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ON ALMOST DECOMPOSABLE VECTOR FIELDS 

In a previous paper [2], we introduced the concept of a l -

most product pseudo-Riemannian space and studied p a r t i c u l a r 

cases of such a space, v i z almost hyperbolic Kahler s p a c e , a l -

most semi-hyperbolic Kahler space, almost nearly-hyperbolic 

Kahler space, and almost quasi-hyperbolic Kahler space. 

The purpose of the present paper i s to define almost de-

composable vector f i e l d s and to i n v e s t i g a t e t h e i r properties 

in such s p e c i a l spaces. 

1 . Introduction 

We consider an n-dimensional almost product pseudo-Rie-

mannian space [2] with an almost product structure E^*1 and 

pseudo-Riemannian metric g ^ d ^ d^1 such that 

= V p i S S t s = - « 3 1 « 

= 5 F d i = V s t i ' 

where denotes the so c a l l e d unit tensor, and indices 
u 

h , i , j , . . . run over the range 1 , 2 , . . . , n . An almost product 

pseudo-Riemannian space i s said to be an almost hyperbolic 

Kahler space [2] i f f , 
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an almost semi-hyperbolic Kahler space [2J i f f , 

P. = - V . P. ^ = 0: x j x ' 

an almost near ly-hyperbol ic Kahler space [2] i f f , 

G d i h + V i vf = 0, 

and an almost quasi-hyperbol ic Kahler space [2] i f f V^ F^1 i s 

pure i n j and i , where VJ denotes the covariant d i f f e -

r e n t i a t i o n with respect to g . . . 
u X 

A tensor T ^ i s s a i d to be pure i n 3 and i i f 

*° ! i i T t s = 0. 

where 

"n1113 - - 1 A 8 Tf t 77 S 1 
° j i " 2 A i ~ F j F i 

while TJ.. i s c a l l e d hybrid in 3 and i i f 
«JA 

01?? T. = 0 , j x t s ' 

where 

We r e c a l l a lemma from , which s h a l l be subsequently 

used. 

L e m m a ( 1 . 1 ) . A space which i s an almost hyperbol ic 

Kahler space or an almost near ly-hyperbol ic Kahler space or 

an almost quasi-hyperbol ic Kahler space i s n e c e s s a r i l y an a l -

most s-emi-hyperbolic Kahler space. 

2 . Contravariant almost decomposable v e c t o r f i e l d s 

Consider a contravariant v e c t o r f i e l d x*1 = ( x a , x*) i n 

a l o c a l l y product space. The v e c t o r f i e l d x*1 i s c a l l e d con-

t r a v a r i a n t decomposable i f [3] 
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<?Ax
a = 0 and d^x* = 0; a,b,... = 1,2,...,p 

a«, A,... = p+1,...,p+q = n 

or equivalently 

*8 *
r = 0, 

i.e., 

£. h „t h „ t j Ji , t p h j „t (2.1) / F i
1 1 = x t d t V f - F ^ c9t; x

n + = 

where <£ denotes the Lie derivative with respect to the vector 

field x*\ 

We define a contravariant almost decomposable vector field 

in an almost product pseudo-Riemannian space to be contrava-

riant vector field x*1 which satisfies (2.1). 

In an almost product pseudo-Riemannian space,the equation 

(2.1) may be written as 

oC F. h = x* V t F,11 - F ^ V t x h
 + F t

h
 V i ** = 0, 

or 

(2.2) x t V t F. h - F ^ V t x h + F t h V i x* = 0. 

Taking the symmetric part of the above equation with respect 

to i and h, we obtain 

°di * s + V S x t) = 0 or ojl ( ^ g t s ) = 0 

and as a consequence 

0 a (7* X s
 + V

s X*) = 0 or (X g t s) = 0, 

which provides the proof of the following: 

T h e o r e m (2.1). For a contravariant almost decom-

posable vector field X*1, in an almost product pseudo-Rie-

mannian space, the Lie derivatives X, g^ 1 and X g.. are 
X X J 1 

both hybrid tensor fields. 
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Now by a strightforward calculation, we can prove 

i (Fdr + P±r *r¿h) - ̂  -
- V V i <V Frsh - V O - ha' = 

Consequently the symmetric tensor g- + F ^ ) -

- ^J 1 is pure in j and i. Thus X g"^ being hybrid 
in j and i, we have 

i " j * pri h + V - Gdi r P r h - 0-

Since x11 is a contravariant almost decomposable vector 
field, = 0. and the above result reduces to x 1 

(2.5) 2 * i i h = Gji* F t h x l )-

Now applying V 1 to (2.1), we obtain 

F t
h [ g 3 i Vjj Vi x* + K j V + F ^ X P 1 + Gji8 F ^ (V3 x 1 ) ] = 0, 

which on contraction with F ^ gives 

(2.4) S^VjjVj. x h + K ^ x 1 + F ^ X F 1 + a ^ F t
h (V^x1) = 0, 

or 

(2.5) S ^ V j x h + K ±
h x 1 + F ^ ^ P 1 + j F á i

n ¿ F 5 1 = 0. 

The above discussion is the proof of the following: 
T h e o r e m (2.2),. Equations (2.4) and (2.5) give» 

necessary conditions for a vector field x11 in an almost pro-
duct pseudo-Riemannian space to be contravariant almost de-
composable. 
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Particular Cases: 
C a s e 1i The oase when the almost product pseudo-Rie-

mannian space is an almost quasi-hyperbolic Kahler space. 
In this case V-j ^ ^ pure in j and i and conse-

quently Cbf1 i s also pure in j and i. On the other hand, 
" h 

for a contravariant almost decomposable vector field x , 
g ^ is hybrid in j and i and as a consequence 

Making use of this in the equation (2.3), we get 

J i i h ( f F ^ ) = 0, 

which together with the lemma (1.1), reduces (2.5) to 

v j v i ^ + k i h = 

These last two equations complete the proof of the following: 
T h e o r e m (2.3).. In order that a vector field x11 

in an almost quasi-hyperbolic Kahler space be contravariant 
almost decomposable it is necessary that 

Fjih ( i ^ 1 ) = 0 

and 

g J i ^ + Kj^x1 = 0 . 

C a s e 2: The case when the almost product pseudo-Rie-
marmian space is an almost hyperbolic Kahler space. 

In this case, the equation (2.2) reduces tb 

V i F ^ - V h V * ) - x h + E t h V ± X* = 0. 

Putting 5ci s - F ^ x ^ in the above equation, we get 

^ - y i = V ( vt + y i xt)> 

which yields: 

- 73 -



K.D. Singh, A. Higam 

T h e o r e m (2.4).. A necessary and sufficient condi-
tion that a contravariant almost decomposable vector field x*1 

in an almost hyperbolic Kahler space be a Killing vector field 
is that x^ be closed. 

Again in this case, the equation (2.5) reduces to 

g^1 V V + K, h x* = 0, (in view of Lemma (1.1 )). j i i 

The same result may be obtained in the following way. Since 

Fih) " vd 4*±h* ( i 
h 
d t ) V - (•£ 

t 
jJ i ) 

and for a contravariant almost decomposable vector field x*1, 
»6F.11 = 0, therefore x I ' 

(2.6) * C V l h > - V { j h . ) > ' ! * - < * { j M » ' » 1 -

On the other hand, in an almost hyperbolic Kahler space [ 2 ] 

Ndih = 2 * V Vv, i h A if« 

or 

which upon taking Lie derivative with respect to the vector 
field x*1 gives 

= 2 V [i ( vt F i h ) - i (vi Ft h>]. 

or 

(2.7) 

by virtue of the equation (2.6). 

h 
t s 
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Since the l e f t hand s ide of the equat ion (2 .7) i s skew-sym-
met r ic in j and i while the r i g h t hand s i d e i s symmetric 
i n j and i , t h e r e f o r e each s i d e must be s epa ra t e ly zero , 
t h a t i s , 

(2 .8) 

and 

(2 .9) 

<C N di = 0 

*0?f £ 31 X 
h 
t s = 0. 

Transvect ing (2 .9 ) with g*'1 and remembering t h a t 
g j i * Q t s _ g t 8 > WQ h a v e 

(2.10) g Oi h 
i i = g ^ V j V j x11 + K i

h X* = 0 

f o r a contravarieuat almost decomposable vec to r f i e l d x . From 
the equat ions (2 .8) and (2.10) we deduce the f o l l o w i n g : 

T h e o r e m (2 .5 ) . . The Lie d e r i v a t i v e of the N i j en -
h u i s t enso r with r e s p e c t to a con t r ava r i an t almost decompo-
sab le vec to r f i e l d i n an almost hyperbo l ic Kahler space va -
n i shes . 

T h e o r e m ( 2 . 6 ) . A necessary condi t ion f o r a vec-
t o r f i e l d x*1 i n an almost hyperbo l ic Kahler space to be con-
t r a v a r i a n t almost decomposable i s t h a t 

v d v i ^ + = 0 ' 

C a s e The case when the almost product pseudo-Rie-
mannian space i s an almost nea r ly -hype rbo l i c Kahler space . 

In t h i s cdse, t he equat ion (2 .3) reduces to 

(2.11) 

or equ iva l en t ly 

F d i k (x r * 1 ) = 0, 
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i.e., 

(2.12) ( X y ^ ) .(a^Vh ^ ~ V t
 x i - *t:L V t = 0 . 

In an almost nearby-hyperbolic Kahler space, the following 
relations are satisfied [2] 

(2.13) ( V d l K V * ^ = ( K & - K ^ ) X11 

and 

(2.14) = P h t (Vj F ^ ) , 

where is the Ricci tensor, K ^ = H k t F ^ , and H ^ = 
H "2 Kk,iih ^ * Solving the equation (2.12) with the help 
of (2.13) .and (2.14), we get 

(2.15) ( K & - K k h) x11 + J . x 1) = 0. 

On the other hand, the equation (2.5) in this case reduces to 

(2.16) g d i V d V i x h + K ^ - x 1 = 0. 

Equations (2.11), (2.15), and (2.16) provide the proof of the 
following: 

T h e o r e m (2.7)., In order that x11 be contravariant 
almost decomposable vector field in an almost nearly-hyperbo-
lic Kahler space, it is necessary that 

Z^g = o, 

or equivalently, 

(*kh " W ^ * i Nkdi xi) = 
and 

g j i V j ^ + K ^ x 1 = 0. 
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C a s e 4-: The case when the almost product pseudo-Rie-
mannian space is an almost semi-hyperbolic Kahler space. 

In this case = 0 and consequently the equation (2.5) 
gives: 

T h e o r e m (2.8)^ A necessary condition for a con-
travariant vector field x*1 in an almost sem-i-hyperbolic Ka-
hler space to be contravariant almost decomposable is 

6 3 1 V, V, x11 + K,h x 1 +J P..11^ =0. J X X C. JX x 

3. Covariant almost decomposable vector fields 
Let us consider a covariant vector field x^ = in 

a locally product space. The vector field x^ is said to be 
covariant decomposable if [ 3 ] 

d
ia xb = 0 5111(1 a.c ^ = 0 ' 

or equivalently 

i.e., 

(3.1) xh(5. - V * ) - * * 3 t x. + V * d. xt = 0. 

In an almost product pseudo-Riemannian space, we define a 
covariant almost decomposable vector field as a covariant 
vector field which satisfies (3«1). 

In an almost product pseudo-Riemannian space,, the equa-
tion (3«1) may be written as 
(3.2) xh(Vd P,h - V i F d

h) - Fj* V t x. + P ^ Vj * t = 0, 

which on taking the symmetric part with respect to j and i 
gives 

3 
Hence we can state: 

.ttt xs - *t) = 0. 
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T h e o r e m (3.1),. If x^ is a covariant almost de-
composable vector field in an almost product pseudo-Riemannian 

space, then (V-; x. -V,- x.) is pure in j and i. « -j 

Since in this space F*5 is hybrid in j and i [2], 

therefore 

^ V j X i - V i X.) = 0, 

or 

F^ 1 Vi = 0 , 

which implies the following: 

T h e o r e m (5.2). If x^ is a covariant almost de-

composable vector field in an almost product pseudo-Riemannian 

space, then F ^ V j x£ vanishes. 

Putting x.̂  = - P ^ x t, 

the equation (j.2) can be written as 

(3.3) V j % - V i ^ + F ^ ( v t - Vi x t) = 0, 

which completes the proof of the following: 

T h e o r e m (3.3).. If x^ and x^ are both closed in 
an almost product pseudo-Riemannian space, then x^ is cova-
riant almost decomposable. 

Transvection by the equation (3«3) with F ^ , we get 

(3.4) VjXi - V ± x a + V
( V t x i - V i X t ) = 0. 

From equations (3.3) and (3.4) we deduce: 
T h e o r e m (3«4). In an almost product pseudo-Rie-

mannian space, x^ is covariant almost decomposable iff x^ 
is covariant almost decomposable. 

Again from equation (3*3) we readily verify: 
T h e o r e m (3«5)i; In an almost product pseudo-Rie-

mannian space, a necessary and sufficient condition that a 
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covariant almost decomposable vector field x^ be closed is 
that x ± be closed. 

For a covariant almost decomposable vector field x^, we 
have 

= V { ^ V i - (vt X X) V } - ^ ( F t l v i xd - r
3
l 

(from the equation (3.2)) 

= *°fi <*t xs " *t) 

= 0, (from Theorem (3.1 )) 

hence we can state: 

T h e o r e m (3»6)._ For a covariant almost decompo-
sable vector field x i In an almost product pseudo-Rieman-
nian space, we have 

N . ±
h x h = 0. 

Jn particular, if the space* is almost hyperbolic Kahler, 
then we have 

v d F i r - V i V = ' - v r F.ii 

and then the equation (3.2) reduces to 

(V* i d l) x t + x.) + F t i v d x* = 0 , 

or 

i F d l + V ( V t x i " V i x t) = 0, 

which leads to the following: 
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T h e o r e m (3.7)|. If a covar ian t almost decomposable 
vec to r f i e l d x^ in an almost hyperbol ic Kahler space i s 
c losed , then we have 

£ F-m = 0 . x J 1 

Suppose t h a t a vec to r f i e l d x*1 i s con t r ava r i an t •as we l l 
as covar ian t almost decomposable in an almost hyperbolic Kahler 
space , t h a t i s , 

(3 .5) x* V t F ^ - F ^ x h ) - i ^ C V i x t ) = 0 

and 

(3 .6) x* V t F ^ + F ^ (V t x h ) - F ^ (Vi x t ) = 0 . 

Sub t r ac t i ng the equat ion (3.5) from the equat ion (3 .6) ,we get 

Thus we can s t a t e : 
T h e o r e m (3.8) p I f a vec to r f i e l d x*1 i s c o n t r a -

v a r i a n t as we l l as covar ian t almost decomposable i n an almost 
hyperbol ic Kahler space , then i t i s c o v a r i a n t l y c o n s t a n t . 

From Lemma ( 1 . 1 ) , f o r almost hyperbol ic Kahler space, a l -
most semi-hyperbol ic Kahler space , almost nea r ly -hyperbo l i c 
Kahler space , and almost quas i -hyperbo l i c Kahler space , we 
have F^ = 0 . 

Now f o r the divergence of x.,, we have J 

V«3 x . = -V*3 (P4 x . ) = -F«51 V-i = 0 J u W 

by v i r t u e of the Theorem ( 3 . 2 ) . 
This combined with t h e equat ion (3.3)» provides t h e proof of 
the fo l l owing ! 

T h e o r e m (3«9).- In each of the almost hyperbol ic 
Kahler , almost semi-hyperbol ic Kahler , almost near ly-hyperbo-
l i c Kahler , and almost quas i -hyperbo l i c Kahler spaces , i f a 
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covariant almost decomposable vector field x^ is closed, 
then x^ is harmonic. 

On the other hand, under the assumptions of the Theorem 
(3«9) the divergence of x^ can be written as 

xi (F..1 Fj* xt) = (F^1 i ± ) = P^CVjj 

= ( V i 5
d 5±) • 0 , 

which together the equation (3.4) provides the proof of the 
following: 

T h e o r e m (3.10).; In each of the almost hyperbolic 
Kahler, almost semi-hyperbolic Kahler, almost nearly-hyperbo-
lic Kahler, and almost quasi-hyperbolic Kahler spaces, if a 
covariant almost decomposable vector field x^ is closed, 
then it is haimonic. 
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