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THE STRUCTURE OF BOUNDARY FUNCTIONS
IN THE CLASSES 6 AND %

In this paper we consider the structure of boundary func-
tions with respect to a functional: In the first part of this
work this functional is determined in the class 6 ¥ of quasi-
starlike functions and in the second part - in the class 2B u
of quasl-convex functions.

Consider the class G ¥ of functions

a(z) =%z + dy 22 + ... for lz| <1,
determined by the equation
(1) Fa(z)) = F(z) for |z]<1
. where
2
F(z) = 2 + 4, 2° + ... for |z| <1

is a starlike functions, and M > 1,

Functions of the class GM are said to be quasi-star-
like.

In formula (1), let us replace the starlike function by a
convex function; we get the class ’IDM. Functions of this class
are said tb be quasi-convex.

The class 6 ¥ ada the class MY are compact.

_ Assume that in G Y(2Y) there is given a functional ‘de-
fined for every function qe M(?ZDN_[) by the formula

-17 -



2 B. Janczar

(2} F(q) = F(uo,uq,...,un,ﬁo,ﬁq,...,ﬁh)

where F denotes-a holomorphic 'function, whose derivatives
of the first order do not disappear simultaneously in a sufi-
ciently large domain,

In the first part of this paper we shall consider the
class 6 Y,

/ Let (:L) M
(2 ) u; = q '(3)y i=0,1y.0.yn, for g€6

where 7 1is an arbitrary complex number of the unit disc.

Let us consider the set D of values of the functional
(2) and F be an arbitrary point of the boundary of D. If
there exists a point F of the complement of D that

(3) P -7 >|# -7

for all F of the set D then F will be called a regular
point. In the contrary the point of the boundary of +the set
D 1is called a singular point.

In [4] it has been proved that the set of <the regular
points of the boundary of set D is dense in the boundary of
set D, 80 in order to determine the boundary of +the set D
it is sufficient to examine the set of its regular points.

A function for which the value of the functional belongs
to the.boundary of the set D will be called a boundary func-
tion with respect to this functional.

A function for which the value of the functional gives a
regular boundary point will be called a regular boundary func-
tion.

Now we shall apply the variation formula (4) from [5} t0
the extremal problem in the 6 M

(4) qe(z) = q(z) +-£.E£§lg;%fl.[Q(z,a) - Q(q(z),a)] + ofe)
where |a| <1, lz] <1, M>1, A is an arbitrary complex number,
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The structure of boundary functions 3

(5) G(q(z)) = —B’)I—G(z) and G 1is a starlike function.

(6) @(z,a) =4 K(z,a) - K(zy5) - gy L(zs2) -7y Lz 7)

(7) | K(z,a) = 723 + H(z)
(8) L(z,a) = Z:a H(z) + 1
(9) H(z) = Zg;)2

Let us take an arbitrary boundary and regular function
a* of the family 6. Putting q=q* z=3; and a=z in
the formula (4), we obtain

a:(3) = 9°(3) + ev(3,2) + o(e)

where

(10)  visa) = B [o(5,0) - ae*(z)2)].
¢*(3) |

We put
Aq*(k) = qgk) - q*(k) k.=0,1,...,n-
Taking (4) and (10) into consideration, we get

Aq*(k) = ew}(k)(;,z) +o(e).
Denoting by '

AF = F(q,) - F(a¥)

(0 10 =3 [pe P+ oy v (53],

k=0
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where

Py = Fl;k(Q*)’ qk = F‘l-ik(q-*) .

Next we expand (2) in Taylor’s series in a neighbourhood of
(u;,u;ﬂ...,u;,ﬁ;,EAﬁ...,ﬁZ). In view of (2°) as well as of
(11), we obtain

AT = 1(a*) + ole) -

It is not difficult to see that for F = F(q*) (3) can be
written as

(12) re[AL(a% ] >0
where |
p= e-[wg(ﬁ-f) .

Next we denote

() Wze) = S6IE) [k, - x(a*(5).9)],

G'*'( 3)

(13)  N(ze2) = LI [1(5,2) - 1(a*(3),2)] s

G*)('})
and
(1u) " 4(3,2) = ¥(3,2)
651: X = Z ’
) 3 Niziz) = 2
(141 SE N2 = Kl

If in (12) in the place of the expressions with A we put
their conjugates, then (12) can be written, in view (6),(10),
(1), (13) and (14), in form
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k=

re{A :[/Spkmk(3,z) - ﬁpkMk(sg %) - H‘E‘ﬂ'(ﬁPka(%z) +

+ AP (3, %)) + S (5,2) - ﬁquE(g. D .

gl (P Go0) - 5,5, %)”} > o.

Hence, because A 1is arbitrary, we have

(15) mm@u.%-sum§=99m)+ﬂﬁgu

where

(16) p(3.2) = ) @@ (5,2,

(17) 8(3,2) = ¥ &5(3,2)
k=0

Xy = Bp + Ba .

From (15) we see that the function G * defined by the
formula (5) for g = g¢* satisfies equation (18) for 2z € D,
where

D= {z;lzl =1 and "G*(z)l <°°}

'y
(18) re E-E.LE) = 0.
6*(2)
Condition (18) may be rewritten in the form
(19) arg G (z) = const. for zé€D.
Let T(z) denote the right-hand side of formula (15)
,
(20) ™(z) = P(3,2) + P(3, %).
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We see that, by (8), (13'), (14’) and (16), the function T(z)
is a real and continuous function for z of +the unit circle.
Further, we see that T(z) has no poles, and T{z) has, at
least, 4n+4 roots on the unit circle. From the above it fol-
lows that G¥* has, at most, 4n+4 singular points on the unit
circle. Next, it is well known that, by (18), the function
G* may be written in the form ‘

Z
(24) 6(z) = R for [z] < 4
‘k:f ( hand kZ)
where
6, = €™, im ¢, =0, ¢, #¢,, for k#k'.and k,k'=1,2,...,N,

, |
Zpk=2, Ay >0 for k=1,2,...,N.
k=1

Summarizing, we obtain the following theorem.

Theorem 1, Every quasi-starlike function gq¥,
which is a boundary and regular function with respect to the
functional (2) satisfies the equation

6* (" (2)) = 5 6*(z) for |z| <1

where G* is a starlike function of the form (21).

We shall now show that N < 2n+2.

It is obvious that the image of the wunit circle under
transformation of the form (21) is the plane without N half-
lines of the form w=w,t where +t = 1.

Let e denote the points whose images under transforma-

tion G* atre wj where Jj=1,2,...,N. We may assume that

0y <v1<...<vn<¢1+2ﬂ.

t]
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Because

H(e®) = 0  for 3=1,2,...,N,
we have
(22) T(e”) = 0  for J=1,2ys0.,N.

We shall now show that

(23) T(Glg\ )0 fOI‘ j=1’2’00.,No

We shall use the variation formula (24) from [2}'.

@
(2#) Ge(2) = 6(2) + eG(z)l:’l +H(Z)L°i‘7—]+ o(e)
z-0 °

where |z| <1.
We put
G(z) =w, G, (2) =w.

Hence, we see that

‘¢ (w) = 2 = ¢S w)

G;'ﬂ(Gs (z)) = G:]G(z) + £ G(z)[’l * H(z)—z—ﬁz—Z] + o(q) .

zZ - & "

We expand thid function in Taylor's series in a neighbour-
hood of ¢= 0, We ther obtain

¢ Nw) = (W) + ew G Yw)) & 1) + €% T 6= (44 ole).
¢ (w) - e‘“’
Denoting

M= 6(a(z)) =A6(z) and w =1G(z)
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we see that

a(z) = ;16 (2)) +eA E%l,‘—(ll)ﬁ[1+n(q(z))i@—*—‘aj§}J + ofe

a(z) - e~

On the other hand we have

G'E"](AG(Z)) = G£—1<)\G(z) + erG(z2) {1 + H(z)i—"'—el..—%— + o(e)’> ’

z-e7 ]
-1 . G(z)a (= z _+ eiqﬂj1
q,(2) = G (AG(z)) +¢ . 1+H(z) h B ofe) »
. G (Z) . z - @ ?j- .

Finaly we. obtain

2 (2)-a(z) =5 =2 G?) {H(z) 2267 y(g(a)) ﬂia)—+-e—¢—]+o(e>

2 - e“@' q(' ) -e 7

If in the above formula we put 3 in place of =z, then (1)
can be written '

_ & ls(z)d’ (5)— JL gu_ﬂ_ +
L<q>,'§1°k P k{ ¢'(3) _( )5 -e'% Halz)) af3)-e ‘¥ |

n k | P r [? [ ]
34 G(z)a (3) 3+ +e
+ E q ; H(z) — -H(q(3)) : .
k=0 k ask { G (}) L 5 Z_e‘g. q(;)_e [%' ]

Further by (12), we have

n k .
relZ i f ggk (G(; ‘(15§;)(L(5 e”) - L(q(s%e‘%))) '

&=0

n ak G / i iy \
;qkﬁ?(%ﬂ(m;,e ) - L(a(3),e )))};o.

Consequently we have (23).
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Let us consider the only two possible cases.

1° T(e®) = 0 for every J=1,2y+..,N.
Then by (22) we have that T(z) has, at least, 2N roots on
the unit circle. Therefore we obtain that N < 2n+2.°

2° 1(e%) >0 for some j.
In this case the unit circle may be divided into disjoint
arces which inital and terminal points are e'9 for which
T(e‘Y) >0. TFor every arc T(z) has, at least, two times
more roots then the number of points eV belonging to the
arc., Then T(z) has, at least, 2N roots, therefore we have
that N <2n+2.

Hence, we have proved the following theorem.

Theorem 2. Every quasi-starlike function g¥,
which is boundary and regular function with respect to the
functional (2) satisfies the equation

¢ (q*(z)) = 75 6*(z) for |z] <1

where G* is a starlike function of the form (21) for which
N < 2n+2,

Next let us consider the clas QB]M of functions quasi
convex. Now we shall use the variation formula (25) from [3]
$o extremal problem in the WM.

Z

(25) b, (z)= h(z)-+5—%;%§%[[bf'(z)Pg(z,a)- Q(h(z),aﬂ dzJ+o(5)

where [z] <1, |a] < 1, A is an arbitrary complex number,
h €M™, f 1is a convex function

f(h(z)) =A£(z), 0 <A <1

Qz,2) = AK(z,a)-KK(z, %) - gay Lzaa) - A L(Z, %)
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L(z,a) = 2—'_"%H(z) + 1

(27) H(z) = z£(z) + 1

£'(z)

In exactly the same way as previously we show that every
quasi-convex function h¥* which is boundary and regular func-
tion with respect to the functional (2) satisfies the equation

(28) H{z) (E(;,z) - E(g, —;—)) = R(3,2) + I—{—(;, %)

where

n k *
(29) B(3,2) =Z°‘k§‘; <?_,% f*<;)(x<s,z>-K(h*m,z))a;)

n k */ \
(30) R(3:2) akg—k-@ﬁ%’f*'<;>(L<;,z)-L(h*(;),z)>a%.

Hence, denoting by %(z) = R(3,2) + R<5,-%>, by (26) ard (30)

we have that T(z) is meromorphic in the annulus R1<ﬂz|<:R2,
for given R, <1 and R, >1. Consequently, T(z) has, at
most, a finite number of roots on the unit circle.

*4,
From (27) and (28) we see that re (EJ;TL§2—+ 1) = 0 for
{2z

z €D, where

Dz{z; |z| =1 and |h*(z)|<oo}.

This implies, that arg G (z) = const. for z € Dwhere G(z) =
= zf*l( Z.) .
Hence, we have proved the following theorem.
Theorem 3, Every quasi-convex function h* which
is boundary and regular function with respect to the functio-
nal (2) satisfies the eguation

£5(0*(2)) =2 £%(z) for |z| <1
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The structure of boundary functions 1

where £ * is a convex function of the form
z %
£*(z) =y/'5i—§51 dz
(2}

where G* is a starlike function of the form (21).
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