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ON ALMOST DECOMPOSABLE VECTOR FIELDS

‘In a previous paper [2], we introduced the concept of al-
most product pseudo—Riemanhian space and studied particular
cagses of such a space, viz almost hyperbolic Kihler space,al-
most semi~hyperbolic Kéhler space, almost mnearly-hypernolic
Kéhler space, and almost quasi-hyperbolic Kidhler space.

The purpose of the present paper is to define almost de-
composable vector fields and to investigate their properties
in such special spaces.

1. Introduction

We consider an n-~dimensional almost - product pseudo-Rie-
mannian space [2] with an . almost product structure Fih and
‘pseudo-Riemannian metric g3y a€Y €' such that

h N t s - ..
Fj Fij = Ai H Fj Fi gts = gji H
.U

Foi = -Figé Fya =Ty By

where A? denotes the so calied unit tensor, and indices
hyi,jyees ruUn over the range 1,2y...,n. An almost product
pseudo-Riemannian space 1is said to be an almost hyperbolic

Kdhler space [2] iff,'
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an almost semi-hyperbolic Kéhler space [2] irf,
= 7. 7.9 =
Fi = Vs Fi = 03

an almost nearly-byperbolic Kahler space [2] iff,

h _ h h

and an almost Quasi-hyperbolic Kahler space [2] iff Vj Fiy is
pure in j and i, where Vj denotes the covariant diffe-~
rentiation with respect to 831 *

A tensor Tji is said to be pure in j and i if

*~t8 _
931 Tts = 0,
where
¥ ts _ 1 t .8 t s

while Tji is called hybrid in J and i if

ts _
051 Tgg = 0o
where
ts _ 1 ,,t ,8 t s
033 =2 (A3 A] + Fy' Fy )e
We recall a lemma from [ZJ, which shall be subsequently
used. - _ ‘
Lemma (1.1). A space which i8 an almost hyperbolic
Kahler space or an almost nearly-hyperbolic XKidhler space or
an almost quasi-hyperbolic Kihler space is necessarily an al-
most semi-hyperbolic Kdhler space.

2. Contravariant almost decomposable vector fields
Consider a contravariant vector field x° = (x%, x’)
a locally product space. The vector field xh is called con-

travariant decomposable if [3]
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a/\xa = 0 and abxl'—' O; a’b,.oo = ,],2’oo-,p
#,Ay.00 = P+lyesayDtq =

or equivalently
¥~sh r _
Oir 6s x =0,
i.e.,

n %
h—Fitatxh+ Flo, x* =0,

(2.1) ,}gFih =x%9, B
where‘§ denotes the Lie derivative with respect to the vector
field xh.

We define a contravariant almost decomposable vector field
in an almost product pseudo-Riemasnnian space to be contrava-
riant vector field x* which satisfies (2.1).

In an almost product pseudo-Riemannian space,the equation
(2.1) may be written as

h t h t h . - h t
°XCF'1 = X VtFi -F'Vyx +F V3 x° =0,

or

t t t _
(2.2) x° Ve Fyp - By Vg X + Fy V, x7 = 0.
Taking the symmetric part of the above equation with respect
to 1 and h, we obtain

I
o

ts _ ts _
033 (Vg xg +Vg x) =0 or 051 (.)g Btg)
and as a consequence
i1 t .8 t ji ts
0fs (VP x® +vSx") =0 or 0f; (£8"°%) =0,
which provides the proof of the following:
Theorenm (241).. For a contravariant almost decom-
posable vector field xh, in an almost product pseudo-Rie-

mannian space, the Lie derivatives £1 ng and i: 5ji are
both hybrid tensor fields.
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Now by a strightforward calculation, we can prove

a r h r h r. h

h
rs

t sl r r h r.h]_

- PRy [2(}?17 F + Py Fo) = Gyg FI_]_O.
Consequently the symmetric tensor ul (F,TF h T F( h) -
4 v 5 2 ¥y ri P 1 Ty
- oy," F ' ispure in j and i. Thus g being hybrid

in j and i, we have

3 (F " I Frjh)(oxc gty - 6ys" r2 (Lgdh) = 0.
Since xh is a contravariant almost 'decomposable vector
field, 3(CFih = 0, and the above result reduces to

(2.3) TF" P 2oy PR @ ),

i

Now applying V~ to {2.1), we obtain

Wl _3i t t_ 1 t i s ot o 1 ]_
Fy [g Vjvix + Ky'x +Fi°xCF +Gji Fs WV x)f=0,
which on contraction with Fhl gives

i h i t . h .1
+Fi,,§:F "'Gji Fo (V9x7) = 0,

(2.4) gjivjvi <2 4 Kihx
or

JREH h h _i h ,i_ 14 h it _
(2.5)  &7VyVyx + K x" + B oLF 4+ 3Py LT

]
e

The above discussion is the proof of the following:

Theorem (2.2). Equations (2.4) and (2.5) give-
necessary conditions for 'a vector field x  in an almost pro-
duct pseudo-Riemannian space to be contravariant almost de~
composable.
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Particular Cases:

Case 11 The case when the almost product pseudo-Rie-
mannian space is an almost quasi-hyperbolic Kéhler space.

In this case Vj Fih is pure in J and 1 and oonse~
quently (%ih is also pure in J and 1. On the other hagd,
for a contravariant almost decomposable vector field x
ngji is hybrid in J eand 1 and &8 a consequence

o3 (VIx') = - 3 ¢y B (£ gd?) =
Making use of this in the equation (2.3), we get

" .
Fih(.fFJ)zo,

which together with the lemma (1.1), reduces (2.5) to
ji ' h i _
g VJ vi )(h + tKi x" = 0.

These last two equations complete the proof of the following:

Theoren (2.3). In order that a vector field x°
in an almost quasi-hyperbolic Kdhler space be contravariant
almost decomposable it is necessary that

iy _
F,j’] (.C& FY ) =
and

Casts 2: The case when the almost product pseudo~Rie-
mannian space is an almost hyperbolic Kihler space.
In this case, the equation (2.2) reduces to

t t t t
x.h(—Vi Fy +Vh Fy )-Fi_vt xh"'Fthvix = 0.

Putting x. = -F -txt in the above equation, we get

i
Vg ®y Vg Ry = B 5 eV X,

which yields:
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Theoremn (2.4), A necessary and sufficient condi-
tion that a contravariant almost decomposable vector field
in an almost hyperbolic Kahler space be a Killing vector field

is that ii be closed.

Again in this case, the equation (2.5) reduces to

gV, v, 2+ kP xt =0, (in view of Lemma (1.1)).

The same result may be obtained in the following way. Since

X

£ (U5 F") - vy L7 («C{‘.j SRR CRRATE X

and for a contravariant almost decomposable vector field xh,
§,Fih = 0, therefore

(2.6) £ ED = ¢ (P hnt - [5 ] nE.

On the other hand, in an almost hyperbolic Kdhler space [2]

V F

Njin = 23’3 17

or

h % h
Ny =2 F5° (Y 7" -v, 7D,

which upon taking Lie derivative with respect to the vector
field xh gives

h % h h
Nyt =2 7 (L 0 B - £ D),
or
h * ts h
(2.7) P {t s}

by virtue of the equation (2.6).
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Since the left hand side of the equation (2.7) is skew-sym—
metric in J and i while the right hand side 1is symmetric
in J and i, therefore each side must be separately zero,
that is,

. h
(2.8) £ Nji =0
and

x~ts h

Transvecting (2.9) with g9' and remembering that
gdl *ots 51 = g8, we have

(2.10) g3t o {dhi] = glty vy P et xt =0

for a contravariant almost decomposable vector field xh. Fronm
the equations (2.8) and (2.10) we deduce the following:

Theorem (2.5), The Lie derivative of the Nijen-
huis tensor with respect to a contravariant almost decompo-
sable vector field in an almost hyperbolic Kidhler space va-~
nishes.,

Theorem (2.6). A necessary condition for a vec—
tor field xh in an almost hyperbolic Kdhler space to be con—
travariant almost decomposable is that

Jie < hoi _
g VjVixh+Ki\x =0.

Case 3: The case when the almost product pseudo-Rie-
mannian space is an almost nearly-hyperbolic Kdhler space.
In this case, the equation (2.3) reduces to

ji
(2.11) Fiie (£ FY ) = 0,
or equivalently

(TPsy) (£ Pl -0
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il.e.,

(2.12)  (VFys) . (L, FL-p¥ g xt -y, xd) - 0.

In an almost neariy-hyperbolic Kdhler space, the following
relations are satisfied [2]

(2.13) ( %Fs3) % Pty P o (x) - K)o
and

where K., 1s the Ricci tensor, Kﬁh = Hyy Fﬁ#, and Hkﬁ =

= %'Kkjih P . Solving the equation (2.12) with the help

of (2.13) and (2.14), we get

(2.15) (K% = Bg) &+ 3 Ny (@3 x%) = 0.

On the other hand, the equation (2.5) in this case reduces to

Equations (2.11), (2.15), and (2.16) provide the proof of the
following:

Theorem (2.7). In order that x* be contravariant
almost decomposable vector field in an almost nearly-hyperbo-
lic Kghler space, it is necessary that

R N
r, L I =0,
or equivalently,
* R )R i, (W) =0
(Bgn — ¥ip + 2 Nigs x7) = 0,
and

i ho_i
g vjvixh+Ki x* = 0.
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Case 4: The case when the almost product pseudo-Rie-
mannian space 1s an almost semi-~hyperbolic Kadhler space.
In this case F, = 0 and consequently the equation (2.5)

) i
gives:

Theorem (2.8), A necessary condition for a con-
travariant vector field in an almost semi-hyperbolic Ki-
hler space to be contravariant almost decomposable is

gjivj v, gt ] Fjih.,;c il < o,

3. Covariant almost decomposable vector fields

Let us consider a covariant vector field X; = (xb,xA) in
a locally product space. The vector field X3 is said to be
covariant decomposable if [5]

a# Xy = 0 and ac xl =0,

or equivalently

*~TS _
Oji at xXg = o,

i.e.,

h hy . t 5 _
(3.1) xh(aa. Fyo - 05 Fj )-Fa. Oy x5 + Fy aj x, = O.

In an almost product pseudo-Riemannian space, we define a
covariant almost decomposable vector field as a covariant
vector field which satisfies (3.1).

In an almost product pseudo-Riemannian space, the equa-
tion (3.1) may be written as

h h t t _
(3.2) xh(va Fi& =¥y Fj ) - Fj Vg X5 + Fy vj %, = 0,
which on taking the symmetric part with respect to J and i
glves
* ~ts
Oji (V% Xg = Vg xt) = 0.

Hence we can state:
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Theorem (3.1). If x; is a covariant almost de-
composable vector field in an almost product pseudo-Riemannian
space, then 673 x; =V xj). is pure in j and i.

Since in this space Fji is hybrid in J and i [2],
therefore

F (V:j x; =V xa.) =0,
or

Falva xi = 0’

which implies the following:

Theorem (3.2). If x; is & covariant almost de-
composable vector field in an almost product pseudo-Riemannian
space, then Faivj Xy vanishes.

Putting i'i = -Fy X
the equation (3.2) can be written as

which completes the proof of the following:

Theorem (3.3). If x; and X; are both closed in
an almost product pseudo-Riemannian space, then 9 is cova~
riant almost decomposable. . .

Transvection by the equation (3.3) with Fla, we get

(3.4) vjxi -Vixj + }.«*Jf“(v,cxi - V;x.) = 0.

From equations (3.3) and (3.4) we deduce:

PTheorem (3.4). Inan almost product pseudo-Rie-
mgnnian space, X; is covariant almost decomposable iff Ei
'is covariant almost decomposable.

Again from equation (3.3) we readily verify:

Theoren (3.5): In an almost product pseudo-Rie-

mannian space, a necessary and sufficient condition that a
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covariant almost decomposable vector field Xy be closed is

that i} be closed.

For a covariant almost decomposable vector field Xy, we
have

h t h hy ¢t ho_
Nyg' Xy = [Fy" (Vg By = Vg Be) = By7 (U By

h
5 vy By )] Xy

t 1 1 t 1 1
(from the equation (3.2))
* ts
= Oji (Vt xs —Vs xt)
= 0, (from Theorem (3.1))

hence we can state:

Theorem (3.6). For a covariant almost decompo-
sable vector field X4 in an almost product pseudo-Rieman-
nian space, we have

by -

Tn particular, if the space' is almost hyperbolic Kdhler,
then we have

Vi E -V BT -0

and then the equation (3.2) reduces to

=0,
or

t -
cszJi"‘Fj (Vtxi-Vixt)-—O,

which leads to the following:

-79 -



12 K.D, Singh, A, Nigam

Theorem (3.7).If a covariant almost decomposable

vector field X; in an almost hyperbolic Kdhler space is
closed, then we have

Suppose that a vector field xh is contravariant as well

as covariant almost decomposable in an almost hyperbolic Kshler
space, that is,

(3.5) vy By - F 50, x) - B5(9 xg) = 0
and
(3.6) XV, By + BTV xy) - 7" (v; %) = 0.

Subtracting the equation (3.5) from the equation (3.6),we get
Vj Ih=0.

Thus we can states

Theoren (E.B)r If a vector field ¥ is contra-
variant as well as covariant almost decomposable in an almcst
hyperbolic Kahler space, then 1t is covariantly constant.

From Lemma (1.1), for almost hyperbolic Kéhler space, al-
most semi-hyperbolic Ksghler space, almost nearly-hyperbolic
Kéhler space, and almost quasi-hyperbolic Kihler space, we
have Fi = U,

Now for the divergence of X we have

j"
dg - _od i - gt _
v Xy = v (Fj'xi = ~F iji_o

by virtue of the Theorem (3.2).
This combined with the equatidn (2.3), provides the proof of
the following:

Theorem (3.9). In each of the almost hyperbolic
Kéhler, almost semi-hyperbolic Kghler, almost nearly-hyperbo-
lic Kahler, and almost quasi-hyperbolic Kghler spaces, if a
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covariant almost decomposable vector field Xy is closed,

then Ei is harmonic.
On the other hand, under the assumptions of <the Theorem

(3.9) the divergence of x; can be written as
vix =¥ @t n b x) = -0 @l 7)) = P )

I A
=5F (V&

ij -Y7j ii) =0,
which together the equation (3+4) provides the proof of the
following: :

Theorem (3.10). In each of the almost hyperbolic
Kihler, almost semi-hyperbolic Kahler, almost nearly-hyperbo-
lic Kahler, and almost quasi-hyperbolic Kdhler spaces, if a
covariant almost decomposable wvector field X5 is closed,
then it is harmonic.
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