)}'which
satisfies the condition

(14)

n=1,2,3%,¢00

(15) fqn (r) H (r) dr =0,
L
where qn(t) is a polynomial of a degree not greater than-%de

(4,= 0y 1in case =% -2 < 0) and where
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Non~linear Riemann problem 7

i, (6)=] 1 (8)] "o (9430, (8)] {cn<t>+ 7 (5,5°(8), o) )]

then according to the theory of linear Riemann’s problem, the
problem in question has at least one solution of the form

g.(z) = Xn(?) cn(r)+F;(T' 90*(”’7’*[0‘ (T‘)b ar
- 2 [an(r’)+ibn(r)] xt(r)(r=2)

L

(16)

+

e, (T)+FA(T, ¢X(r), ¢ (r)]

s
. Xn(z)z . ‘ '
J & o (e rea )X (1) 5-2)

2ri

+ Xn(z)Pn(z) ’ N=1,243,000

Condition (15) is always satisfied provided +that all the in-
dices &, are non~negative.Consequently,we can state fhe theor
rems

If the constants R,M ,D  satisfy conditions (13),(14P and
if condition (15) holds, then the problem in question (1) has
at least one solution of the form (16).
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