
DEMONSTRATIO MATHEMATICA 
Vol . V N o 2 1973 
I n m e m o r y o f P r o f e s s o r 

Witold Pogorzelski 

Grzegorz Decewicz 

ON THE NON-LINEAR RIEMANN PROBLEM 
FOR AN INFINITE SYSTEM OF FUNCTIONS 

WITH DEVIATED ARGUMENT 

Let S+ and L r e spec t ive ly denote the i n t e r i o r and the bo-
undary of the uni t c i r c l e with centre a t the o r ig in . 

W.Leksihski suggested the following problem to the au-
tho r . 

Problem. Inves t iga te whether there e x i s t s an i n f i n i t e se -
quence Q ( z ) | o f func t ions , holomorphic i n the domain S+,who-
se boundary values = u ^ t ) + i v a ( t ) are of Hblder c l a s s 
such t h a t t h e i r r e a l p a r t s u Q ( t ) and imaginary p a r t s v Q ( t ) s a -
t i s f y a t each poin t t e L the i n f i n i t e system of boundary 
condi t ions 

(1) a ^ t ^ i t ) - b a ( t ) v a ( t ) = c a ( t ) + 

+ ^ { t . u ^ C t ^ C t ) , ^ [ « ( t ^ . v J o c C t ) ] , U 2 ( t ) , v 2 ( t ) , 

[ « ( t ) ] , v 2 [oc(t)] . . . . 

t t e 1 , 2 , 3 f . . . 
We make the following assumptions. 

1° The r ea l functions a Q ( t ) , b a ( t ) and c Q ( t ) of the com-
p lex var iab le t are defined on L and s a t i s f y Holder 's con-
d i t i o n 

(2) 

l ^ c t j - v t ' i l * E j t - t f 

| b a ( t ) - b n ( t ' ) | < ^ j t - t - l 11 

I C
n( ' f c)-G r i( ' t ' ) | < K^j t ~ t j h 
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2 G.Decewicz 

where t,t' e Lj ns1,2,3f*| 0 < h < 1 and KQ> 0 are some 
constants. Furthermore, inf [ a^(t) + b̂ r(t)l >0 for n = 

teL L n n J = 1i2,3i••• 
2° The real functions FQ(t,x/jX2,...), n = 1,2,...,of the 

complex variable t and real variables x^x^,,... are defi-
ned in the domain 

(3) t e L , | < R (R> 0,1=1,2,... ) 

•and satisfy the conditions 

oo oo 

i=i i=i 

and 

(5) | Fn(t,x1,x2,... ) - Pa(t, x', 

OO oo 

<Ba|t-tf + XDni|xi"xi|' ( Dn = L D n i < 0 ° ) 
1=1 1=1 

n=1,2,3,... 

where M^, m^, Bn and Dni denote some positive constants, 
0 ^ h <1. 

3°. The complex function 1 (t) defined for t e L is con-
tinously differentiable and maps L onto itself in a one-to-
-one way such that the orientation is preserved. 
Solution. Consider the functional space A of all infinite se-
quences U = [^(t)}» whose terms are complex functions con-
tinuous on L. The distance in this space is defined by the 
formula 

°° II jj y| 

( 6 ) I N n-= k n ^ l -
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Non-linear Riemann problem 3 

I t i s well-known that A i s a space of the type BQ. Let Z(R,£) 
he the set in A whose points U = | lP r i( ' t) j are a l l infinite se-
quences of functions sa t i s fy ing the inequalit ies 

(7) ? D ( t ) | ^ R , |9>n(t)-j>n(t')|<í|t-t' | n=1,2,3» • • • 

where R and h are the constants appearing in assumptions 
1° and 2 ° , and a? i s some posit ive constant. 

The set Z(R,i) i s closed, convex and compact. 
Following the method presented in [2] and assuming the no-

tat ion 

= F t , ^ , — ^ , - 2 : 

,[<x(t)]-<, <*(t) 

2i 

we can transform the set defined ahove as follows 

Y n ( t ) = a n ( t ) + i h n ( t ) c (t)+ F n n 

(8) 

t , y ( t ) , 9»[<x(t)] 

* £ ( t ) r o n ( r ) tP^r, y>(r ),?,[«(r)]} 
2 7 r l / [ a n ( r ) + i b n ( r ) ] x j ( r ) ( r - t ) ^ + 

/ ^ T ^ T ^ n n f r " a a ( r ) + i b n ( r ) J x + ( r ) ( r - t ) 
n=1 ,2 ,3 , . . . 

where X* ( t ) i s the boundary value of the canonical solution 
Xn(z) of the Hilbert problem 
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a „ ( t ) - i b „ ( t ) 
* ;<*> - - v t U ° ( t > r » ( t > 

with index * n = arg 
aii--ib. n where the or ien ta t ion of L 

i s cons is tent with the p o s i t i v e r o t a t i o n on the complex varia-
b l e plane, and P n ( z ) i s a polynomial of a degree greater than 
3En ( P n = 0» i f w i t h a r b i t r a r y p o s i t i v e c o e f f i c i e n t s 
s a t i s f y i n g the conditions 

ßg k = 0 , 1 , 2 , . o »»<£n 
n 

The above form of transformation (8) follows from considera-
t i o n on the non- l inear Riemann problem given in [ l ] . 

In view of ( 2 ) - ( 6 ) and (8) we obtain 

(9) 

oc(t) 1+m, 1n 

+ m, 
• 2 n 

y 1 ( t ) -y> 1 ( t ) 
2 i + m 5n 

+ m •4n 21 + . , 

(1+R ^ m . n ) = Mn(1+R.Zn) 
i-1 

and 

(10) 

t , $ p ( t ) ,<p <x(t) - F. n t't 9»(t ') ff>[«(t ')] 

< B n | t - t +D n1 
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Non-iinear Riewann problem 

+ D. n2 
^ (t)-^ (t') 

21" 

(10) 

+ D n3 
^[«(t)] + 9>1[ot(t)J ^[«(t')}^ [<x(t')j 

2 2 

+ D. n4 
^[«(t)] -^[«(t)] [<*("&')][«(t'y 

~2T + • • • 

si B I t-t j*1 + K D dt-t'| h . ni l « nl I 

Assumption 3 assures that there exists a positive constant 
appearing in estimation (10). 

Taking into account estimations (9), (10) and considering 
properties of the canonical solution X*(t) we conclude that 
we can apply Plemelja-Privalov's theorem to the functions Yn(t) 
defined hy (8). This givec the following formulas 

(n) 
vn(t) - yn(t')| ̂  (WrL+HnDn2 +cXR)|t-t'|h 

where the positive constants W^W11,^, H^ and Hn, rt=1,2,3 
are independent of the point [i,n("t)| the set Z and of the 
constants IjRjM^jB^. Hence the' operation (8) transforms the 
set Z(R,X) into itself provided that the following inequali-
ties are satisfied: 
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(12) W ^ + H ^ D ^ + C ^ R ^ R 

Wn + Hn Dn3E + C11!^ S 

1 * 1 , 2 , 3 , . . , 

I t can be shown t h a t i f the constants Dn and are s u f f i -
c i e n t l y small , namely i f 

0 3 ) and M^ ^ ' — 1 * 1 , 2 , 3 , . . . 
o o 

then the constants R andi can be se lec ted i n such a way 
that system (12) i s s a t i s f i e d . S ince R i s the constant i n 
assumption 2 ° , we have to assume t h a t 

WV* D +(1-HnD 
(14) R > 0 n n 0 

( i - c X ) c - H X ) - H X c X 1 * 1 , 2 , 3 , . . . . 

Hence i f the constants Mn,Dn,R of our problem s a t i s f y 
conditions (14) and ( 1 5 ) , the operation (8) transforms the s e t 
Z(R,3C) into i t s e l f . 

Repeating the reasoning g iven . in [ 2 ] one can prove t h a t 
transformation (8) i s continuous. This allows to apply Scha^-
uder-Tichonov's theorem [ 3 ] , [4] , which r e s u l t s in- the f o l l o -
wing c o r o l l a r y : 

The i n f i n i t e system of i n t e g r a l equations which i s o b t a i -
ned from (8) upon replac ing Y n ( t ) by <pn(t) possesses at l e a s t 
one s o l u t i o n . I f among them there i s a so lut ion 
s a t i s f i e s the condit ion 

(15) J q n ( r ) H n ( 0 dr = 0 , 
L 

where q n ( t ) i s a polynomial of a degree not grea ter than -£¿-2 

( q ^ 0 , i n case - 2 n - 2 < 0) and where 

- 1 0 2 -
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Non-linear Riemann problem 

then according to the theory of linear Riemann'-B problem, the 
problem in question has at least one solution of the form 

(16) 2 l i i [ M O - n i V ^ ] ^ ( r ) ( r " z ) 

V z ) z * 7 e n ( r ) + F * ( r f / ( O , ( r ) ] 

2 r l i r -
dr + 

^ ( O + i b ^ í f t í r K r - í ) 

+ X n(z)P n(z) , n=1,2,3,... 

Condition (15) is always satisfied provided that all the in-
dices are non-negative. Consequently,we can state the theo-
rem: 

If the constants R,MEL,Dn satisfy conditions (13),(14|) and 
if condition (15) holds, then the problem in question (1) has 
at least one solution of the form (16). 
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