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ON SOME CLASS fi (M, «, ¢ ) OF FUNCTIONS
DEFINED ON A NON-CLOSED ARC

I'ntroduction, We shall give the definition of
a clags f{(M,o,¢) of functions defined on a non-closed arc.
This class contains, among others, the class ﬁﬁ defined by
W.Pogorzelski ([1], [2]). A modified definition of the class
il was given by author in [3],

Let M and o be fixed real numbers,M ¢ (0,+oo) and e <Oyl
Let 9= 9(6) be a real function, continuous and increasing in
the interval <{0,+oo), which satisfies +the following condi~

tions:
1° ¢(0) = 0,
2% A 4(6) 6
6¢<0.1

3° \/};1 6/;0¢(v6)<vkp(6)

Consider a non-clesed smooth arc L = éh, with ends a and
h, Let L_ = L—{a,b}. For any t e L, let t* dencte this element
of the set{a,b} for which length 3" = min (Lenght at,length
th). Analogously, for any t,€ L, let t] denote this member of
the set {a,b} for which length t?%; = min (length 5%1, length
t,b), We assume that length t3" < length t\{t; .

Definition, By the class f (M,x,¢)we understand
the set of all functions £(t) of a complex variable t,defined
and continuous in the set Lo’ which for every pair of points

t,t. € Lo satisfy the following inequalities:
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t=1
|2(8) = 28] < M,”(‘ 1y, (2)
| t=t"] t-t

In case ¢{6) = 6" (0<p<1,a+u<1) A (Myoy,¢ ) ig the
class ﬁﬁ of Pogorzelski with the constant 14,

We shall give an example of a function from the
class f (M,x,¢) which does not belong %o ﬁs. This will show
that the class f (M,a,lnp) is an esgsential extension of the
class ﬁﬁ.

Let

‘The so-defined function ¢ (6) is continuous and increasing
in the interval <0,+eco) and satisfies conditions 1° and 2°,
To show that ¢ satisfies also condition 3° we consider three
cases:

1) vé<e™

1
9(ve) = - I%;E- and ¢(6) = - in€ *

Since ¢'(6) = —5—>0 and ¢'(¢)=—5*0 <o,
61n~6 . 6"1n-¢
we have
9&’36)—) <Y e 9(v6)<vg(s)
2) 6;>e”4
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3} véret and 6 < et

inZ n2 in2 'y :
¢(v6) = v T 62 ¢ ve?g v(—m‘= ve(6), because
n?
N6 & -ple e

6e(0,e7Y)

Moreover it is evident that

eep
A A A Vi A e > ety as* . (3)
A0 O<u<t OCa1 420 0<e<s

Consider now the following function
-4
0, 3-5—<t <0

£(t) = (4)
o4
te(t), 0<t< > °

We shall show that £(t) e f (1, «, ¢).
The function £(+t) satisfies inequality (1).
In fact, we have

2(4)] < olt) < 988 o 1
l ( | (P( }t-t*la 't-t*lu

To show that £(t) satisfies inequality (2) we consider
four cases,

1) 9-—4<t<t £0 bvi
-3 1§ 0 - obvious,

-4 ‘ -4
e’ e
2)-2<t<0A0<t1<2
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(1 J*‘ )

if(tj-f(t )] "-T £ -m =g |t=t I K- ]3'*
) 3-4' -t
3) 0< < 5 A =« t, € 0 - analogously as in 2).

2

-4
4)0<t1<t<%

lnt-lnt
]f(t)-f(t) -(p(t>-q>(’°)-—r —15 W

Let
ln‘l;-ln‘l'.1 1
g(tﬁ = Int.Int, + Inl{t-%,) » %, e {0,1) .
The derivative of thia function is
(5y) = ! ! t, € (0,t)
g ’ 1 ).

- (bt )1n® (=t,) t11n2t1

The function ;%§7’ where r(x) = x1n®x, 1is decreasing in
the interval (0,t). Consequently,

<0, if < t-t,
g (t1) |
>0, 1f  t, > t-t, .

Since 1lim g(t,) =0 and lim g(%,) =0,
t,—~0 =t v

we see that A g(t,) < 0, hence in the considered
t,€ (0,%) 1 ,
case:
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1nt-1nt
1 < - 1 .
1nt.1n%, ln(t-t1)

Applying this inequality we obtain

t=t
(=)
|208) = 28] < - gremgyy = o(a-ty) < = =g

|-t4>

Since the function f(t) satisfies inequalities (1)and (2)
with M=1, we infer that £(%) ¢ f(1,x,¢).

We shall show that the function £(t) defined in (4) does
not belong to Pogorzelski's class ﬁ"l '

. e—4)
Let t,=0 and % ¢ (0, =7=),
We havet
1. 1 _ - ~
|£(8) = £(5,)| = = 475 = - Ta(Eo%,) o (|5=%,]) =

)

. —4\arp
| 5=t"""o(] =1, |) e—)
lt_t*|a+p. |1;..-[;*|°L+P‘ W(It—t—]' ) o

According to (3) we see that
Als-tq”

A A ()| > 1k
A % [2(6)-2 06, > R

. e"'4
H0 0<p<t O<axt e (0,54)

which means that £(%) ¢ ﬁi

THE COMPACTNESS OF THE SET A (M,o,¢)

It is easy to see that the set fi (M,x,9) is closed and
convex, : '
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Consider the functional space A consisting of all cemplex
functions

U= [£(%)] (5)

which are continuous in the set Lo and satisfy the condition

sup [ |t-t* 1 ¥4 2()]] < oo (6)
tel,

These functions are the points of A,
We define the sum of two points U =v[f(t)] and V =[g(tﬂ,
and the product of a point by a number as follows:

UV = [£08) + g(t)], aU =[as(s)]
The norm || U| of the point (5) is defined by the formula

lull = sup []5=87 ¥ 2()]] . (7)
tel, .

The distance between two points U and V can then be defi=
ned as the norm of the difference U-V, i.e. ¢ (U,V) =] u-v|,

In this way the space A becomes a Banach space,

Let { } {[f (t)]} be an arbitrary infinite sequence
of elements of the set & (M,o,q).

According to the definition of the set f (M, u,¢) for eve-
ry natural number n the following inequalities are satisfied

|£,(+)] < I—ﬁT~ (8

*|CX.
and

t-t1

¢
%> \| t-t*

|2, (8)-2,(6,)] €

) . (9)
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Consider now the functional sequence with a general term
(1eo.tt) 1 £,(¢), for telL

o -

¢ (%) =
0 , for t=a or +=b (10)

where le. denotes~length,
We have the following lemmas,
Lemma 1. The functions in the- sequence (10) are u-
niformly bounded in the set L,
Proo#f, Inview of (8) and (10), for every natural n
and every +t €L0 we have

) (t) < M' . 1 . |t~t*|1+aé‘Ml_

| n | lt-tﬂa X1+a >x1+a
where 1 is the length of the arc L, and 0 < x £ 1 i3 the
greatest lower bound of the quotient of the chord and the

arc corresponding to this chord,
Since @n(a) = ¢n(b) = 0, we gee that

AA e €« B (11)
n tel 2X

which endslthe proof of the lemma,

Lemma 2., - The functions in the sequence (10) are
equicontinuous in the set L, ‘

Proof,  We consider two cases,

1° Let |t=t,] > 1. Then it follows from (11) that

. ' M1 )
A | @,0t) = &, (4,0 & —g— 9 (I +-t,/* (12)

%4 X" 9y)

2° Let t—t1| < 1, In view of (8), (9), (10) we obtain

o, (4)=0_(8,)] =|(2e. §6%) 1#o2_(+)-(16.4785) 142 (5.)] < (13)

- 57, =



8 W.Leksifiski

m i(le t ;)1+°L- (le.f:b'*)1+°‘ +
=%

t=t
=t

1
*>=A1 +A2

Mooy T4o .
4 M(1e, %) <

| t=%

For every pair of points t;t1e.L0 we have

Ay —M—H;l(let )[1e.t7t’1‘-1e,ﬁ*] +
| 51-43

+ leatt”| (Le ot t%)™ = (Lests™)|| € (14)
11 '

M(le.t?%?f?°(le.€%*)1ia
o P RPIE RN 3
1" (lest ty)

Y
M(le.t1‘b1)
Ot (leat )"

l [ 2

(1e,474)"

1=,
[e-

M M :
4—1—_‘—_;|t-t1|°'”+x2—q (%) 1|°‘ nE: [1+(—2%) o‘]<p(]t-1:1|°‘

We shall estimate the compenent A, in (13)sLet » € min
(1, lhfél) be the radius of a circle K(t*,r) with the center
t*, We assume that this clrcle is sufficiently small in order
that it interseot the arc t* t exactly in one point (tn is
the end of the arc L=ab oppOSLte to t*). Let Q denote the
middle pelnt<of the arc L,

If 4 is an interior point of the arc "% _,%then |f1;¢*|>1'
In this case we have
M o .
A2\ -m(p(l‘t-t“.) » (15)
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~ 1 1
If tet_Q, then £ =
A It-t*| r

Moreover, we also have

85 < MG g (| o-t,|%) (16)

Observe that if =t or t1=t1, we can apply (10) %o ob~
tain

XTI-an_a‘9(|t‘t1|“) v 1F |1t ] <1

|0 (4)=0,(41)] < |

M
L x1+°‘tp(1 )

(| t=54|™)pif [s=t5|>1  (17)

In view of (12) - (17) we see that there exists a positi~-
ve constant K¢ which is independent of n and which depends on
M,X,%yryl and on the function ¢ = ¢(6) such +that for every
pair of points t,t1 € L we have

[ @, ()=, (£,)] < Kgolls=t,1%). (18)

Moreover it can be shown that 1f « = O then there exists
a positive constant KQ independent of n and depending only on
M,y, Tyl and ¢ = ¢{6) such that for every pair of points %,
t1e L we have

[0,(t) -0, (8,)] & Koollt=t,]) (19)

From (18) and (19) it follows that the functions of the
sequence (10) are equicontinuous in the closed set L,

We can now prove the following theorem:
4 Theorem The subset A (M,x,9) of the Banach spape
A is compact in itself,
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Pr 6 o f, In view of Lemmas 1 and 2 the assumptions of
Arzeli' s theorem are satisfied and we can infer +that +Yhere
exists a subsequence v{Qk (t)} of the sequence (10) which is

n - ‘

uniformy convergent in.the set L, This subsequence must sa-
tisfy Cauchy' & condition, so that

ANV

£>0 N, r/,\s>N :2£I¢kr(t) ;ka'(t)l<e. (20)

From (10), (20) and the obvious inequality |t-t*| £ length
tt* it follows that

AV A sup [ | =41 1+[2, (%) - 7, (0)]] <e. (21)

£>0 Ne’ r,a>N, teLo

This means that a subsequence {fk (t)} of an arbitrary

sequence of pointa from the set fi (M,o, ¢) satisfies Cauchy's
condition in the norm (7). Since A 1is a complete space, this
subsequence is convergent to a point [f*(t)] of A, On +the
other hand, all the elements of the sequence {fn(t)} belong
%o the eclosed set f (M, «,¢) hence £,(%t)cf(M, o, ¢).; - This.
shows that the set A (M,a,9) is o_ompac'l;. in itself,
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