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ON SOME CLASSES OF NON-BOUNDED FUNCTIONS

Introductlil on. Recent investigations in the
theory of functional equations have singled out some classes
of non-bounded functions. In [1] a class f (M, By ¢ ) of func-
tions defined on an open arc Lo has been introduced, and in
[2] - & class R (o, py w) of functions defined ona set Q <ER.
In the sequél we shall denote the first class by W, and the
second by H. Our aim is to show that in case Ly = Q (n=2)
the class H' is included in the class H.

The c¢class W. Let L=ab be a non-closed
smooth arc with ends a and b. For every tel let t* denote
that end of I for which le.tt* = min (le.E%, le.Ef), where
le.s denotes the arc s. Analogously, let t: denote that
end of L for which le.fT%; = min (1e.5%1, le.f?%). Let
L ==1 - {a,b}. For every pair of points of Lo we denote

o
one point by t and the other by t, according to

le.$t" < le.t t] . (1w)

Consider a function ¢ = ¢(6) increasing and continuous
in the interval < 0,+ec > satisfying the following conditions

9(0) = 0 (2w)
A A glve) Cols) (3w)
V31 630
A @(6) »6. (4w)
6€<0,1>

- 125 =



2 W.Leksifdski, W.Zakowski

Definition. The class W 1is defined as the set
of all complexvalued functions f(t) of a complex variable 1
that are defined and continuous in Lo and satisfy the ine-
qualities

|e(t)] <« —8— (5w)

t - t1

R

Plt) - £(%,)] ¢ — 1 (‘
I (1| |t_t*19‘l(9 t_t*

where M>0 and 0 < p < 1 are fixed constants.

The ¢lass H. In [2] Adamezyk introduced a class
of functions defined in a domain Q ¢ E". We shall restrict @
to L,, where as previously Lo denotes the dinterior of a
non-closed smooth arc L with ends a and b whose length is 1.

Consider real functions of{t) and p(t) defined and con-
tinuous in the set Lo and assuming only positive values.For
every pair of points of L0 let + denote one point and t1
the other according ‘to

B(6) > plt). (1)

Next consider a function w = w(6) increasing and conti-
nuos in the interval <0,1> satisfying the condition

w(0) = 0. (2H)

We assume that for arbitrarily close pants t €L, t*e{a,b}
the following inequality holds

g—}{-}<xww(|t—t*l), (3H)

and for every pair of arbitrarily close points t,t1e.Lo the
following condition holds
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(t) - p(t,)

where K, 6 and K; denote some positive constants.

De finition. The class H 1is defined as the set
of all complexvalued functions of a complex variable t, de-
fined and continuous in Lo, such that the following inequa-

lities hold

|£08)| < M, (), (5H)
|£(t) - £(t,)] < Kpp(t) |t - t4]), (6H)

where M, and K, are some positive constants.
Theorem, WcH.
Proof, It is to be shown that

f(t)ew = f(t)<H.

Accordingly, assume that conditions (1W) - (6W) hold. It
is known that there exists a positive oconstant y such that-
for every point ¢ eLo

S—r

yle 3" < |t - t*

. (1)

From (1) and (3W) we infer that

y 1

|t - ] xle.tt*
Lol ————=, /<
xle.tt 1y
that is,

xle.ff*
1=
*
t -t

t -1 if le.tt* < 1
b -t o(lt-t4]) £ 2e

t -t w(|t - t1|) if le.tt® > 1

Q,BEE_XJJ_XEJ t - % .
) - To.tt” 9 (] 11) (2)
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Since
ol #) 15 [r = sy £
o]t - t4]) < 0(1) ”
¢1wut‘H|>ifh‘t”>“
that is,

¢ (]t - %)) € max (1"%{%%> o (|t - %],

we infer form (2) that

t -1
aia

M
>4 —2- (]t - ]"), (3)

t - t" xle.tt”

where M, = max (1, x1). max (1, %)

In view of (5W) and (6W), and using (1) and (3) we infer
that

f(t)<—M—\,y , (4)
H(le.tt ")
MM
[o] i u©
|£(t) - £(3,)| < T (10 TF TV olt - t|"). (5
Letting
MM
M o)
Mf=x_}1 ’ K;f‘_X1+p ’
and
1 1 -
oft) =m, ﬁ(t)=m’ wi{6) =9(6"), (6)

we see that the function f(t) satisfies conditions (5H) and
(6H). In view of (1W), (2W) and (6), conditions (1H) and (2H)
also hold.
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According to (6) we have

;E)zlmyy. (7)

Using (1) and (4W) we see that

-% o (1t - t**) 1 |t - % <1
le.i8* < o |t - +¥] <
-K§GT%TTT o (|t = £¥[%) 12 [t - %] > 1.
Hence by virtue of (7) we infer that

E:)é%max (1,ﬁ)¢(it-t*|“)'. (8)

Now letting

and using (6) we get

w(lt = t*) = o]t - t*|*), (9)

which shows that condition (3H) holds.
It remains to show that condition (4H) holds.
In view of {6) we infer that

(le.t78] FI¥H - (Le.tt™)T+¥
(Te.£8%) 1+ (Le.tytr )THH

|8(t) - g(ty)] =

Blt) B(ty) | (Te.tyt) yI+E (19.;g*i1+gl )

BLE) pty) | (leoti®] [le.tyt] - le.tt*]+
+ le,tt* [(le.f;%:)“ - (le.E%*)“]l-é
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1 ~—, 1 iy 1-p L
<p(t) plt )[ le.tTt + (le,55*) 1M (1e.t %) ]
U2 Baade «(%) 1
Hence according to (1)}, (1W) and (6) we get

B(t) B(t,)

’ﬁ(t) - ﬁ(t1)l £ __;TETT___ [(le.f;tﬂ-“ (le.f;%)“ +

_ BLt)R(%, ) )
+ (1e.’E’E‘\*)1'“(.1e.t1t)“Jéﬁm1— Zattls - g% (0

Applying (4W) we obtain

j_«p(|t A TN P

q,%:) o]t = tq|") if [ = £,] > 1.

|t - t,|* < (11)

Formulas {10) and (11} imply that

, - plt)plty) _
|8(t) - plt)] € max(f% il X“j?1)> B 9 (] t-t,]").

Finally putting
K = max <-%111—“, ——gl—ﬂ>,
X 9(1)y

and considering (9) we see that condition (4H) holds.

Hence we have shown that (1H) - (6H) hold, which means
that f(%) H.

This ends the proof of the theorem.
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